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ON  THE  COMPUTATION  OF  MATHIEU  FUNCTIONS 

Bt  Gertbude  Blamch 
Introduction 

Ince,  Goldstein,  and  others*  have  developed  a  method  for  obtaining  the 
characteristic  values  of  Mathieu’s  differential  equation  from  a  continued  frac¬ 
tion.  Schemes  for  generating  the  corresponding  Fourier  coefficients  for  the 
periodic  solutions  have  also  been  indicated.  But  there  does  not  seem  to  ap¬ 
pear  in  the  literature  any  method  for  improving  the  accuracy  of  the  characteristic 
values,  except  by  cumbersome  iteration.  In  this  paper,  a  method  is  outlined 
for  correcting  the  characteristic  values  and  the  Fourier  coefficients,  in  the 
process  of  generating  the  latter.  The  expression  for  the  error  in  the  ratio  of 
two  successive  coefficients,  in  terms  of  the  error  in  the  characteristic  value,  is 
also  given.  Section  I  is  devoted  to  a  detailed  description  of  the  method  to  be 
used  in  generating  the  Fourier  coefficients  on  the  basis  of  an  appro.ximate  char¬ 
acteristic  value.  In  Section  II,  expresions  for  the  error  in  the  characteristic 
value  and  in  the  ratios  of  the  Fourier  coefficients  are  obtained.  In  Section  III, 
a  systematic  method  for  obtaining  the  corrected  Fourier  coefficients  is  developed, 
based  on  the  results  obtained  in  Section  II.  Two  illustrative  examples  are 
provided. 

Although  this  paper  deals  entirely  with  Mathieu  functions,  the  method  is 
applicable  in  other  types  of  equations,  when  the  coefficients  of  the  power  series 
solution  or  of  the  Fourier  series  are  determined  by  a  three-term  recursion  formula. 

In  this  discussion  it  ^vill  be  convenient  to  write  Mathieu’s  differential  equa- 


tion  in 

the  form 

(1) 

^  +  (a  —  2d  cos  2t)y 

=  0. 

It  is  known  that  when  a  belongs  to  a  certain  countable  set  of  characteristic 
values,  equation  (1)  is  satisfied  by  one  of  the  following  periodic  solutions: 

(2a) 

oe 

1/  =  23  cos  2nt 

«e 

(Even  solutions  of  period  t) 

(2b) 

y  =  2]  ^*»+i  cos  (2n  -|-  l)f 

II-O 

flO 

(Even  solutions  of  pieriod  2r) 

(2c) 

y  ^  Btn  sin  2tU 

(Odd  solutions  of  period  t) 

(2d) 

1/  =  21  sin  (2n  -|-  1)< 

(Odd  solutions  of  period  2t). 

The  same  symbol  B  has  been  used  for  the  coefficients  in  (2a)-(2d),  for  con¬ 
venience  in  discussing  operations  which  apply  to  all  four  solutions.  A  charac- 

^  See  “Tabulation  of  Mathieu  Functions”  by  W.  G.  Bickley  in  Mathematical  Tablet 
and  Other  Aide  to  Computation  July,  1945. 
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teristic  value  a  gives  rise  to  one  and  only  one  periodic  solution,  when  6  is  dif¬ 
ferent  from  zero,  and  the  values  of  £  in  (2a),  say,  are  not  related  in  any  way 
to  the  corresponding  values  of  £  in  (2c). 

I.  Method  of  Generating  the  Coefficients 

Assuming  that  a  value  of  a  has  been  calculated  (to  a  certain  number  of  decimal 
places)  which  determines  one  of  these  four  types  of  solutions  (2a) -(2d),  we 
shall  outline  a  method  for  computing  the  corresponding  Fourier  coefficients, 
and  improving  the  accuracy  of  the  characteristic  value  if  necessary. 

Let 

(3)  =  1/G«; 

(4)  km  =  (a  —  m*)/e. 

From  the  above  definitions  and  (1),  the  following  relations  may  be  readily 
verified : 


(6a) 

Gm  =  km-t  ~  Hm-i 

m  >  5 

(5b) 

Gm  =  \/{km  -  Gm+t) 

w  >  3 

(6a) 

|G,  =  fco,  1 

for  solutions 

of  type 

[(?«  =  ^  -  2//,  =  \/{k,  -  (?,)) 

(2a) 

(6b) 

Go  -  {k,  -  1)  «  l/{ko  -  Go), 

for  solutions 
(2b) 

of  type 

(6c)  j 

[Ho  =  0;  1 

for  solutions 

of  type 

II 

II 

F 

1 

(2c) 

(6d) 

Go  =  (fci  +  1)  =  \/{ko  -  Go), 

for  solutions 
(2d) 

of  t3T)e 

It  should  be  observed  that  since  the  series  (2a)-(2d) 

converge  absolutely  for 

finite  values  of  d,  there  exists  an  integer  nto  for  each  series  such  that 
(7)  '  1  (?«  1  <  1,  m  >  mo. 

In  order  to  fix  ideas,  we  shall  confine  our  attention  for  the  present  to  solutions 
of  type  (2a). 

Apart  from  an  arbitrary  factor,  the  coefficients  of  (2a)  are  determined 
by  (5)  and  (6a).  It  might  therefore  seem  reasonable  to  compute  in  turn  Ot , 
Gi,  ■  *  • ,  until  all  required  values  of  Om  are  available,  and  then  to  compute 
the  coefficients  ABo ,  ABt ,  AB* ,  •  •  •,  where  A  is  an  arbitrary  constant.  ,This 
process,  however,  is  unsatisfactory.  For  let  us  attempt  to  compute  Gm  for 
a  value  of  m  >  tno  of  (7),  where  km  is  numerically  large. 

Since  for  such  values  of  m  and  km 

\Gm\^\km^-Hm^\<l, 


ON  THE  COMPUTATION  OP  MATHIEU  FUNCTIONS 


3 


it  follows  that  Hm^  must  be  of  the  same  sign  and  order  of  magnitude  as  km-t , 
and  there  will  therefore  be  a  loss  in  significant  figures  in  the  subtraction  of 
from  km-i  •  It  is  true  that  the  values  of  also  decrease  in  magnitude 
in  this  region,  but  the  decrease  is  not  as  rapid  as  the  loss  of  accuracy  in  Gm . 
if  the  latter  is  computed  from  (5a).  The  reader  may  verify  this  from  the  last 
example  given  at  the  end  of  this  paper.  We  shall  therefore  modify  the  process 
of  computing  the  successive  values  of  Gm  to  overcome  this  difficulty. 

For  the  sake  of  clarity,  consider  for  the  moment  the  case  where  the  coefficients 
Bm  begin  with  positive  values  and  increase  up  to  the  largest  coefficient  B, , 
and  that  thereafter 

B,+n  <  >  n  >  2. 

This  implies  that 

<1,  (?^  >  1,  n  >  0. 

Let  us  further  assume  that  for  the  desired  accuracy,  it  is  possible  to  terminate 
the  series  (2a)  with  the  coefficient  B^  ;  the  number  w  which  will  suffice  may 
be  determined  quite  readily  after  a  little  experience.  The  computations  may 
then  proceed  in  the  following  stages: 

Stage  1.  The  values  o(ko,kt,  ■  *  *  ,  ,  defined  by  equation  (4),  are  computed 

to  the  number  of  significant  figures  required  in  the  corresponding  values  of  Gm  . 
If  it  is  not  known  apriori  how  many  significant  figures  are  needed  in  Gm ,  the 
values  of  km  may  be  computed  to  the  number  of  significant  figures  required  in 
0  the  largest  coefficient  Bm  .  'To  check  the  computations,  the  values  of  km  may 
be  differenced  as  a  function  of  m. 


Stage  2.  The  values  Gt ,  Ht ,  Gt ,  Ht ,  •  •  •  ,  G, ,  H,  &re  computed  from  (6a) 
and  (5a).  Usually  it  will  not  be  known  apriori  which  coefficient  B,  in  the  se¬ 
quence  is  the  largest;  the  computer  therefore  proceeds  with  the  computation  of 
the  G’b  so  long  as  they  remain  larger  than  unity;  eventually  he  will  reach  a  stage 
where  G,  is  the  last  one  which  is  greater  than  unity.  The  process  stops  at  this 
point  after  the  determination  of  H, .  It  should  be  pointed  out  that  in  this  stage 
every  Hm  is  obtained  as  the  reciprocal  of  Gm  •  This  method  of  generating  suc¬ 
cessive  values  of  Gm  from  preceding  values  may  be  termed  the  “forward”  gen¬ 
erating  scheme. 

Stage  3.  If  Bm  is  the  last  required  coefficient  in  the  series,  then  Bm  will  be 
a  number  containing  few  significant  figures.  In  this  region,  km  will  be  num¬ 
erically  large,  so  that  to  at  least  three  significant  figures,  we  shall  have* 


Gm  =  1/km  . 

*  The  expreuion  for  O*  as  a  continued  fraction  is 

1  1  1 


km —  km^-t —  ^+4  “ 


Om  - 
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After  the  value  of  Gw  has  been  determined,  the  following  may  be  computed 
in  turn: 

kw~i  “  Gw  !  G w—i  ~  i/Hw—i  i  H w—i  ~  kw—i  G w—i  i 

l/Hw-i ; 

A:,  -  G,+2  ,  y>i;  Hi  ^  i(A:,  -  (?«),  if  v  =  2. 

This  process  may  be  termed  the  “backward”  generating  scheme,  and  this  time 
Gm  is  obtained  as  the  reciprocal  of  H„  .  In  this  stage  of  ihe  calculations,  an 
increased  number  of  significant  figures  b  gained  in  the  first  few  steps  until  the 
maximum  required  accuracy  b  reached.  Thus  if  =  30,  and  Gw  =  03, 
Hw-2  =  29.27  (correct  to  four  significant  figures);  hence  Gw-t  will  be  approxi¬ 
mately  correct  to  five  decimals,  and  Hw-*  will  be  correct  to  the  same  number 
of  decimals,  or  to  seven  significant  figures,  etc.  (assuming  that  kw  is  known  that 
accurately). 

The  last  value  obtained  in  thb  process  b  H, ,  which  b  compared  with  the  value 
obtained  in  stage  2.  If  the  agreement  b  satbfactory,  the  computer  may  go  on 
to  the  next  stage  of  determining  the  coefficients  themselves.* 

The  agreement  of  the  two  values  of  H,  constitutes  a  powerful  check  on  the 
accuracy  of  the  characteristic  value,  and  serves  as  a  partbl  check  on  the  ac¬ 
curacy  of  the  values  of  Gm  and  Hm  .  Nevertheless,  it  b  possible  for  the  two 
values  of  H,  to  agree  to  the  required  accuracy,  in  spite  of  an  error  in  some 
value  of  H,+m  ,  if  the  error  b  small  enough  not  to  affect  the  accuracy  of  H,  itself.  * 

For  thb  reason,  it  b  desirable  to  check  carefully  the  computations  of  Gm  and  « 

Hm  .  The  operations  are  in  fact  very  simple,  since  they  consbt  of  a  subtraction 
followed  by  a  divbion.  Each  subtraction  and  divbion  should  be  performed 
twice  at  every  step  of  the  process,  especblly  if  high  accuracy  is  required,  and 
the  divisions  are  made  with  more  than  ten  significant  figures. 

We  have  assumed  that  the  ratios  Gm  are  positive  and  greater  than  one,  up 
to  a  certain  point,  and  then  steadily  decrease.  Thb  b  not  always  so.  In  some 
cases,  the  ratios  Gm  may  start  with  small  values,  and  keep  on  decreasing  num¬ 
erically.  In  that  case  Bo  w;ill  be  the  largest  coefficient,  and  stage  2  stops  with 
Hi .  In  other  cases,  G*  may  be  positive  or  negative,  and  some  value  Gp  may 
become  very  large  numerically  (in  the  neighborhood  where  approaches 
zero).  In  thb  case,  one  may  end  stage  2  with  /fp ,  or  an  earlier  value  of  Hm  . 

An  example  of  thb  type  b  given  at  the  end  of  the  present  paper. 

Stage  4.  After  the  values  of  Gm  and  Hm  are  available,  we  determine  a  set  of 
coefficients  £o ,  Bj ,  •••,£*  which  may  subsequently  be  normalized  in  any 

‘Goldstein  (“Mathieu  Functions”  Cambridge  Phil.  Soc.  Trane.  Vol.  XXIII,  pp.  303- 
336)  uses  a  scheme  similar  to  this  one.  In  computing  the  Fourier  coefficients  correspond¬ 
ing  to  a  characteristic  value  of  the  order,  he  recommends  generating  the  successive 
ratios,  starting  with  a  ratio  Vr ,  which  in  his  paper  is  analogous  to  Or .  It  happens  that  for 
$  not  too  large,  Br  b  one  of  the  largest  numerical  coefficients  in  the  characteristic  func¬ 
tion. 


Hw-i  = 

(8)  b--*  = 

Hr  = 


ON  THE  COMPXJTATION  OP  MATHIEU  FUNCTIONS 


5 


required  manner.  If  Hf  is  the  ratio  computed  by  both  the  forward  and  back¬ 
ward  processes,  let 

(9a)  =  1. 

All  other  coefficients  are  then  completely  determined-  Thus 
(9b)  B,+i  =  G,+t,  ■  B,44  =  B,+tG,+t,  •••  ,  By,  =  . 

(9c)  B,-i  =  H,,'  Br-4  =  B,^tH,-i ,  •••  >  Bo  =  BtHt,  y  ^  2. 

If  V  =  0, 

Bo  =1,  Bi  —  Gi,  etc. 

The  computations  may  be  checked  by  applying  the  recurrence  relations 
(10a)  A:*B«  =  B«_j  -|-  B«+i ,  m  >  4 

(10b)  ^Bj  =  2Bo  "f"  B4 . 

When  solutions  of  type  (2b),  (2c),  or  (2d)  are  considered,  equation  (6a)  is  re¬ 
placed  by  (6b),  (6c),  or  (6d)  for  purposes  of  computing  the  successive  ratios 
Gm  and  B*  in  stages  2  and  3.  Bj  =  0  for  solutions  of  type  (2c),  and  Gt  is  the 
first  ratio  obtained  in  solutions  of  type  (2b)  and  (2d).  Equation  (10b)  is  re¬ 
placed  by 

ktBt  =  Bi  -f  Bj  (for  solutions  of  type  2b  and  2d). 

Stage  6.  The  final  step  is  to  normalise  the  coefficients.  For  example,  let  it 
be  required  to  compute  the  coefficients  of 

ee  CO 

Se,(s,  cos  i)  =  53^  <^os  mt\  23'  =  1 

where  «  =  40,  and  implies  summation  over  even  values  of  m,  if  r  is  even, 
and  over  odd  values  of  m  if  r  b  odd.*  To  obtain  these  coefficients,  we  compute 

"  -  '/(.t  «-)■ 

Clearly  De^  =  AB* .  The  coefficients  Z)c»  may  be  checked  by  applying  for¬ 
mulas  (10a)  and  (10b)  mth  B  replaced  by  Be',  and  also  by  differencing  the 
values  of  De^  as  a  function  of  a.  Similarly,  for  computing  the  function 

CO 

Soria,  cos  0  =  Dom  sin  mt; 

where 

2^'  rnDom  =  1, 

*  Normalization  used  by  Stratton-Morae-Chu-Hutner. 
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let 

it  follows  that  Dom  »  4^^ ,  for  every  m. 

For  Ince’s  normalization,  let 

A  «  ±i2Bl  +  B\+  ...)~*ord=(Bj  +  5j+ 

,  d 

the  sign  to  be  so  determined  that  ce,(x,  ^  <«r(x,  6)  >  0,  when  x  =  0. 

II.  Determination  of  the  Error  in  the  Characteristic  Value 

AND  IN  THE  RATIOS  Om  AND  Hm 

The  error  in  the  ratios  Gm  is  due  to  two  main  causes: 

(a)  The  cumulative  rounding  error  due  to  the  various  computing  operations. 

(b)  The  error  in  a. 

The  error  due  to  (a)  may  be  compensated  for  by  keeping  a  sufficient  number 
of  significant  figures  in  the  computations.  The  effect  on  Gm  of  the  initial  error 
in  a  will  now  be  determined;  and  for  this  purpose  we  shall  assume  that  enough 
significant  figures  are  kept  in  the  subsidiary  computations,  so  that  the  error 
in  the  last  decimal  place  of  interest  is  due  only  to  the  error  in  a. 

Let 

(11)  a  =  a  +  X, 

where  a  is  the  true  value,  and  a  the  computed  value,  which  is  in  error  by  X. 
As  before,  the  analysis  will  be  carried  forward  for  the  case  of  the  coefficients  of 
(2a);  the  variations  in  the  formulas  corresponding  to  the  other  three  types  of 
solutions  will  be  given  at  the  end  of  the  discussion. 

Let ««.!  and  ij«.i  be  the  errors  in  Gm  and  Hm ,  respectively,  where  Gm  and  Hm 
are  the  ratios  generated  in  stage  2,  by  the  fonvard  process.  Let  the  computed 
values  be  denoted  by  Gm.i  and  Hm.i ,  corresponding  to  the  true  values  Gm  and 
Hm ,  respectively.  The  phrase  “true  value”  shall  be  construed  as  a  value  of 
Gm  or  Hm  based  on  the  exact  value  of  a;  the  value  of  Gm  or  Hm  may  still  contain 
errors  due  to  roundings  or  other  causes  which  are  not  considered  here. 

Thus 

(12)  «1II.1  ■=  Gm  —  Gm,l  ;  1lm,l  “  Hm  ~  Hm.l  . 

Since  (?*  =  a/6,  we  at  once  have 

<1.1  =*  X/®; 

Again  since 

Ht  =  l/(G'i.i  +  «i.i)» 
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it  follows  that 


ih.1  ^ 

u 


In  deriving  ijj.i ,  we  have  neglected  higher  powers  of  -  and  Hi,i  has  been  re- 

0 

placed  by  Ht ,  for  the  sake  of  simplicity  in  notation.  For  purposes  of  com¬ 
puting  1^.1 1  the  value  of  Ht,i  is  generally  a  sufficiently  exact  approximation  to 
Ht  when  the  terms  involving  (X/0)*  are  neglected.  In  the  succeeding  analysis, 
we  shall  also  write  an  equality  sign  in  the  equations  for  c«.i  and  rjm.i  in  place 
of  the  more  exact  symbol  of  approximate  equality. 

By  considering  the  method  used  to  compute  the  ratios  Gm  and  Hm  in  the 
forward  process  of  stage  2,  we  may  at  once  verify  the  following  expressions  for 
the  successive  values  of  c^.i  and  : 

•*.1  -  X/d;  ib.i  “  — 

•4.1  *  j(l  +  2Hlh  ,4.1  =  -^(^4*  +  2HlH\) 


««.!  »  J(1  +  + 

U 


-  /fl«».i .  • 


-f  •  •  •  H\),  m  >  6 


««.i  ^  Hl  +  -}-•••+  2^!!.  •••  i/J ,  m  >  4 

(14) 

l«,.i  -  Hi ,  /2o.i  -  0. 

From  the  above  definition,  it  follows  that 
X 

g  (1  m  >  6 

(15)  “  *4.1  “  ^(1  “I"  2f2j.i);  ei,i  ■*  X/d 

J  • 

The  following  recurrence  relations  hold: 

(16a)  Rm.i  “  Hm{l  -H  m  >  6 

(16b)  Ri,i  *  ^*(1  -b  2Rt,i). 
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Let  U8  now  turn  to  the  errors  in  the  values  of  Gm  and  which  are  derived  in 
stage  3.  This  time  the  computing  process  starts  with  the  last  ratio  of  the  set, 
called  ,  from  the  relation 


Let  the  values  of  /f*  and  Gm  computed  in  stage  3  be  termed  //*.»  and  Gm,t , 
respectively,  and  let  us  define  quantities  c«.t  and  7im,i  by  the  relations 


Vm.t  =  Hm  —  Hm,t 


Gm  -  Gm.i 


where  Hm  and  Gm  are  the  true  values  of  the  ratios  in  question.  Since  only  a 
few  decimal  places  are  kept  in  the  last  ratio  G^  ,  the  error  Cw,i  will  be  far  smaller 
than  the  rounding-off  error;  but  we  shall  determine  Cw,j  just  the  same,  even 
though  the  rounding-off  error  wdll  be  completely  neglected,  in  keeping  with 
the  aim  to  consider  here  only  the  effect  of  an  error  in  a.  With  this  understand¬ 
ing,  we  may  establish  the  results  below,  as  a  consequence  of  the  method  by 
w'hich  Hm  and  Gm  were  generated  in  stage  3. 


»-*.»  (G'w-j  +  Gu-»Gu) 

rim,i  =  T  (1  +  G'w+l  +  Gm+iGm+i  +  *  •  •  “h  ‘  <?•),  ffl  >  4 

Vi.i  =  -f-  (?4  +  GJ  -{-  •  *  •  ^  GIG\  •  •  •  Gw) 

Cm.S  “  ■  "  Gm  • 

From  the  law  of  formation  of  the  above  expressions,  it  is  apparent  that  if  an 
infinite  number  of  ratios  Gm  were  considered,  the  coefficients  of  i\/8)  in  rim.i 
would  involve  the  p-th  term  Gm+i'Gm+i  •  •  •  Gm+p  ,  where  the  number  of  products 
tend  to  infinity  with  p.  Hereafter  this  generalization  will  be  introduced,  since 
it  simplifies  the  formal  expression  for  .  However,  no  additional  accuracy 
is  gained  by  this  device,  because  terms  involving  (X/fl)*  and  higher  powers  of 
{\/0)  are  neglected.  A  similar  generalization  w'ill  hereafter  be  introduced 
in  the  expression  for  «m.t  • 

Let 

Rm.t  =  1  +  +  G'iI,+iGi+4  +  •  •  •  +  (ri+J  Gili+I  •  •  •  Gm+,  -j-  *  *  0  >  4 

(19)  <  Rt,t  =  +  O'*  +  GiGl  +  GIG\G\  +  •••) 

Rt,i  =  2  -f  -b  0*  G*  •  •  • 
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From  the  above  definitions  and  (18),  we  have 

ilm.i  “  ^  ^  2;  €«.j  “  ~  1),  m  >  6 

(20) 

«4.»  =  —  1). 

The  following  simple  recurrence  relations  hold  among  successive  values  of  Rm.i : 

(21a)  Rm,i  =  1  +  Gm+tRm+t,t,  m  >  4 

(21b)  Ri.i  =  i(l  +  G\Ri,i)‘,  Ro.i  =  2  +  2Rt.i  'G\ . 

From  (15)  and  (20),  we  have  the  following  two  equations  from  which  to 
determine  H,  (the  ratio  obtained  by  both  the  forward  and  backward  processes) 
as  well  as  \/B. 

H,  =  H,,i  -  ^R„i 

U 

(/ 

Hence 

(22)  ^  =  (Hm  -  H,.,)/(fi.4  +  «r.,) 
u 

(23)  H,  =  («,.,//„!  +  R,.iH,.,)/{R.,i  -H  R,.,). 

If  the  ratios  Gm  and  Hm  are  such  that 

Gm  >  l,m  <  v;  Gm  <  h  m  >  v, 

then  from  (14)  and  (19),  it  is  apparent  that  R,,i  will  usually  be  less  than  unity, 
while  Rp,i  will  always  be  greater  than  unity,  if  v  is  greater  than  2.  When  Rf,i 
is  smaller  than  /2,.j ,  H,,i  is  obviously  a  closer  approximation  to  Hr  then  H,,i . 

So  far  the  expressions  for  i?,,i  and  i2,.j  have  been  determined  for  solutions  of 
type  (2a).  It  may  be  verified  that  all  except  iJj.j  also  hold  for  solutions  of  type 
2c;  there  will  be  no  tj.i  or  i^j.i ,  since  Gi  and  Ht  are  the  first  required  ratios.  As 
for  solutions  of  type  (2b)  and  (2d),  equations  (16a)  and  (21a)  hold  for  m  >  3, 

if  we  set  R\,i  =  0;  this  time  «a,i  =  na.i  =  —\h\  . 

u  0 

The  expressions  for  Rm.\  of  equation  (14)  and  Rm,i  of  equations  (21a)  may  be 
written  in  terms  of  the  coefficients  Bm  which  were  generate  in  stage  4.  For, 
substituting  the  expression  Bm/Bm-t  for  Gm ,  we  have 

(24a)  Rm,i  =  (BL*  +  +  •••  +  2BI)/BI,, 

(24b)  «  B\/Bl  ; 

(24c)  Rt,\  =  Bq/B\ 


m  >  4 
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(25a)  Rm.t=  (Bm  +  +  •••  )/Bm,  m  >  3 

(25b)  R,.,  =  i(Bi  +  Bj  +  . .  0/Bl  1  ,  ,  ^ 

)  for  even  solutions  of  penod  r 
(25c)  Ro.t  =  2BS  +  Bl+  -  -O/BS  j 

(25d)  Ra.2  =  (BJ  +  BJ  +  •••)/Bi,  for  odd  solutions  of  period  r 

In  particular,  if  B,  =  1,  then  for  solutions  of  period  r 
(26a)  Br.i  *=  Bj_t  +  BJ_i  +  •  •  •  +  2Bo ,  v  >  4 

For  solutions  of  period  2r: 

(26b)  R,,i  =  BJ_i  +  BJ_4  +  •  •  •  +  B*  ,  V  >  3 

B,,j  =  BJ  +  BJ+j  +  •  •  • 

Hence 

2Bo  +  Bi  +  BJ  +  •  •  •  =  fB,.i  +  R,,t ,  y  ^  2 
(27)  or  )2(Bi.i  +  Rtj)  for  even  solutions  of 

I  period  t,  if  i»  =  2 

B*  +  BJ  +  •  •  •  [R,,i  +  R,,i  for  odd  solutions  of  period  t 

The  quantities  R,,i  and  R,,a  are  therefore  useful  for  effecting  Ince’s  normaliza¬ 
tion,  or  for  obtaining  the  constant  Ni  of  the  Stratton-Morse-Chu-Hutner  text.* 


III.  Method  op  Cobbecting  the  Coefficients 

A  systematic  methpd  of  improving  the  accuracy  of  the  final  coefficients  will 
now  be  outlined. 

(a)  The  work  outlined  in  Section  I  is  carried  through,  except  that  the  values 
of  B*  computed  in  Stage  4  need  not  be  checked  by  formulas  (10)  at  this  stage. 
It  is  suflBcient  for  present  purposes  to  compute  the  values  of  B«  to  ten  or  fewer 
significant  figures;  but  the  ratio  H,  which  is  obtained  in  both  stage  2  and  stage 
3  must  be  computed  to  one  or  two  more  significant  figures  than  the  number 
which  will  ultimately  be  required  in  B,_t  ;  some  of  the  other  ratios  Gm  and  Hm 
may  be  computed  to  a  lesser  accuracy,  depending  on  how  rapidly  the  correspond¬ 
ing  coefficients  Bm  fall  off  in  magnitude. 

(b)  The  successive  values  of  Rm,i  and  are  computed  with  the  aid  of 
formulas  (16)  and  (21).  In  addition,  the  value  of  /  is  obtained,  defined  by 


(28) 


f^2Bl  +  B\  + 


(for  solutions  of  period  x) 
(for  solutions  of  period  2x) 


As  a  check  on  the  computations  of  Rm.i  and  R«,.s ,  we  have  from  (27)  and  (28) 


Rp.i  +  Rw.t  “  /  (y  ^  2  when  even  solutions  are  involved) 

2(Rt,i  +  Ri.t)  =  f  in  even  solutions. 

*  J.  A.  Stratton,  P.  M.  Morse,  L.  J.  Chu,  and  R.  A.  Hutner:  “Elliptic  Cylinder  and 
Spheroidal  Wave  Functions”  (1941)  page  54. 
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In  these  operations,  it  is  never  necessary  to  carry  more  than  ten  significant 
figures. 

(c)  The  corrected  value  of  H,  is  obtained  from  (23)  and  X  is  determined 
from  (22),  together  with  the  corrected  value  of  a  =»  a  +  X  (a  is  the  approxi¬ 
mate  characteristic  value  with  which  the  process  started). 

(d)  The  values  of  =  (a  —  m*)/d  are  obtained  on  the  basis  of  the  corrected 
values  of  a,  and  differenced. 

(e)  The  values  of  Gw+n  and  /f ,  n  >  0,  are  corrected  according  to  the 
following  formulas: 


.  (29) 


(30) 


=  -  j(K«_„-l), 

(?4  =  (?4,j  —  —  —  1), 

J  “ 

Gi  =  ki  , 

Gt  ==  ki  —  1  , 

=  fci  -f  1  , 


m  =  p  -b  2,  V  4-  4,  •  •  •  ;  m  >  5 


for  even  solutions  of  period  x 

for  odd  solutions  of  period  x 
for  even  solutions  of  period  2x 
for  odd  solutions  of  period  2x 


It  is  not  necessary  to  correct  both  (?*  and  Hm  for  the  same  m,  as  only  one 
of  the  two  ratios  is  required  for  generating  the  corrected  values  of  .  If  two 
calculating  machines  are  employed  in  correcting  the  values  of  Gm  and  , 
the  value  of  \/6  may  be  kept  on  the  keyboard  of  one  machine  as  a  constant 
multiplier,  the  additions  or  subtractions  involved  in  the  corrections  may  be 
performed  on  the  second  machine,  and  only  the  final  answer  need  be  recorded. 

As  an  added  precaution  against  an  error  in  the  value  of  ^  or  /T, ,  where  H, 

0 

is  the  value  corrected  on  the  basis  of  formula  (23),  one  may  compute  H,  from 
the  following  two  formulas 

G^t  =  r - ^  5 

If  y  =  4,  Ht  =  k4-G,=  1/ikt  -  2H») 

If  p  =  3  or  1,  H,  =  kt-Gt=  l/ih  =F  1), 

the  upper  or  lower  sign  holding,  depending  on  whether  the  solution  is  even 

0 

or  odd.  If  p  =  2  or  0:  /fj  =  -  =  i(fcj  —  Gt),  for  even  solutions  of  period  x. 

a 

The  above  values  of  H, ,  computed  by  the  two  formulas,  should  agree  with 
(23)  to  the  required  accuracy.  It  is  best  to  check  the  value  of  H,  by  the  above 
method  before  correcting  all  required  values  of  Gm  and  Hm  ;  this  will  save  im- 
necessary  labor  in  case  the  values  of  H,  fail  to  agree  because  of  an  error  in  the 
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value  of  or  in  some  value  of  (?«  or  previously  generated. 
u 


The  fact  that 


agreement  is  obtained  in  the  values  of  H,  does  not  necessarily  mean  that  the 
value  of  H,  is  correct.  However,  any  error  in  the  values  of  will  be  dis¬ 
covered  in  the  process  of  checking  the  values  of  Bm  in  the  following  stage. 

(f)  The  values  of  are  then  obtained  on  the  basis  of  the  corrected  values 
of  Gm  and  ,  to  the  required  number  of  significant  figures;  some  of  the  values 
of  Bm  may  need  no  corrections.  After  a  value  of  Bm  is  computed,  it  should  be 
checked  by  the  relation 


km-*Bm-»  =  Bm-*  +  Bm  ,  Wl  >  5 

kfBi  =  Bi  -b  2Bo , 


If  found  correct,  the  succeeding  value  of  Bm  is  computed  and  in  turn  tested. 
Finally,  each  value  of  Bm  may  be  differenced  as  a  function  of  d  (or  s  =  40,  if 
8  is  the  argument  in  the  table).  The  corrected  values  of  Bm  may  then  be  nor¬ 
malized  in  any  required  manner. 


Remarks 

If  the  coefficients  are  required  to  more  than  ten  significant  figures,  the  above 
method  of  starting  with  an  approximate  value  and  doubling  its  accuracy  (or 
otherwise  improving  it)  is  simpler  than  the  process  of  generating  sufficiently 
accurate  characteristic  values  from  the  continued  fraction.  In  the  case  where 
only  one  or  two  additional  places  are  required,  the  suggested  method  of  cor¬ 
rection  is  especially  simple.  For  the  coefficients  fall  off  in  magnitude  fairly 
rapidly;  and  it  is  usually  enough  to  correct  one  or  two  of  the  ratios  Gm  and  Hm 
which  enter  into  the  computation  o^  the  dominant  coefficients  Bm  .  Often  an 
intelligent  computer  may  make  the  corrections  at  the  cost  of  only  a  few  minutes’ 
additional  time. 

In  developing  the  method  outlined  here,  the  writer  received  much  assistance 
from  several  members  of  the  Mathematical  Tables  Project,  especially  from 
Miss  Irene  Stegun  and  Mrs.  Beatrice  Mittelman.  The  writer  is  also  grateful 
to  Miss  Leona  Freeman,' Mrs.  Dorothy  Stein,  and  Mrs.  Alice  Adler,  who  co¬ 
operated  in  applying  the  method. 


Examples 

Two  examples  will  be  given:  the  first  one  will  carry  through  the  process  by 
which  nineteen  decimal  places  may  be  obtained  in  the  coefficients  Bm  ;  the 
second  will  illustrate  how  the  process  may  be  used  to  improve  the  accuracy 
of  the  coefficients  in  the  case  where  one  of  the  ratios  Gm  becomes  very  large 
numerically. 

Example  1.  Let  it  be  required  to  compute  the  Fourier  coefficients  correspond¬ 
ing  to  the  characteristic  value  of  order  zero,  for  9  =  24,  starting  with  a  >= 
-38.45897  3169. 


ON  THE  COMPUTATION  OP  MATHIEU  FUNCTIONS 


13 


Stage  1.  Values  of  km  based  on 
a  -  -38.45897  3169 

Correction  Process.  Values  of  km 
based  on  corrected  value  of  a  = 
-38.45897  31689  81452  4539 
(see  “Correction  Process”  follow- 
lowing  stage  4) 

-1.60245  72153  75000  0000 

-Jfco  =  1.60245  72153  74227  18558 

jfc,;  -1.76912  38820  41666  6667 

-fc,  =  1.76912  38820  40893  85225 

-2.26912  38820  41666  6667 

-*4  =  20  •  •  • 

ifc«;  -3.10245  72153  75000  0000 

53  •  •• 

jfc, :  -4.26912  388  •• 

20  ••• 

ibw:  -5.76912  388- •• 

20  ••• 

iku:  -7.60245  72153  75 

53 

km  -9.76912  388- •• 

20 

Ai.: -12.26912  388- •• 

20 

km  -15.10245  72153  75 

53 

Jfc«: -18.26912  388- • 

ika: -21.76912  388  - 

ku'  -25.60245  722 

jfc„:  -29.76912  388 

km  -34.26912  388 

km.  -39.10245  721 

Jfc«:  -44.26912 

km  -49.769 

km  ^  (a  —  m*)/6 

A:«  =  (a  —  rn')/e 

The  omitted  digits  in  kt ,  etc.  are  the 

The  first  8  decimals  are  the  same  as 

same  as  in  1:4 . 

in  the  uncorrected  values  at  the  left; 

the  omitted  digits  at  the  end  of  the 

numbers  are  the  same  as  in  A:o  or  . 

-  f - r - 

The  second  difference  of  ,  as  a  function  of  m,  should  be  constant. 


Example  1 


Stage  2  and  Stage  3 
Computation  of  (?«,  and  Hm 


Stage  2 

(7,.i  -  -1.60245  72153  75 
Stage  3 

=  -0.52104  0637 
='-0.34988  7785 


=  -0.62404  16220  82237  24213 

=  l/f?..! 


=  -0.62404  16220  83043  14186 
8755803830 
4537636311 
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G$.i  = 

-0.24439 

8027 

332420334 

Gu).i  = 

-0.17743 

7828 

291975979 

Gia.i  = 

-0.13334 

7060 

232911531 

Gu,i  = 

-0.10322 

9273 

99149041 

Gii,i  = 

-0.08194 

9291 

60103403 

Gu.i  = 

-0.06645 

5860 

59678 

Cjo.J  = 

-0.05487 

5391 

5910 

Gn.t  = 

-0.04601 

9298 

964 

Gu.t  = 

-0.03911 

011598 

Git.i  = 

-0.03362 

483682 

Gn,t  = 

-0.02920 

25924 

= 

-0.02558 

86294 

Gu.i  = 

-0.0225994 

Gu.i  = 

-0.0201 

NOTE:  In  Stage  3,  only  values  of  Gm  need  be  written  down,  if  two  calcvilating 
machines  are  available,  one  to  carry  the  value  of  ,  the  other  to  compute  its 
reciprocal.  The  blank  space  between  the  ninth  and  tenth  decimal  is  for  the 
purpose  of  inserting  the  corrected  value  of  (?«  ,  after  (X/9)  has  been  determined 
at  a  later  stage.  The  process  in  stage  3  starts  with  Gu  =  i/ku  ;  Hn  =  fcs*  — 
Gu  ;  the  general  expression  in  this  stage  is  Hm  =  km  —  <?«+*  ;  Gm  =  l/Hm  . 

Example  1 

Stage  4 

Computation  of  Bm  to  Ten  Significant  Figures 

Bo  =  Hi  -0.62404  16221 

B,  =  +1.00000  00000 

Bi  =  BiGi  -0.52104  06379 


Bt  =  GtBi  + 

.18230 

57550 

Bt  =  Gt  Bt  — 

.04455 

516689 

Bio  =  GioBi  + 

.00790 

57720 

53 

Bii  =  GiiBio  — 

.00105 

42114 

62 

Bit  =  GuBit  + 

.00010 

88254 

839 

Bit  =  GitBit  — 

.00000 

89181 

71314 

Bit  =  GitBit  + 

05926 

64749 

7 

Bto  =  GioBit  — 

00325 

22710 

221 

Bn  =  GnBio  + 

00014 

96672 

325 

Bu  =  GnBn  ~~ 

58535 

02821 

Bn  —  GnBit  + 

01968 

23077 

Btt  *  GitBit  — 

00057 

47744 

Bto  =  GtoBit  + 

1 

470  77 

Bn  *=  GnBto  — 

0 

033  24 

Bu  —  GuBn  + 

0 

000  67 

ON  THE  COMPUTATION  OP  MATHIEU  FUNCTIONS 
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2Bo  4-  +  •  •  •  =  2.08562  3414  =  2(iJ,.i  +  “  /  (Compare  with  / 

on  the  following  page). 

The  main  reason  for  computing  the  values  of  at  this  stage  is  to  obtain  the 
quantity  {2B\  +  B\  +  •  •  • )  for  purposes  of  checking  the  values  of  Rm  i  and  Rm  t  • 
Although  it  is  sufficient  for  this  purpose  to  cany  ten  decimal  places  in  the 
values  of  ,  they  will  be  computed  to  ten  significant  figures,  up  to  the  maxi¬ 
mum  number  of  decimal  places  carried.  Thus  it  will  later  be  necessary  to 
recompute  only  those  values  of  £«,  which,  to  nineteen  decimals,  are  affected 
by  the  error  in  the  characteristic  value. 

Example  1 

Correction  Process 

(a)  Values  of  Rm,i  and  Rm,i  Determined  from  ^nations  (14),  (16),  (19),  and 

(21). 

Check 

Ri.i  =  0.38942  79461  2(/e,.i  +  «,.,)  =  2Bl  +  B\  +  •  •  •  =  / 

Ryt  *  0.65338  37611  '  Ryi  +  Ry,  =  1.04281  1707 _ 

««.,  =  1.12996  810390  ^  =  (Hyi  -  Hyt)/{Ri.i  +  Rt.i) 

Ryt  =  1.06164  475631  =  -f 7.72814  42  X  10"“ 

=  1.03205  002297  X  =  -fl  .85475  461  X  10"“ 

Ru.,  -  1.01797  220065  H»  =  -0.62404  16220  82538  1975 

Ru.i  =  1.01072  816427  See  equations  (22)  and  (23) 

Rit.t  =  1.00674  543491  «  -j-  X  =  -38.45897  31689  81452  4539 

Riyt  =  1.00442  972 
Ru.i  =  1.00302 
Rto.t  *  1.002 

Beginning  with  Rmj  =  1  -f-  (?«,  aU  others  are  obtained  by  the  recurrence  re¬ 
lation 

Rm.i  =1-1-  (riL+j  •  Rm+ys  • 

Example  1 

Correction  Process 

(b)  Correct  values  of  Om  and  obtained  as  indicated  in  (29)  and  (30). 
Usually  they  would  be  entered  immediately  on  page  20,  in  the  space  pro¬ 
vided  for  the  corrected  digits.  They  are  exhibited  separately  here,  for 
the  sake  of  clarity. 

Gt  =  -1.60245  72153  74227  1855  n  -  i(h  -  ^ 

Ot  =  -0.52104  06378  7M17  45737  *  a  “ 

(?,  =  -  .34988  77854  53864  0723  -  0.62404  16220  82538  1974 
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Go 

=  -  .24439 

80273 

32467 

9739 

(Compare  with  value  on  previous 

Gio 

=  -  .17743 

78282 

92000 

746 

page.) 

Gia 

=  -  .13334 

70602 

32925 

4206 

Gu 

=  -  .10322 

92739 

91498 

70 

G\t 

=  -  .08194 

92916 

01039 

23 

Gio 

=  -  .06645 

58605 

96783 

The  underlined  digits  show  in  w'hich  decimal  place  the  corrections  begin.  No 


corrections  are  necessary  beyond  Gu  in  the  present  illustration. 

Example  1. 

*  Correction  Process 


(c) 

Correct  Values  B, 

• 

Discrepancy  revealed  by  checking 
formulas 

B. 

Ht  - 

—  I 

9.62404 

16220 

82538 

1974 

Bt 

- 

-f-1.00000 

00000 

00000 

0000 

k%3%  —  2^0  -^4  “  0 

Bt 

- 

GtBt 

-0.52104 

06378 

75817 

4574 

ktBt  -  Bt  -  Bt  -  AX  ia-‘» 

B, 

- 

GtBt 

-f- 

.18230 

57549 

17838 

5010 

ktBt  -  Bt  -  Bt  -  1  X  10-« 

Bt 

GtBt 

- 

.04455 

51668 

73276 

10171 

ktBt  -  Bt  -  Bit  -  \  X 

Bit 

- 

Git  Bt 

-h 

.00790 

57720 

49181 

80470 

kitBit  —  Bt  —  Bit  —  6  X  10”'* 

Bit 

- 

GitBit 

— 

.00105 

42114 

61630 

024337 

-  Bit  -  Bit  -  AX  lO-** 

Bit 

- 

GitBit 

•f 

.00010 

88254 

83817 

58410 

09 

kitBit  -  Bit  -  Bit  -  AX  10-** 

Bit 

- 

GitBit 

- 

89181 

71306 

99137 

5 

kitBit  -  Bit  -  Bit  -  2X  10-«> 

Bit 

- 

GitBit 

+ 

05926 

64749 

15564 

7 

kitBit  —  Bit  —  Btt  “IX  10”'* 

Bte 

- 

GtoBit 

— 

00325 

22710 

19209 

79 

kitBit  —  Bit  —  Btt  —  5  X  10"** 

Btt 

- 

GttBtt  -h 

00014 

96672 

32345 

kttBtt  —  Bit  —  Bit  —  2  X  10”'* 

Btt 

> 

GttBtt 

- 

(X)000 

58535 

02814 

kitBit  —  Btt  —  Bit  “  4  X  10”'* 

Btt 

- 

GttBtt 

-h 

01968 

23076 

9 

Btt 

- 

GttBtt 

— 

00057 

47744 

09 

kttBtt  -  Bit  -  Bit  -  6X  10”*' 

Btt 

- 

GttBtt 

-1- 

1 

47076 

89 

kttBtt  —  Bit  —  Btt  “  5  X  10”*' 

Btt 

- 

GitB  t 

- 

03323 

85 

kttBtt  —  Bit  —  Btt  ”  2  X  10”*' 

Btt 

- 

GttBtt 

-1- 

00066 

8 

kttBtt  —  Btt  —  Btt  “  2  X  10”*' 

The  largest  discrepancies  seem  to  be  on  the  lines  alongside  B4  and  Bio  •  Since 
^4  is  approximately  —2.3  ^nd  the  error  in  £4  is  multiplied  by  this  amount  in 
the  checking  formula  (ktBt  —  Bt  —  Bt),  the  actual  error  in  Bt  may  be  about 
2  X  10“‘*.  For  similar  reasons,  the  uncertainty  in  the  other  coefficients  is  no 
more  than  2  X  10'**. 

The  coefficients  may  now  be  normalized  in  any  required  manner.  Since 
the  process  is  perfectly  straightforward,  it  will  not  be  exhibited. 

Example  2.  Let  it  be  required  to  compute  Fourier  coefficients  corresponding 
to  the  fifth  even  characteristic  value,  for  ®  =  21.  The  corresponding  value  of 
a,  to  nine  decimals,  is  37.462613226.  We  shall  aim  at  values  of  to  12  deci¬ 
mal  places,  so  as  to  be  able  to  obtain  the  normalized  coefficients  (in  Ince’s  form 
or  that  of  Stratton-Morse-Chu-Hutner)  to  ten  decimal  places.  Some  sub¬ 
sidiary  computations  ^vill  be  carried  to  a  higher  accuracy. 
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Stage  1.  Computation  of  km 


Values  of  km  based  on  a 

=  37.462613226 

Values  of  km  based  on  the  cor¬ 
rected  value  of 
a  =  37.46261  32260  28197 

ki  =  1.73631 

49155 

23809 

524 

ki  =  1.73631  49155  25152 

k,  ^  1.35536 

25345 

71428 

571 

72771 

jfc,  =  0.59345 

77726 

66666 

667 

68009 

k7  =  -0.54939 

93701 

90476 

190 

89133 

k,  =  -2.07320 

88940 

00000 

39  98657 

kii  =  -3.97797 

07987 

61905 

60562 

ku  =  -6.26368 

50844 

76190 

7485 

ku  =  -8.93035 

17511 

42857 

415 

k„  =  -11.97797 

07987 

61905 

The  omitted  digits  are  the 

kit  =  -15.40654 

22273 

same  as  in  the  uncorrected  values 

kti  =  -19.21606 

60369 

of  km  at  the  left. 

k„  =  -23.40654 

22273 

- 

The  corrected  value  of  a  was 

ku  =  -27.97797 

07988 

obtained  after  stage  4,  in  the 

k„  =  -32.930 

“Correction  Process.” 

km  =  (a  —  m*)/e 


Example  S 


Stage  2  and  Stage  3.  Computation  of  Gm  and  Hm 
Stage  2 

G».i  =  0.73631  49155  23809  524  H,.i  1.35811  45497  89619  11 


=  ki  —  1 

—  l/Gt,i 

Gt.i 

=  -.00275  20152  18190  54 

Hi,i  =  -363.37008  36354  76 

II 

1 

=  1/G'i.i 

G7.1 

=  -H363.96354  14081  43 

Hj,i  =  +0.00274  75279  42307 

3 

=  ki-  Hi.i 

=  1/G7,t 

H7,i  *  +0.00274  75279  36719 

6 

Stage  3 


Gt,,  = 

-0.55214 

68981 

271958 

Oil.!  = 

-0.26209 

66639 

18008 

<7u.i  = 

-0.16258 

45780 

77957 

Gut  = 

-0.11304 

02212 

19115 

Gi7,t  - 

-0.08394 

30196 

' 73521 

Git.i  = 

-0.06512 

79693 

129 

Gn.t  = 

-0.05215 

59237 

0 

Gn.i  = 

-0.04278 

85084 
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»  -0.03578  13 
»  -0.0304 

Two  calculating  machines  were  used  in  computing  the  quantities  in  stage  3; 
one  to  hold  the  quantity  Hm.t  =  A:*  —  ,  the  other  to  obtain  Om,t  *  l/^^«,i . 

The  process  started  with  Gti,t  =  \/ktt . 

Example  2 

Stage  4.  Computation  of  Bm  to  Ten  Significant  Figures 

(The  first  eight  values  of  have  been  computed  to  more  than  ten  significant 
figures.  See  page  19  for  reason.) 


Bi  =  HtBt 

= 

— 

1.35590 

00872 

291 

Bt  = 

-1 

0.99836 

94581 

869 

B,  =  Hi 

+ 

.00274 

75279 

42307 

Bi 

+  1.00000 

00000 

00000 

B,  =  (?, 

= 

— 

.55214 

68981 

272 

Bu  “  G11B9 

= 

+ 

.14471 

58599 

918 

Bu  *  (?i»Bu 

— 

.02352 

85670 

3796 

Bu  “  GuB\i 

= 

+ 

.00265 

96744 

2294 

Bit  =*  GiiBu 

* 

— 

.00022 

32611 

024 

Bit  “  GvtBn 

= 

+ 

.00001 

45405 

4223 

Bit  =  GiiBit 

*= 

- 

07583 

75411 

Bit  =  GttBii 

s 

+ 

00324 

49753 

Bn  “  GnBu 

= 

— 

00011 

61094 

Bfi  »=  GtiBn 

= 

+ 

353 

53  =  4.16158  3764  -  / 

Check  R,,\  +  Rw.i  on  the  following  page. 

Example  2 

Correction  Progress 

Computation  of  Rm.i  and  Rm.t ,  H, ,  and  \/d 

R,,t  =  1.84447  5  Hi 

Rt,i  «  3.75578  3  =  (1  +  R,.i)Hl 

Ri,i  »  2.83521  42  »  (1  -f 

Ri,t  »  1.32636  96  =  (1  +  GjB*) 

J2,.,  -  1.07053  -  (1  +  GliRn) 

Ru.t  =  1.02677  -  (1  +  (AtRu) 

-  1.0128  -  (1  +  (??•) 

Ri.i  +  R7.1  “  4.1615838  (check  /  on  previous  page) 

H,  =  iR7,iH,.i  +  Ri.iHiMRi.i  +  Bt.*)  -  0.00274  75279  385005 
\/e  =  (i/7.1  -  BT.,)/(flr.i  +  Bta)  -  +1.3427  X  10"“ 

X  =  +2.81967  X  10"";  o  -  a  +  X  -  37.46261  32260  28197 
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Example  2 


.  Corrected  Values  of  Gm  and  Hm 


H, 


Ht 


G, 

Gn 


-  Ht.i 

-  \r,.i 

-  1.35811  45497  8714 

-  Ht.i 

- 

=  -363.37008  413976 

=  Hi.i 

-  J-e,,. 

-  -f 0.00274  75279  385005 

-  Hi,t 

+ 

(Compare  with  value  on  previous  page.) 

=  G,.i  -  -  1)=  -0.55214  68981  27634 

0 

=  Gn.i  -  hR».i  -  1)=  -0.26209  66639  18103 
0 


No  corrections  are  necessary  in  the  other  values  of  Gm . 


Values  of  Based  on  Corrected  Values  of  Gm  and  Hm 

Discrepancy  revealed  by  check 
ing  formulas 

ktHi  —  Bt  —  Bi  =  0 

ktBi  -  Bt  -  B,  ^  7  X  10~“ 

kjBj  —  Bt  —  Bf  “  0 

k^Ba  —  Bj  —  Bn  =  6  X  10  ^ 
knBu  —  Ba  —  B\i  =  2  X  10  ** 
kiiBit  —  Bn  —  Bn  »=  2  X  10  ** 

kvjBn  —  Bit  —  Bia  =  10  ** 

ktiBn  —  B\a  —  Btt  =  3  X  10  ** 

kjtBu  —  Bn  —  Bfj  =»  0 

The  underlined  digits  indicate  the  first  decimal  place  which  differs  from 
the  uncorrected  values. 

In  stage  4,  the  first  eight  values  of  Bm  were  computed  to  more  than  ten  sig¬ 
nificant  figures,  for  purposes  of  illustrating  an  interesting  phenomenon.  Com¬ 
paring  the  corrected  values  of  Hm  with  those  obtained  in  stage  2,  it  is  noticed 
that  Hj,i  and  Ht.i  are  in  error  by  4  and  5  units,  respectively,  in  the  tenth  sig¬ 
nificant  figure.  Hence  one  would  expect  that  Bt  (in  stage  4)  which  is  equal  to 
HiHt ,  would  be  correct  to  at  most  ten  significant  figures;  actually  Bt  is  in¬ 
correct  by  two  units  in  the  twelfth  significant  figure.  The  reason  for  this 
may  be  deduced  from  the  following  analysis  of  the  error  in  Bm  due  to  an  error 
in  a. 

Let  6t  be  the  error  in  Bt ,  due  to  an  error  in  a,  and  let  Bt.i  = 
from  (14)  and  (15) 

5*  ^  iti.iHi.i  +  nt.iHi,i 


Values  of  Bm 

Bi  =  HtBt  =  -1.35590  00872  2994 

Bt  »  HtBt  -  -0.99836  94581  89267 

Bt  --  Hi  =  -1-0.00274  75279  385005 

Bi  =  -fl.OOOOO  00000  00000 

-  G,  =  -0.55214  68981  27634 

Bn  =  B/?,i  =  -1-0.14471  58599  91981 

See  values  Bu  ,  Bn  ,  etc.  derived  in  Stage  4. 


Hi,\Ht,i .  Hence 
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=  {(^?  +  H]H\  + 

=  +  HM  +  +  H^\) 

-  +  H^\KH,Ht  +  1)  +  Hj] 

Although  Hi  is  numerically  large,  HtHi  is  negative  and  numerically  slightly 
less  than  one — and  {HyHt  4-  1)  is  approximately  equal  to  0.0016;  consequently 
(Hi  +  4'  HiHt)  is  no  greater  numerically  than  1.7.  For  this  reason, 

the  error  in  8% ,  due  to  an  error  in  a,  is  numerically  less  than  2\/d.  Thus  if 
enough  significant  figures  are  kept  in  Hm  and  to  make  the  rounding-off 
error  small,  the  error  in  the  quantity  Bm ,  due  to  an  error  in  a,  is  much  less  than 
might  be  expected  on  the  basis  of  the  accuracy  of  the  ratios  .  This  situation 
seems  to  hold  in  many  other  cases,  in  the  region  where  one  of  the  ratios  Hm 
(or  Gm)  becomes  numerically  large. 

It  may  be  worth  while  to  make  one  more  observation.  In  generating  the 
values  of  Gm  of  stages  2  and  3,  the  operator  notices  that  Gt,i  is  less  than  unity. 
Consequently,  he  would  stop  at  this  point  after  computing  Ht,i  and  begin 
generating  the  values  of  stage  3,  beginning  with  Gn,i  and  continuing  until  he 
reached  which  is  numerically  less  than  unity.  He  then  has  two  alter¬ 
natives: 

(a)  To  go  back  to  stage  2  and  generate  values  up  to  Hr.i .  This  was  done 
in  the  present  illustration. 

(b)  To  keep  on  generating  values  by  the  formulas  of  stage  3,  ending  the 
process  with  Ht,i . 

If  the  second  alternative  had  been  adopted,  the  results  would  have  been 
just  as  satifactory.  As  a  matter  of  fact,  the  following  rule  always  leads  to 
good  results. 

(a)  If  Gt  (or  Gi)  is  less  than  one,  end  stage  2  after  computing  Hi  (or  /fj); 
if  (7t  is  greater  than  one,  generate  Gi,  •  •  •  ,  Cr,  (or  (?j  •  •  •  G,)  where  G,  >  1, 
G,+i  <  1.  Stage  2  ends  with  H, . 

If  some  Gn  is  much  la^r  numerically  than  the  rest,  then  several  significant 
figures  may  be  lost  in  generating  ;  consequently  the  values  of  km*,  Gm, 
and  Hm  should  be  computed  to  several  additional  significant  figures  in  such'  a 
region. 

Matheuatical  Tables  Pboject, 
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TENSORS  AND  EQUIVALENT  CIRCUITS 

By  Banesh  HorniANN 

§1.  In  various  articles  dealing  with  the  setting  up  of  equivalent  electrical 
networks  for  mechanical,  electrodynamical,  and  other  systems,  including  field 
8}rstems,  Kron  has  shown  how  he  was  guided  to  the  discovery  of  the  appropriate 
equivalent  circuit  by  making  use  of  tensor  concepts.  He  has  stated  that  only 
tensors  can  be  represented  by  physical  modds,  and  has  employed  this  as  a  princi¬ 
ple  in  setting  up  his  equivalent  circuits. 

Wishing  to  describe  in  the  simplest  possible  terms  his  method  of  applying  this 
principle  in  a  particular  case,  Kron  has  written* 

.  if  the  standard  hunting  equations  are  expressed  as 
A  +  B  =  0 

(where  none  of  the  sets  of  expressions  A  or  B  nor  the  combination  A  B  are 
tensors),  the  tensorial  hunting  equations  may  be  expressed  as 

A-\-B-^C-~C  =  0 

where  C  represents  a  set  of  expressions  that  otherwise  would  cancel. 

Now  while  neither  A  nor  C  are  tensors,  the  combination  A  -f  C  is  a  tensor, 
so  is  the  combination  B  —  C.  Hence  each  expression  [meaning  each  total 
expression  enclosed  in  parentheses]  in  the  equation 

(4  +  C)  +  (R  -  C)  =  0 

is  a  tensor.” 

He  has  amplified  this  slightly  in  another  paper*  where  in  addition  to  the  above 
he  remarks  that  in  4  4-  R  =  0  the  0  was  not  a  tensor,  but  that  in(4-|-C)-|- 
(R  —  C)  =  0  the  0  was  a  tensor,  since  “it  had  acquired  a  different  law  of  trans¬ 
formation  by  the  appearance  of  C.” 

It  is  clear  that  these  statements  cannot  be  correct.  If  (4  -|-  R)  is  not  a  tensor, 
then  { (4  -1-  C)  -1-  (R  —  C) } ,  being  identical  with  it,  cannot  be  a  tensor.  If  the 
one  is  a  tensor  the  other  must  be  also,  and  if  the  one  is  not  then  the  other  cannot 
be  either.  On  account  of  the  equality  signs,  similar  remarks  must  also  apply  to 
the  two  O’s.  A  reshuffling  of  terms  on  the  left  hand  side  cannot  of  itself  bring 
in  a  new  law  of  transformation.  If,  instead  of  starting  with  (4  -t-  R)  we  start 
with  { (4  -I-  C)  -H  (R  —  C) } ,  it  becomes  clear  that  Kron  is,  in  effect,  implying 
that  a  mere  algebraic  cancellation  of  terms  can  change  a  tensor  into  a  non-tensor, 
though  he  himself  is  certainly  aware  that  this  cannot  be  so. 

Since  the  (4  -f  R)  statements  are  false,  and  since  they  purport  to  outline  the 
main  work  of  E.C.O.S.,  the  validity  of  that  paper  as  a  whole  is  apparently  called 
into  question. 

‘  Equivalent  Circuits  for  Oscillating  Systems  and  the  Riemann-ChristofTel  Curvature 
Tensor,  A.I.E.E.  Trans.,  62,  p.  25  (1943).  This  paper  will  be  referred  to  as  E.C.O.S. 

*  Equivalent  Circuits  of  the  Field  Equations  of  Maxwell,  Proc.  I.R.E.  32,  p.  289  (1944). 
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It  is  the  purpose  of  the  present  paper  to  show  that  Kron’s  (A  +  B)  statements 
do  not  properly  or  fairly  describe  the  procedures  used  by  him  in  setting  up  the 
equivalent  circuits  to  which  they  refer;  that  they  therefore  in  no  way  invalidate 
the  essential  parts  of  the  paper  in  question ;  and  that  the  real  tensorial  significance 
of  the  methods  used  by  Kron  in  E.C.O.S.  lies  somewhat  deeper  than  is  indicated 
by  his  statements  quoted  above. 

The  present  paper  purposely  avoids  any  discussion  of  the  problems  posed  by 
Kron’s  statement  that  only  tensors^  can  be  represented  by  physical  models. 

§2.  If  the  method  used  by  Kron  in  obtaining  the  equivalent  circuits  in 
E.C.O.S.  faithfully  follows  the  outline  he  gives,  it  must  be  incorrect  in  some 
particular.  On  the  other  hand,  if  the  method  deviates  from  the  outline  in  an 
esKntial  manner  there  opens  up  the  possibility  that  the  method  is  valid  and  that 
the  outline  can  be  suitably  modified  to  take  account  of  the  deviation. 

The  key  to  the  present  situation  lies  in  the  fact  that  we  are  dealing  with  a 
problem  in  small  oscillations  about  a  steady  state  of  motion.  For  the  sake  of 
simplicity  let  us  denote  the  equations  of  motion  formally  by  the  tensor  equation 

V.  =  0.  (1) 

The  non-tensorial  equations  of  small  oscillations  will  then  take  the  form 

AF.  =  0,  (2) 

where  A  denotes  the  ordinary  and  not  the  covariant  differential. 

In  order  to  obtain  a  tensor  equation  from  (1)  by  differentiation,  it  is  necessary 
to  use  the  covariant  derivative.  Denoting  the  covariant  differential  by  4,  we 
nmy  write  the  tensor  equation  obtained  by  differentiating  (1)  covariantly  in  the 
form 

4F.  =  0,  (3) 

or,  on  expanding  the  covariant  differential,  in  the  form 

AVa-TUVy/^  =  0,  (4) 

the  quantity  being  the  connection  with  respect  to  which  the  covariant 

derivative  is  made. 

Provided  (4)  is  taken  in  conjunction  with  the  original  equations  of  motion  (1), 
the  second  term  in  (4)  can  be  removed,  so  that  (4)  and  (2)  will  coincide.  In  this 
sense,  then,  (2)  is  a  tensor  equation.  That  is,  (2)  is  not  a  tensor  equation  if 
taken  by  itself,  but  the  combination  of  (1)  with  (2),  being  equivalent  to  the 
combination  of  (1)  with  (4),  is  equivalent  to  a  pair  of  tensor  equations. 

The  standard  method  of  attack  on  problems  of  small  oscillations  about  a  steady 
state  of  motion  is  to  obtain  as  an  initial  approximation  a  steady  state  solution 
of  the  equations  of  motion  (1),  to  substitute  these  solutions  into  the  equations 
of  small  oscillations,  and  then  to  solve  these  latter  equations  for  the  quantities 
giving  the  first  order  deviations  from  the  steady  state  solution.  The  substitution 
of  a  steady  state  solution  of  (1)  into  (4)  will  cause  the  second  term  in  (4)  to  become 
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aero,  and  thus  will  reduce  (4)  to  the  equivalent  of  (2).  Therefore  so  far  as  the 
usual  method  of  solution  by  successive  approximation  is  concerned  it  is  permissi¬ 
ble  to  treat  (4)  as  the  equivalent  of  (2),  since  (1)  is  automatically  used  in 
conjunction  with  either  (2)  or  (4). 

While  this  ensures  that  the  small  oscillation  solutions  obtained  from  (4)  would 
be  the  same  as  those  obtained  from  (2),  it  does  not  quite  cover  the  present  situa¬ 
tion.  For  in  the  analysis  preliminary  to  setting  up  his  equivalent  circuits  Kron 
does  not  make  an  actual  substitution  of  a  steady  state  solution  into  the  equations 
of  small  oscillations.  Instead  he  sets  up  an  equivalent  circuit  for  the  steady  state 
solution  and  another  for  the  small  oscillations,  and  only  after  he  has  devised  these 
circuits  does  he  obtain  values  from  the  first  in  order  to  place  them  on  the  second. 
The  (A  -|-  B)  statements  refer  to  what  is  done  in  order  to  devise  the  equivalent 
circuits  in  the  first  place  rather  than  to  what  is  done  after  they  have  been  set  up. 
Nevertheless  it  is  evident  from  the  above,  and  is  of  course  quite  well  known,  that 
in  the  standard  method  of  solution  of  problems  in  small  oscillations  it  is  permissi¬ 
ble  to  use  the  original  equations  of  motion  in  order  to  modify  or  simplify  the 
equations  of  small  oscillations.  And,  as  has  been  pointed  out,  this  would  allow 
the  non-tensor  equations  of  small  oscillations  (2)  to  be  converted  into  the  tensor 
equation  (4)  in  a  legitimate  manner.  Let  us  therefore  examine  Kron’s  paper 
carefully  in  order  to  see  whether  a  conversion  of  this  type  is  actually  made 
therein. 

In  E.C.O.S.  just  below  equation  (10)  it  is  stated  that  the  quantity  AEa  defined 
in  (10)  is  simplified  by  means  of  the  original  equations  of  motion  (11)  to  bring 
it  to  the  form  (12).  At  first  sight  this  appears  to  be  a  conversion  of  the  type 
discussed  above.  But  a  closer  examination  reveals  that  this  simplification  by 
means  of  the  original  equations  of  motion  does  not  cause  the  cancellation  of 
unlike  terms  which  would  not  otherwise  cancel.  Though  it  is  indeed  an  insertion 
of  the  original  equations  of  motion  it  is  not  an  insertion  of  the  type  needed  for 
the  removal  of  the  (A  4-  B)  difficulty  in  the  manner  suggested  above.  Despite 
this  it  will  be  seen  later  to  be  not  without  significance  for  the  problem  in  question. 

A  closer  examination  of  the  details  of  Kron’s  paper  brings  to  light  an  instance 
of  true  cancellation  of  unlike  terms  by  means  of  the  original  equations  of  motion, 
but  it  is  hidden  away  among  the  calculations  rather  than  presented  explicitly.* 
In  the  third  row  on  the  right  of  equation  (9)  in  E.C.O.S.  there  appear  the  two 
terms 

Fti,.  c’  Ax*  -  r,,.„  Ax* , 

which  we  shall  denote  for  brevity  by  the  symbol  Q.  These  terms  are  supp>08ed 
to  arise  from  the  expansion  of  the  quantity  appearing  to  their  left. 

*  The  equations  concerned  were  quoted  by  Kron  from  a  much  earlier  publication  by 
him  in  which  the  substitution  was  also  only  implicit.  Since  in  the  earlier  paper  there  was 
no  special  reason  to  make  an  explicit  announcement  that  the  substitution  had  been  made, 
it  remained  hidden.  Meanwhile,  however,  Kron’s  emphasis  on  the  role  of  tensors  in  his 
method,  and  his  (A  +  B)  outline  of  it,  brought  to  the  hidden  substitution  a  new  significance 
which  made  necessary  its  present  disinterment. 
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But  it  is  clear  that  the  expansion  of  this  quantity,  which  contains  only  the  metri* 
cal  tensor,  the  connection,  and  the  currents,  could  not  of  itself  involve  the  voltage 
vector  e’'  or  the  resistance  tensor  R^0  .  It  will  be  noted  too  that,  though  the 
terms  Q  do  not  find  a  place  in  the  routine  expansion  of  the  quantity  aa0S(8t^)/dt, 
there  is  in  that  routine  expansion  another  quantity 

P  =  r^i.a  (SP/dt)  Ax* 

which  is  missing  from  the  expansion  as  given  in  equation  (9)  of  E.C.O.S. 

Moreover,  it  happens  that  P  may  be  replaced  by  Q  by  virtue  of  the  original 
equations  of  motion.  For  we  have 

P  -  Q  =  Tyi.aAx*  \HVdl  +  RT/.t'’  -  e^\  (5) 

and  the  expression  in  parentheses  in  (5),  when  set  equal  to  zero,  yields  the  original 
equations  of  motion.  Thus  a  cancellation  of  unlike  terms  has  in  fact  been 
performed  with  the  aid  of  the  original  equations  of  motion. 

In  the  notation  of  equations  (1)  to  (4)  of  this  paper,  we  have 

p  -Q  =  Tyt.a  Ax*  r  =  r;,  ax*  Va ,  (6) 

showing  that  this  cancellation  is  of  just  the  sort  required  by  the  argument  based 
on  equations  (1)  to  (4)  above. 

Now,  instead  of  replacing-the  quantity  by  the  terms  Q,  Kron  could 

have  achieved  an  even  simpler  cancellation  by  replacing  the  term  Fyi^efi^Ax*, 
which  appears  in  the  first  row  of  his  equation  (9),  by  the  terms 

ryt.aAx*{Rj0i'*  +  Bt'/dtl 

which  are  equal  to  it  according  to  the  original  equations  of  motion. 

In  the  light  of  this  remark,  let  us  return  to  Kron’s  simplification  of  his  equation 
(10)  into  (12)  by  means  of  the  original  equations  of  motion.  This  simplification 
and  the  previous  P  —*  Q  cancellation,  taken  together,  are  seen  to  be  equivalent 
to  the  single  substitution  suggested  above  for  the  termr.,i,«e’Ax*.  Essentially, 
therefore,  Kron  has  made  that  single  substitution. 

Kron’s  brief  {A  +  B)  outline  can  now  be  easily  amended  to  give  a  proper 
account  of  the  proceas  usejd  by  hhn  in  setting  up  the  equivalent  circuits  for  oscil¬ 
lating  systems. 

The  original  quantity  (A  B)  is  not  a  tensor  in  its  own  right,  but  it  can  be 
made  into  a  tensor  with  the  aid  of  the  original  equations  of  motion.  The 
equation 

A-\-  B  =  0  (7) 

is  not  rewritten  in  the  form 

{A  +  C)  +  (B- 0  =  0  (8) 

but  in  the  form 


(A  +  C)  +  (B  -  CO  =  0  (9) 
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where,  though  C  and  C'  are  not  identically  equal,  they  do  satisfy  the  relation 

C  -  C'  '=  0  (10) 

as  a  direct  algebraic  consequence  of  the  original  equations  of  motion.  The  quan¬ 
tities  (A  -f  C)  and  (B  —  C)  entering  (9)  are  tensors,  and  equation  (9)  is  a  tensor 
equation,  though  equation  (7)  is  not,  and  neither  is  (8). 

Queens  College 
Flushing,  N.  Y. 
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AUXILIARY  TABLE  OF  COMPLETE  ELLIPTIC  INTEGRALS 
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/»/l  pwlt 

(1  —  k*  dtp  and  ^  —  I  (1  ~ 

The  present  table  gives  ten-decimal  values  of  K  and  E  as  func¬ 
tions  of  logic  A:'*  =  —X  for  X  =  1(.005)2(.01)6,  where  A:'*  =  1  —  k*.  Larger 
values  of  X  will  rarely  be  encountered,  but  if  they  are,  the  formulas 

X  (1  -f  -  W* 

E  i  iifc'*ln|  -f  1  -  iA:'* 
give  ten-decimal  accuracy.  • 

The  only  comparable  table  known  to  the  writer  which  facilitates  the  getting 
of  values  of  K  and  E  in  the  neighborhood  of  their  singularity  is  that  of  Airey  (1). 
He  has  tabulated  to  ten  decimals  functions  Ki ,  Kt ,  Ei ,  Et ,  such  that 

K  =  Xiln^,  -  X,,  X  =  Xiln|,  -b  X, 

For  each  of  X  and  X  there  are  thus  three  quantities  to  be  obtained  from  tables, 
and  some  arithmetical  operations  to  be  done  besides.  The  importance  of 
these  functions  makes  it  worthwhile  to  provide  a  more  direct  means  of  getting 
their  values  for  small  values  of  k'.  With  the  present  tables,  the  only  pre¬ 
liminary  to  extracting  the  value  desired  is  the  determination  of  logic  k'*.  The 
number  k'*  is  often  a  simple  fraction,  whose  logarithm  is  easily  obtained  with¬ 
out  interpolation  as  the  difference  of  two  tabular  logarithms.  The  tabular 
argument  is  given  as  a  logarithm  with  a  negative  integral  part  and  a  positive 
decimal,  in  order  that  the  user  of  the  table  may  be  spared  the  trouble  of  getting 
the  cologarithm  when  k**  is  given  as  a  decimal. 

The  method  of  the  arithmetico-geometric  mean,  followed  by  subtabulation 
to  one-tenth  of  the  original  interval,  was  used  for  1  ^  X  ^  2,  while  the  rest  of 
the  table  was  computed  by  means  of  auxiliary  functions  like  Airey’s.  In  both 
cases  the  check  was  by  differencing.  The  use  of  both  methods  for  X  =  2  is 
a  check  on  errors  of  procedure.  From  eleven  to  fourteen  decimals  were  retained. 

The  largest  error  resulting  from  a  neglect  of  second  differences  is  1.0  X  10~‘; 
from  a  neglect  of  third  differences,  5  X  10““,  provided  that  the  nearest  mean 
second  difference  is  employed:  ftS'uift  =*  i(w-i  —  «o  —  +  w»).  For  typo¬ 

graphical  reasons  these  differences  have  been  dropped  down  half  a  line,  so  that 
fd'ui/t  is  aligned  with  Ui .  If  ordinaiy  second  differences  are  used,  and  third 
differences  neglected,  the  maximum  error  is  4  X  10“*,  nearly  eight  times  as 
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great.  The  differences  supplied  are  those  required  by  the  following  inter¬ 
polation  formulas,  which  give  the  full  accuracy  of  the  table: 

For  1  ^  X  ^  2,  and  0  ^  ^  .5,  /(A  -|-  .Old) 

-  2|»  /(A  +  .005)  +  (.5  -  e)-m  -  «(.6  - 
For  2  ^  X  ^  6,  and  0  ^  d  ^  1,  /(A  -1-  .Old) 

-  d./(A  -I-  .01)  +  (1  -  d)./(A)  -  d(l  -  d).i«v(A  + 

Here  A  is  a  tabular  argument,  a  multiple  of  .005  or  .01  respectively,  and  the 
indicated  second  differences  (if  required)  are  obtained  by  a  rough  linear  inter¬ 
polation  (such  as  is  easily  done  mentally)  between  the  given  values  of 
which  correspcmd  to  arguments  A  zt  .0025  or  A  .005,  respectively.  These 
formulas  are  equivalent  to  Everett’s  formula  using  a  pair  of  second  differences, 
and  are  simpler  where,  as  here,  the  third  differences  are  small. 

The  most  useful  general  tables  of  K  and  E  are  those  of  Hayashi  (2),  who  gives 
ten-decimal  values  for  k*  —  0(.001)1.  When  k*  is  near  unity,  however,  it  is 
difficult  or  impossible  to  interpolate  in  these  tables — whence  the  need  for  some 
kind  of  auxiliary  table.  Since  Hayashi’s  tables  in  general  are  notorious  for 
their  inaccuracy,  the  writer  checked  these  by  differencing  (generally  every 
third  one  of  the  fourth  differences)  either  the  values  themselves,  or  auxiliaiy 
functions  calculated  therefrom.  They  were  also  compared  with  Milne-Thom- 
son’s  (3)  nine-decimal  table  for  k*  =  0(.01)1,  which  served  only  to  show  that  the 
last  figure  in  Milne-Thomson’s  table  is  unreliable.  The  following  errors  were 
found  in  Hayashi’s  table  (only  the  four  starred  values  were  actually  recomputed) : 


K  E 


ifc* 

Deeimala 

For 

Read 

Jfc* 

Decimole 

For 

Read 

.999 

8-9 

06 

60* 

.052 

9-10 

45 

55* 

.013 

8-9 

68 

86 

.939 

9 

4 

3 

.095 

0 

0 

1 

.936 

9 

9 

8 

.737 

9-10 

56 

65* 

.201 

3-4 

65 

86 

.493 

9 

4 

9 

.732 

10 

6 

8* 

.668 

0 

0 

1 

.669 — The  first 

two 

digits  of 

the  argument  should  be 
given. 

The  eleventh  and  twelfth  decimals  given  in  a  porticm  of  the  table  were  not 
checked,  nor  were  any  of  the  rather  inadequate  auxiliary  tables. 

Famous  tables  of  elliptic  integrals,  both  complete  and  incomplete,  to  9  or 
more  decimals,  as  functions  of  0  =  sin~*  k,  are  those  of  Legendre  (4).  An  interest¬ 
ing  set  of  six-place  tables  by  Heuman  (5)  includes  a  list  of  about  40  errata  in 
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Legendre’s  tables.  The  5-7  decimal  tables  of  Samoilova-Yakhontova  (6)  make 
the  change  from  Legendre’s  B  to  k*,  and  list  errata  likewise. 

Naval  Obdnanck  Laboratory, 

Washi.voton,  D.  C. 
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27493 

27256 
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24985 

24768 

24553 

24339 
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\llfi  E  ilii' 


3.96 
.94 
.93 

.92  I  7867912382 
.91  I  7981948794 


22698 

J 

22186 

21781 

21384 

20993 

•  • 
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log|*fc'* 

K 

E 

K 

E 

3.70 

4. 

0880792220 

6906 

1. 

0068706883 

17119 

3.30 

4. 

4065283562 

3347 

1. 

0Q=3l*3/a70§ 

8021 

.00 

0495192847 

6786 

0066060080 

16^ 

.29 

5080081337 

3285 

0039082714 

7868 

.68 

6667 

0086250487 

164921 

.28 

6104875631 

3226 

0038302304 

7718 

.67 

072403422.5 

6550 

0083585610 

16186 

.27 

5300676315 

3166 

0037537181 

7570 

.66 

0838474506 

6435 

0081943803 

158^7 

.26 

5424483272 

3107 

0036787053 

7426 

3.65 

0952927543 

6322 

0080333472 

15.^2 

3.25 

5539206386 

3050 

0036051634 

7284 

.64 

1067393110 

6210 

0078754033 

15.303 

.24 

5654115644 

2994 

0035330641 

7144 

.63 

118187ua8S 

6100 

0077204913 

15018| 

.23 

5768040633 

2939 

0034«23799 

7008 

.62 

1296360957 

5992 

0075685547 

14739 

.22 

5883771545 

2884 

0033930837 

6874 

.61 

1410862804 

5886 

0074196383 

14465 

.21 

5008608172 

2831 

0033251490 

6742 

3.60 

152.:>o/6318 

5782 

0072733877 

14196 

3.20 

6113460407 

2778 

0032585495 

6612 

.69 

1639901293 

5679 

0071300496 

13931 

.19 

6228298148 

2727 

0031932597 

6486 

.58 

1754437524 

5578 

0069894714 

13871 

.18 

0343151291 

2676 

0031292545 

6361 

.67 

1868984812 

5479 

0068516017 

134161 

.17 

6458009737 

2627 

0030665092 

6239 

.56 

19a3542960 

5381 

0067163898 

13165 

.16 

6672873387 

2578 

C03C01999S 

6119 

3.55 

2098111773 

5285 

0065837862 

12919 

3.15 

6687742145 

2530 

0029447017 

6001 

.54 

2212691(^2 

5191 

0064537420 

12877 

.14 

6802615915 

2483 

0028855024 

5886 

.53 

2327280639 

5098 

0063282093 

12440 

.13 

6917494603 

2437 

0028276489 

5772 

.62 

24418g(B20 

5007 

0062011411 

12^ 

.12 

7C32378120 

2391 

0027708488 

5661 

.51 

2556489924 

4917 

0060784911 

11978 

.11 

7147266373 

2346 

0027151695 

5552 

3.50 

2671109273 

4 

48» 

0069582139 
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A  NOTE  ON  BESSEL  FUNCTIONS  OF  PURELY  IMAGINARY 
ARGUMENT 

Bt  Elliott  W.  Montboll 
1.  Introduction 

A  difference-differential  equation  occurring  frequently  in  physical  problems  is 
-  (a  +  b  +  d/dt)  y,  -f  =  0  (1) 

n  =  1,2, 

where  yJJL)  is  a  fimction  of  the  discrete  variable  n  and  the  continuous  variable  t, 
and  a  and  h  are  constants.  When  N  similar  elements  are  arranged  linearly  and 
each  element  interacts  with  its  neighbors  (1)  sometimes  describes  the  transmis¬ 
sion  of  various  physical  quantities  through  the  elements.  If  t  is  interpreted  to 
represent  time,  the  transients  in  such  systems  can  often  be  studied  by  applica¬ 
tion  of  the  boundary  conditions 


y\{t)  =  yn{t)  =  0  for  all  < 


and  the  initial  conditions 


l/«(0)  = 


0  if  n  ^  m. 


Under  these  conditions  the  solution  of  (1)  is  (as  can  be  verified  by  direct  substitu¬ 
tion  into  (1)  and  (2)) 


y«(0  =  (h/a) 


(•-in)/*  -(•+♦)< 


{/ii-ii*+U(Ar-i)(2f  —  /«+»-n.tt(jv_i)(2<  V^ob)} 


where  Inix)  is  the  n-th  Bessel  function  of  purely  imaginary  argument  (here  x  is 
a  real  number)  defined  by  the  series 

/,(x)  «  rVn(tx)  »  Z  (x/2)’-'“/it!(n  -I-  jt)l  (4) 

t-o 

and  which  satisfies  the  differential  equation 

x'fUx)  +  X  Inix)  -  (x*  -f  n*)/,(x)  *  0.  (5) 

In  this  paper  we  shall  develop  some  properties  of  Inix)  which  are  useful  in 
examining  the  solution  (3)  of  (1).  More  specifically,  we  shall  locate  the  value  of 
X  which  maximizes  e““*/,(x),  find  asjnmptotic  formulae  for 

In^ifin)/Inifin)  and  /,+i(j9n)/7,09n), 

and  derive  an  asymptotic  expression  for  Inifin)  when  n  is  lai|^.  These  results 
will  be  used  in  a  brief  discussion  of  (3). 
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2.  Location  of  the  value  of  x  which  makes  /«(a,  x)  »  e  "/.(x)  a  maTimnm 

From  its  definition  /«(0)  0  when  n  >  0,  and  from  the  asymptotic  ''xpausion* 

(valid  for  large  x)  ' 


In{x) 


(2tx)‘ 


,  |i  +  (_  1)' 


[4n*  -  (2r  -  1)*]] 


r!2^x' 


(•5) 


it  is  clear  that  when  a  >  1,  as  x  — ♦  <» ,  e~“*/,(x)  — ♦  0,  and  therefore  that  the  con¬ 
tinuous  function  /.(a,  x)  has  at  least  one  maximum.  Actually  /«(a,  x)  has  only 
one  maximum  when  0  <  x  <  «>  as  we  shall  show  later. 

In  this  section  we  shall  locate  the  value  of  x  which  makes /« (a,  x)  a  maximum 
by  application  of  (4)  and  the  well  known  recursion  formulae*  for  /«(x) : 


In-lix)  —  In+l(,x)  ■=  (2n/x)/,(x) 
InM  -f  /-l(x)  =  2/:(x). 


Obviously,  if  Xm  is  a  point  at  which  /.(a,  x)  has  a  maximum: 


dfnidx  =  0  and  dV»/dx*  <  0. 

Therefore 

I'niXn)  -  alniXn)  =  0 

and 

Cixn)  '-  2a/:(x«)  +  a*7,(x0  <  0. 
Combining  (9a)  with  (7)  we  have 

/»4l(a?»)  +  /«-l(x,)  *  2aIn{Xn) 

and  (9a)  with  (9b)  gives  us 

7;'(x,)  -  a'Uxn)  <  0. 

Also  (9a)  and  (5)  yield 

I'niXn)  =  (1  +  n'/x\  -  a/Xn)IniXn). 


(6) 

(7) 

(8) 
(9a) 
(9b) 
(10) 
(11) 
(12) 


The  above  relations  and  two  lemmas  to  be  proved  presently  will  suffice  to 
prove  the  main  theorem  of  this  section: 

Theorem  I.  If  a  >  1,  and  Xn  is  the  value  of  x  which  maximizes  /.(a,  x)  » 
/«(x)e““,  then 

a*  -  1  +  (l/x,)(a  -  n/Xn)  <  n*/x\  <  a*  -  1  +  a/x, ,  (13) 

lim  Xn/n  —  l/\/a*  +  1,  (14a) 

and  Xn  nfy/cf  —  1.  (14b) 


The  right  hand  half  of  the  inequality  (13)  follows  directly  from  (11)  and  (12): 

n*/x\  <  a*  —  1  -b  a/xn .  (13a) 

>  E.  I.  Whittaker  and  Q.  N.  Watson,  Modem  Analysis,  Chap.  XVII,  Cambridfe,  1936. 
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To  proceed  further  it  is  convenient  to  introduce  two  sequences 

*  In-l(.Xn)/In{Xn)  Snd  6,  *  I n+l(.Xn) / 1 niXn)  (15) 

in  terms  of  which  (6)  and  (10)  can  be  rewritten  as 

I 

a»  =  a  +  n/Xn  and  =  a  —  n/x,  .  (16) 

Combination  of  (13a)  and  (16)  yields 
Lemma  1.  If  and  bn  are  defined  by  (15)  then 

a)  On  <  o  +  V^a*  —  1  +  a/xn 

h)  bn  >  a  —  Vo*  —  1  +  Oc/Xn  . 

One  other  lemma  is  used  to  finally  prove  theorem  I. 

Lemma  2.  If  Xn  is  the  point  at  which  e~“’In(x)  has  its  maximum  value,  then 
o)  /'»(x,+i)  -  al niXn+i)  <  0  (17a) 

b)  In{Xn-l)  -  alniXn^O  >  0.  (17b) 

To  prove  (a),  let  us  assume  that  the  contrary 

In(Xn+i)  -  aIn{Xn+l)  >  0  (18) 

is  true.  Then  eq.  (7)  implies 

•fi»+l(x»^i)  /ti— l(Xii4i)  ~  2oiIn(.Xn+l)  ^  0. 

C!ombining  this  with  (6)  and  (16): 

(I/O,)  +  ((n  -  l)/x,  -  a)  =  (l/a.)  |l  +  +  £)}  >  0 

or 

1  —  o*  -{-  n*/x*n  -  il/Xn)(a  +  n/x,)  >  0. 

However,  from  (13a)  and  the  fact  that  0  >  —  n/x*  , 

0  >  1  -  a*  +  (n/x,)*  -  (l/x,)(a  +  n/x,). 

Thus  our  assumption  (18)  is  false  and  part  (a)  of  lemma  2  is  proven. 

To  prove  (b)  we  shall  first  prove  that  /,(a,  x)  has  only  one  maximum  in  the 
interval  0  <  x  <  « .  If  there  are  several  maxima,  there  must  be  at  least  one 
minimum  or  an  interval  of  zero  slope  between  any  two  of  the  maxima.  At  a 
minimum  point  or  a  point  in  an  interval  of  zero  slope 

fiix)  —  a*/,(x)  >  0  and  /l(x)  —  o/,(x)  =  0 

have  to  be  satisfied.  Since  a  minimum  or  a  point  in  an  interval  of  zero  slope 
between  two  maxima  must  occur  at  a  value  of  x  greater  than  the  smallest  x,  , 
(13a)  implies 

n*  <  x*(a*  —  1  +  a/x,). 
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This  inequality  combines  with  the  differential  equation  (5)  to  yield 

tL{x)  =  In(x)(^l  +  <  aln(z) 

which  is  contrary  to  the  condition  necessary  for  the  existence  of  a  minimum  or  an 
interval  of  zero  slope  between  two  maxima.  Thus  there  is  only  one  value  of  x 
between  zero  and  infinity  which  makes /« (a,  x)  a  maximum. 

Since  part  (a)  of  our  lemma  is  equivalent  to/n(a,  x,+i)  <  0,  the  existence  of 
a  single  maximum  for/»(a,  x)  implies  >  x.  .  Since  this  is  true  for  all  n  >  1, 
x»_i  <  X, ,  which  in  turn  implies  that/»(a,  x»_i)  >  0.  This  inequality  is  equiva¬ 
lent  to  (17b),  completing  the  proof  of  lenuna  2. 

We  are  now  in  a  position  to  proceed  with  the  proof  of  theorem  I.  (17b),  (7), 
and  (6)  yield 

/,_i(x„_i)  -  (a  +  n/x„_j)/,(x«_i)  >  0 
which,  upon  introduction  of  the  b^’s  and  (16)  is  equivalent  to 
0  <  1  -  a*  -h  (n/x»)*  -  (l/x«)(a  —  n/x,). 

This  inequality  plus  (13a)  gives  us  the  first  part  of  theorem  I: 

a*  —  1  +  (l/x»)(a  —  n/Xn)  <  n*/x*n  <  a  —  I  +  a/x»  . 

Taking  the  limit  of  all  parts  of  this  inequality  as  n  — »  « , 
lim  Xn/n  =  Va*  —  1  > 

n—m 

proving  the  second  part  of  theorem  I. 

As  a  biproduct  of  the  relations  used  to  prove  theorem  I,  we  can  find  some 
asymptotic  properties  of  {Un}  and  {&»}. 

Theorem  II.  If 


7i,_j(Xi,)//i,(x«)  and  bn  **  7i,4.i(Xi,)//»(x„), 


then 


a)  a  0^  —  14'(«~  n/x«)/x»  <  o»  <  o  -t-  V^a*  —  1  -|-  a/x, 

b)  a  —  \/a*  —  1  +  («  —  n/x,)/x,  >  bn  >  a  —  Vo*  —  1  +  a/Xn 


and 


c)  lim  a,  =  a  -H  Vo*  —  1 

d)  lim  bn  =  a  —  \/o*  —  1. 

Parts  a)  and  b)  of  this  theorem  are  the  obvious  consequence  of  theorem  I  and 
eq.  (16).  Parts  c)  and  d)  of  the  theorem  follow  by  taking  limits  of  both  sides 
of  the  inequalities  in  a)  and  b)  as  n  — ^  <x>. 

Furthermore,  if  we  let 

/3  =  l/Va*  -  1 
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and  remember  that 

lim  x,//3n  -♦  1, 

we  have 

Theorem  III.  If  /9  >  0, 

a)  lim  /,_iOn)//,03n)  =  (l//3)(\/^  +  1  +  1) 

b)  lim  /,+i(/3n)//»(/3n)  =  (l/j8)(\/j8*  +  1  -  1). 

When  a  =  1,  an  analogue  to  theorem  I  can  be  found: 

Theorem  IV.  If  Xn  is  the  value  of  z  which  maximizes 

/,(1,  x)  =  e~’h(x), 

then 

~  n*  +  §  +  •  •  •  . 

It  is  easy  to  show  that 

lim  x,/n*  =1  or  x,  ~  n*, 

for  according  to  (13a),  when  a  =  1,  x»  >  n*,  and  from  theorem  I,  if  n  >  1 

X,  <  nV(l  -  n/x,)  <  nV(l  -  1/n) 
or 

_n*  <  x«  <  n*  +  n  +  2. 

To  obtain  the  next  approximation  to  x«  one  can  use  (5),  which  is  an  excellent 
representation  of  /«(x)  when  x  n*.  By  substituting  (5)  into  (10)  (when  a  =  1) 
one  can  calculate  the  asjTnptotic  root  Xn  of  (10).  Inasmuch  as  the  calculation 
is  somewhat  long  and  tedious,  we  shall  merely  state  that 

X,  ~  n*  +  i  +  0(l/n) 

and  exhibit  a  table  for  the  first  five  x«’8  (as  calculated  numerically)  which  cor¬ 
roborates  this  result. 

n-  1  2  3  4  5 

X,-  1-55  4-56  9-53  16-62  26-51 

3.  Asymptotic  expression  for  hifin)  for  large  integral  n  and  /3  >  0 
The  analysis  in  this  section  has  its  root  in  the  integral  representation  (1)  of 
Uu) 

/»(«)  =  2*r(i)r(n  -I-  j)  i  ® 

When  n  is  an  integer  this  expression  reduces  to 

/«09n)  -  (i9n/2)-(7(/S,  n)/r(J)r(n  -|-  |) 


(20a) 
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where 

0(0,  w)  “  exp  n(0  cos  d  +  2  log  sin  0)  dB, 


(20b) 


Since  the  coefficient  of  n  in  the  integrand  of  (19)  has  a  single  maximum  be¬ 
tween  0  and  r,  the  main  contribution  to  the  integral  when  n  is  large  comes  from 
values  of  0  in  the  neighborhood  of  this  maximum.  A  method  of  evaluating  in¬ 
tegrals  of  this  form  is  discussed  in  detail  in  the  appendix  and  will  be  used  here 
for  the  evaluation  of  G(j0,  n). 

From  eq.  2  of  the  appendix,  if  /(x)  has  the  properties 


r  ({)  =  0 

,  f  for  some  a  <  ^  <  b 

/"(€)  «  -22  <  Oj 

then 

dx  (r/nz)^ (\  Xi/fi2*  -|-  Xj/(ti2*)*  -f-  •••) 

where 


Xi 


1.3 


'zf^) 

,  2*. 4! 


2!.2»(3!)*/ 


and  X«'s  with  higher  subscripts  are  given  by  (A-12). 
In  the  special  case  of  eq.  (20b) 


(21a) 


(21b) 


(21c) 


f(8)  *“  0  cos  0  -f-  2  log  sin 


and  in  the  interval  (  0,  r  ),  f(6)  has  its  maximum  value  at  the  point  which  is  a 
root  of 

—  0  sin*  {  +  2  cos  f  ■*  0.  (22) 

Also,  at  this  point 

r(€)  =  -^  cos  {  -  2/8in*f  =  -2V3Mri  (23a) 


so 

,  z  =  y/wn  (23b) 

By  calculating  higher  derivatives  of  fid)  and  appl3dng  (21c)  it  can  be  shown 
that 

Xj  -  (-2*  -I-  32*  -  5)/24  (24a) 

X,  =  (2*  -62*  -b  812*  +  102*  -  4622*  +  385)/2(24)*  (24b) 

X,  =  (10032*  +  452*  -  12152*  +  303002*  -|-  69302‘-3696032* 

-57752*  +  7657652*  -  425425)/30(24)*.  (24c) 

Introducing  (A-13)  into  (20b) 

0(0,  n)  T/nz[2(z  —  l)//3*}"  Xi/n2*  -f-  •  •  •  }. 
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According  to  Stirling’s  formula  for  the  Gamma  Function 


n7r(n  +  i)  =  (2Tr‘'*e’ 


/  J_  1  _  1003 

V  24n  1162n*  414720n*  ‘ 

so,  when  0  >  0 

r  ,^1 _ L-  I  j/r  ,  v»-  -  300ff’  4-  4) 


) 


+ 


(30375j8‘  -  278,478/3*  +  117,684/3*  +  1,112) 
30(24nz*)*  . 


■} 


(25) 


where 


2  = 

The  first  term  in  this  formula  was  first  obtained  by  Laplace*  from  the  power 
series  representation  of  In(,u),  More  recently  Lehmer,  using  the  differential 
equation  for  Iniu)  has  developed  an  asymptotic  formula  for  log  /.OSn)  which 
agrees  with  (26)  to  terms  of  0(l/n*).  Lehmer*  also  calculates  several  higher 
order  terms  explicitly. 


4.  Discussion  of  the  differential  equation  (1) 


In  this  section  we  shall  apply  the  results  of  sections  1-3  to  the  differential 
equation 


oy»+i  -  (o  +  6  +  d/dt)yn  +  6|/n-i  =  0 


(1) 


under  the  boundary  and  initial  conditions  (2).  Moreover,  we  shall  study  (1) 
with  a  somewhat  simplified  set  of  conditions.  Instead  of  letting  n  C^hich  in 
this  section  will  be  called  the  index  of  an  element)  range  from  0  to  iV,  let 

n  “  0,  ±  1,  d:2,  •  •  •  ,  ±  00 , 

and  suppose,  for  all  t 

y-Jf)  =  yjf)  “  0 

and 

1  if  n  =  0 
0  if  n  0. 


(26a) 

(26b) 


This  alteration  of  the  range  of  n  is  equivalent  to  the  receding  of  the  boundaries 
of  (2)  to  d:  00 ,  so  the  solution  of  (1)  with  these  conditions  should  be  the  same  as 
that  under  the  old  conditions  (2)  for  values  of  n  far  from  the  boundary  values  0 
and  N. 

The  solution  of  (1)  in  this  case  (26)  involves  only  one  Bessel  function 

y,(0  «  (6/o)-'*e-<-^’7,(2<Va6)  (27) 


*  Laplace,  Oeuvres,  Tome  5,  489,  Paris  (1882) . 

*  Lehmer,  D.  H.,  Mathematic  Tables  and  Aids  to  Computation  I,  133,  (1944). 
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as  we  can  see  by  introducing  the  generating  function 

0(1,  z)-  i;  (28) 

and  applying  (1),  yielding 

dG/dt  =  iab)Hz  -  (a  +  6)/(a6)*  +  l/z)G,  (29) 

and  from  the  boimdary  conditions  on  y»(0 

Giz,  0)  =  1. 

Solving  (29)  for  G(t,  z) :  • 

G{t,  z)  =  e“<*+‘**  exp  {tiab)\z  +  1/*)}.  (30) 

Since^  the  n-th  Bessel  function  of  imaginary  argument  is  given  by 

I  nix)  =  coef.  of  z"  of  exp{§  x(z  +  l/z)\ 

and  since  by  definition  (a&)*”v«(0  is  the  coefficient  of  z”  in  Git,  z),  ynit)  is  given 
by  (27).  Also,  from  the  generating  function,  for  all  t 


=»  ]C  »»!/«(0  “  zdGit,  x)/df),_(»/«)*  =»  tib  —  a), 

n*  **  ti})  +  a)  -I"  f*(&  —  a)*, 

V*  =  (n*  —  ^*)  =  t{b  +  c). 


(31a) 

(31b) 

(31c) 


From  (31a),  when  h  >  a,  the  variation  of  ynit)  from  zero  “travels”  upward 
toward  elements  of  higher  n,  while  when  a  >  b  the  variation  travels  downward, 
and  when  a  =  b,n  remains  at  n  >=  0. 

The  standard  Bessel  function  tables  can  be  used  to  obtain  numerical  results 
for  (27)  as  long  as  |  n  |  is  not  too  large  (say  <10).  (27)  is  plotted  in  fig.  1  for 
several  values  of  t  when  a  =  1  and  6  =  4.  The  main  features  of  this  figure  are 

a)  ynit)  has  a  single  maximum,  and  with  increasing  t  this  maximum  travels 
in  the  direction  of  increasing  n, 

b)  the  deviation  of  ynit)  spreads  over  more  elements  as  t  increases. 

From  these  curves  calcijilated  for  small  t,  one  would  expect  each  element  to 
have  a  maximum  deviation  from  0  at  some  value  of  t.  At  the  n-th  element  this 
would  occur  when 

id/dt)ynit)  =  0.  (32) 


On  application  of  Theorem  I,  when  n  is  large  the  value  of  t  for  which  this  is  true  is 


tn  ~  n/ib  -  a). 


(33) 


Since  I  nix)  =  I -nix),  this  value  of  f  is  the  same  for  positive  and  negative  n.  Of 
course  the  value  of  ynit)  corresponding  to  tn  differs  for  -1-n  and  —  n  because  of  the 
factor  ib/a)"''.  It  is  also  to  be  noted  from  (31a)  that  when  t  =  U, 

n  ~ 

and  from  (27),  when  n  has  the  same  sign  as  A,  ynitn)  >  y-niU). 


(34) 
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I 


We  shall  now  show  that  when  tn  ~  n/(6  —  a),  for  sufficiently  large  n, 
(as  a  function  of  m)  has  a  maximum  &tm  n,  i.e. 


[y«+i(Q. 


(35) 


If  t  >  0,  n  must  have  the  same  sign  as  n/(b  —  a).  Then,  by  application  of 
Theorem  II 


.  ^  I^i(2U  y/cA)  +  /(6-o)*  /o  +  6_  n\  1 

Ini^Uy/^)  2\/^  \  4a6  \2\/a6  x,/x*" 


Fio.  1.  Variation  of  ]/«(()  with  n  for  Various  Values  of  I 

Since  n/x«  (b  —  a)/2y/c£), 

a  +  b  n  y-— 

2^-  -~VS76>0 

and 

a  +  b  b  —  a 

2v^  "  2V^  “  ^ 

so  that 

y»+l(0/y»(0  =  (Vo)*  In-^l{2tnV^)IIn{2tnV^)  <  1 
yielding  y,+i  (y,)  <  y,(f,).  Similarly,  from  part  (a)  of  Theorem  II  y*_i(/,)  < 
yi»(0  proving  (35).  As  n  increases,  it  is  also  clear  from  Theorem  II  that  bn  —*■ 
(a/b)*  and  o»  — ►  (6/a)*  so  that 

y»4i(0  -♦  y»iQ  and  y*.i(U  -►  y,(t.)  (36) 

and  the  maximum  of  y«(0  becomes  less  and  less  pronounced. 
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From  (32)  and  (35)  one  can  see  that  as  long  aa  a  ^  h,  yJJL)  has  its  greatest 
variation  from  zero  att  =  U,  and  at  this  value  of  t  ym(i)  deviates  more  from  zero 
at  the  n-th  element  than  at  neighboring  elements.  Thus,  if  f  is  interpreted  as 
time  in  seconds,  the  initial  variation  of  ydO  from  zero  travels  through  other 
elements  with  a  velocity 

tn/n  1/(6  —  o)  elements  per  second. 


At  t  =  tn  the  magnitude  of  yn(tn)  is 

yn(in)  ~  (6/a)*"  exp{-  (o  +  6)n/(6  -  o)}/,(2n[o6]*/[6  —  o]). 


Introduction  of  the  asymptotic  formula  (25)  for  Jnifin)  yields 


where 


yn(,tn) 


(6/a)"'‘e-"*/e‘(z-  1)(6-  a)\" 

i2irnzyi*  \  2iabyi*  / 

z  =  (a  +  6)/(6  -  a). 


Thus, 


Vnitn) 


6-0  J'* 
2im(b  -|-  a)_ 


(37) 


One  can  show  that  each  of  the  terms  in  the  solution  (3)  corresponding  to  the 
more  complicated  boundary  conditions  (2a)  represents  a  reflection  of  the  varia¬ 
tion  of  y,  from  zero  from  a  boundary. 


Appendix. 


Integration  of 


dx 


We  shall  outline  a  method  of  integrating 

Fin)  =  f  dx 


(A-l) 


when  fix)  is  a  continuous  function  having  a  single  maximum  in  the  interval 
(a,  6)  and  n  is  large.  The  result  is  originally  due  to  Laplace.*  Suppose  for 
some  (  such  that  a  <  ^  <,h 

m  =  0,  /"({)  =  -2z  <  0  (A-2) 


and 


Letting 


m  -  m  +  E  (x  - 

k-t 


Ok  =  f'iom, 

Fin)  =■  c"^**’(«i  +  «»  +  «*) 


(A-3) 

(A-4) 

(A-5) 


♦  Laplace,  Oeuvres,  Tome  7,  103,  Paris  (1882). 
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where 


«t  -  ^  exp  n  o*(x  —  f )*|  dx 

(A.5a) 

^  exp  n{/(x)  -  /(f)}  dx 

(A-5b) 

«,  -  [  exp  n{/(x)  -  /(f)}  dx 
•'l+n 

and  M  is  R  constant  such  that  0  <  m  <  f  —  o. 

(A-5c) 

Now  in  the  interval  {  a,  (  —  m)  there  is  some  positive  oci  such  that 
Max  {/(x)  -/(€)}  *  -ai  <  0 
and  a  positive  at  such  that  in  the  interval  {  (  +  Mi  &) 

Max  {/(x)  -  /(f)}  -  -a,  <  0, 


so 


«,  <  (f  —  M  —  o)  exp  (-ain),  «*  <  (6  —  f  —  p)  exp  (— o,n)  (A-6a) 

and  for  any  positive  1: 

lim  «in‘  »  lim  «in‘  —  0.  (A-6b) 


Letting 

(x  —  f)  =  h/y/n 
(ath*  ath*  ath*  \ 

T  + n"’ +  •"I* 

-  +  -  ((uh'+  idtk') 

+  ^  +  (2aia*  -f  oj)  ^  -f  80*04  ^  ^ 

The  coefficient  of  (1/n)*  is 

i:  (h*^/m\)  E  «*1  n  aL\/l<  I 

«»— 1  •— 1 

fZ)  “  2(m  +  k)] 


(A-7) 


(A-8) 


(A-9) 


[  m<  >  3  J 

The  factor  on  the  right  is  to  be  interpreted  as  representing  the  sum  of  all  products 
of  terms 

for  which 


oiVll 


2  Imi  “  2(m  +  k)‘,  I  <  i  <  m  and  m  >  3. 
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Now,  by  the  mean  value  theorem,  for  suflSciently  large  n 

[•‘Va  ^  ^  -  2  r  (dAA*) 

=  VirTi  +  27/m  Vn  e”*""* 

where  1 1/ 1  <  1.  Similarly 
[ e-”'*  dh  =  1.3-5---(2A:  -  l)(l/22)* 

J-ny/n 


r«>e-"  (*/*■) 


Hence 


and 


=  l-3-5..-(2jt  -  l)(l/22)*Vvi  +  27/M”''‘n‘-^e“*’^*. 
lim  n^{«i  Vn  —  -n/i^  (1  +  \i/m*  4-  •  •  •  +  Xy/(n«*y}  =  0 


lim  n'{  Vn  F(n)e""^‘*’  -  y/Tfz  (1  +  Xi/n^*  +  •  •  •  +  Xy/(nz*)0}  =  0  (A-11) 
where 


Xi  =  1-3 


,  5ai  \ 
\7?  2!2*/’ 


X,  =  1-3-5 


z*a«  ,  7z*(2o,a6  +  aJ)  ,  7-9z(3a!a4)  j  7.9-lloJ' 


2* 


+ 


2!2< 


+ 


3!2» 


4* 


4!2« 


\  1  o  K  7  |2*a«  ,  9z^(2asa7  +  2040*  +  o*)  ,  9- ll2*(3aia«  +  6030406  +  flj) 

X|  *  1-3-5-7  <—  +  - — . H - 577= - 


2« 


212* 


3!2» 


9-1M3z*(4oJo6  4- 6oJoJ)  91M3-15-5zalo4  9 

I*  J  I  AT  I  AM  • 


4!2^ 


512' 


•1113-15.17oJ\ 
6!2»  / 

(A-12) 


{21  *=  2(m  +  fc)} 

Yielding  the  asymptotic  expressions  for  F(n): 

F(n)  =  f  dx  a/^  «"'**'(!  +  Xj/nz*  +  X,/(nz*)*  +•••).  (A-13) 

Jo  V  zn 
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LAGUERRE  FUNCTIONS  IN  THE  MATHEMATICAL  FOUNDATIONS 
OF  THE  ELECTROMAGNETIC  THEORY  OF  THE 
PARABOLOIDAL  REFLECTOR 

Bt  Edmund  Pinnet 
Introduction 

With  the  development  of  modem  microwave  techniques,  the  use  of  the  para¬ 
boloidal  reflector  as  a  device  for  concentrating  and  directing  radiation  has  be¬ 
come  of  great  importance.  In  the  past  a  rigorous  theory,  of  the  paraboloidal 
reflector  has  failed  of  practical  development  because  of  the  lack  of  knowledge 
of  the  properties  of  the  mathematical  functions  in  terms  of  which  the  paraboloidal 
wave  functions  are  expressed.  In  the  absence  of  such  a  theory,  the  physicists 
and  engineers  working  with  these  devices  have  assumed  radiation  within  the 
reflector  to  follow  the  laws  of  geometric  optics. 

This  assumption  is  better,  the  greater  the  ratio  of  reflector  diameter  to  wave 
length.  However,  even  for  diameters  as  great  as  ten  or  fifteen  wave  lengths, 
radiation  patterns  show  considerable  differences  between  experimental  results 
and  those  predicted  on  the  basis  of  the  geometric  optics  theory. 

The  purpose  of  this  paper  is  to  establish  a  beginning  point  for  the  practical 
development  of  a  more  rigorous  paraboloidal  theory.  This  is  done  by  developing 
in  a  systematic  manner  the  properties  of  the  functions  in  terms  of  which  the 
paraboloidal  wave  functions  are  expressed.  In  this  development  are  included 
not  only  many  of  the  known  .properties  of  the  Laguerre  functions  but  a  number 
of  new  ones  whose  investigation  proved  necessary  to  the  development  of  the 
paraboloidal  theory. 

The  scalar  wave  equation  is  separable  in  paraboloidal  coordinates.  The  sepa¬ 
rated  solution  involves  both  solutions  of  Laguerre’s  differential  equation,  and  it 
is  necessary  to  study  these  solutions  in  some  detail  before  paraboloidal  problems 
can  be  solved. 

First  we  develop  the  properties  of  L!I(z)  (here  called  Laguerre’s /unch'on),  which 
reduces  to  the  Laguerre  polynomial  Un{x)  whenever  v  is  a  non-negative  integer  n. 
Laguerre  polynomials  have  been  very  widely  studied  in  the  literature,  and  many 
of  the  results,  included  in  §2  for  completeness,  have  appeared  in  so  many  that 
it  is  difficult  to  determine  their  original  authorship.  This  is  not  attempted,  but 
the  sources  may  be  found  in  the  bibliography,  kindly  provided  by  Professor 
Harry  Bateman. 

Other  than  trivial  generalizations  of  Laguerre  polynomial  results  to  the  more 
general  Laguerre  functions  defined  in  this  paper,  there  are  a  few  new  relationships 
which  depend  for  their  existence  on  the  more  general  nature  of  the  Laguerre 
functions.  Also,  certain  of  the  integrals  whose  evaluation  is  required  for  the 
paraboloid  theory  seem  to  be  new. 

Next  we  develop  the  properties  of  the  second  solution,  f/iKz),  of  Laguerre’s 
differential  equation.  This  was  defined  in  a  somewhat  different  way  and  studied 
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to  some  extent  by  Bateman  (‘‘Electrical  and  Optical  Wave  Motion,”  Cambridge 
University  Press)  but  seems  otherwise  to  have  received  very  little  attention  in 
the  literatiu^.  Most  of  the  results  given  here  are  therefore  new. 

In  §4  certain  relationships  between  the  two  solutions  are  given. 

In  §5  the  auxiliary  functions  S^(z)  and  V^,(z)  are  defined  and  briefly  developed. 
Although  quite  simply  related  to  the  functions  LUz)  and  U^(z),  they  deserve 
special  consideration  because  their  use  considerably  simplifies  the  algebraic 
manipulations  in  the  solution  of  paraboloidal  problems. 

In  a  subsequent  paper,  we  plan  to  apply  these  results  to  the  solution  of  certain 
of  the  more  important  problems  of  the  paraboloidal  reflector. 

1.  The  Wave  Equation  in  Paraboloidal  Coordinates 

From  the  theory  of  Maxwell’s  equations  it  follows  that,  in  the  absence  of  charge 
and  current,  the  electric  and  magnetic  vectors  may  be  resolved  into  rectangular 
components,  each  of  which  satisfies  the  wave  equation 

where  n  and  c  are  the  magnetic  and  electric  inductive  capacities  of  the  medium. 

If,  as  we  shall  henceforth  assume,  the  time  enters  ^  in  the  factor  e~*“*,  then 

+  *V  “  0,  (B) 

where 

k*  -  «V«.  (C)  ' 

t 

We  shall  investigate  solutions  of  (B)  in  paraboloidal  coordinates.  These  are 
defined  in  terms  of  rectangular  coordinates  x,  y,  z  by 

®-2\/^co8<p,  y-2\/^sin*>,  s  -  —  f  +  i».  (1.1) 

Writing  p*  «*  z*  +  y*, 

p*  «  4fii  “  4^  +  4{z  «  4ij*  —  ArfZ.  (1.2) 

Assuming  (  ^  0,  i;  ^  0  so  that  p  is  real,  we  see  that  (  const,  and  ri  >>  const, 
correspond  to  paraboloids  of  revolution  about  the  z-axis,  open  in  the  positive 
and  negative  directions  of  the  z-axis  respectively.  These  families  of  paraboloids 
are  confocal,  with  the  origin  as  focus,  and  have  focal  distances  (  and  t/  respec¬ 
tively. 

Now 

ds*  ■»  dp*  -I"  p*d^*  +  dz*, 
pdp  «  2$dij  -I-  2ijdf, 
dz  ■«  --  df  +  di». 

p*(dp*  +  dz*)  -  (2(dv  +  2nd{)*  -I-  4fn(df  -  d,)* 

-  4n(f  +  u)d{*  +  m  +  v)dv. 
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dp  cts* 


€  n 


Therefore 


Therefore 


Now 


da' 


(  V 


(1.3) 


hi 


a, .  A,  =  2V5.  (1-4) 


vV 


1  r  3  /Aj  I  ^  / h$hi  d£\  i  _£_  / AiAi 

Ai A* A|  |_df  \  Ai  d^/  dri\  hi  driJ  d<p\  ht  dtp/Y 


A*A| 

•at 


AiAjAj  =  2(f  +  ij) 

A|Ai  2  AiAj  ^  +  T? 

A,  “  A,  2en  ‘ 


Therefore 


From  (B), 


1  d(,dA,  1  a/^A,  1  ,, 


If  we  write 


v,<p)=ri(, 


(1.6) 


(1.7) 


we  have 


This  equation  may  be  separated  in  the  form 

A(f,  n)  “  ^(=fcf)^(=F,),  (1.8) 

I'  depending  on  the  separation  constant,  A,  in  a  manner  which  will  be  defined 
later.  Then 
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Therefore, 


Now  let 


r,{x)  - 


(I -*.)«] 


{-•■*  +  (§-•■*=')  i}*V 


From  (1.9), 


“f*  ^  '  tfc  -|-  ^  —  /itfc  —  fc*x  +  fc*x-hh  —  "  0. 


Therefore  if  we  take 


h  =  ikin  +  2i>  +  1), 


we  have 


Therefore 


+  (m  +  1  -  2ikx)^  +  2ifci^:  -  0. 

ox^  ax 


4>tix)  “  y^,{2ikx) 


where  y  satisfies 


This  may  be  recognized  as  the  equation  satisfied  by  the  Laguerre  fimction, 
whose  definition  may  be  written 

K(,)  .  _  r(l  + .  +  0  ±,  ^  (1.13) 


This  definition  is  not  entirely  satisfactory  because  LC  ^  0  forr  a  negative  in¬ 
teger,  and  L?  s  00  for  M  +  r  a  negative  integer,  except  when  m  =  —  m,  k  =  n, 
m  and  n  being  integers  such  that  0  ^  n  <  m.  However  finite,  non-null  solu¬ 
tions  of  (1.12)  certainly  exist  in  these  cases.  The  trouble  lies  in  the  factor 
multipl3ring  the  series  in  (1.13),  and  one  might  remedy  it  by  changing  this 
factor.  However  it  seems  impossible  to  remedy  it  completely  without  seriously 
damaging  the  simplicity  of  the  recurrence  relations  satisfied  by  the  Laguerrq 
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functions.  In  view  of  the  fact  that  our  applications  rarely  will  take  us  into  the 
r^ons  of  difficulty,  and  in  view  of  the  extensive  existing  literature  employing 
the  definition  of  (1.13),  we  shall  use  it.  However  it  must  be  borne  in  mind  that 
although  L?  ,  considered  as  a  function  of  n  and  i^,  may  approach  infinity  or  zero 
as  the  quantities  m  ^d  v  approach  the  values  mentioned  above,  it  may  occur  in 
algebraic  expressions  which  become  indeterminate  for  these  values,  giving  rise 
to  finite  non-null  expressions. 

Equation  (1.12)  has  a  second  solution  which  we  will  denote  by  (/^(x),  and 
define  later.  Therefore  we  see  that  we  may  write  our  separated  sdutiom^  of 
(B)  in  the  form  ^ 

^  [AV‘,{^2iki)  -f 

,  ,  (1*14) 

X  \cu,{±2ikr{)  -1-  Dt/:(=t2tib;)){Ee*^  -|- 

2.  Laguerre  Functions 

For  brevity  let  us  adopt  the  convention  that,  unless  specifically  noted  other¬ 
wise,  Latin  small  case  letters  will  be  used  to  denote  integers,  when  used  as 
indices. 

We  define 

r(p  -  »)  3^ 


o'”  r(p  -}-  M  +  1)  pi  ’ 


which  is  an  entire  function  of  z.  In  particular 

r(n  -1-  M  +  1)  (-Z)' 


KW  =  Z. 


r(p  +  M  +  l)(n  -  p)!  p! 


pi 


(2.1) 


(2.2) 


n  >  0. 


From  §14.11  of  Whittaker  and  Watson, 

Tip  +  u  +  t>+  1)  r(M  +  y  +  l)r(n  -  v) 


Now 

•c*LV^,(-z) 
sin  T 


r(p  -I-  M  +  1) 


r(-i»)r(n  +  M  +  1) 


n  >  0.  (2.3) 


(m  +  >»  +  1)  T,/_  V  -b  M  +  »'  +  1)  ^+, 

,  K  r(p-bM+i) 

.in  T(M +  ._+!)  /  »V_).  r(p+^  +  >  +  ') 


n! 


r(p  -b  M  +  1) 


.in  .0.  +  .  +  1)  ^  ^  ^  -  .)  z- 

T  0  r(n  -b  M  +  1)  wl 


sin  ir(fi  -b  y) 


l:(z) 
l:(z)  > 


sin  ir(M  +  I') 


c‘L”,_^.(-z). 


(2.4) 


\ 
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0  r(n  +  M  +  1)  0  0 


r  (-^r 

o^’’pl(n  —  p)ir(p  +  M  +  1) 


V  (-<“)’’  v;  rc  +  p-K)!!! 
4"pir(p  +  M+T)4-’^'’  +  ’’  %! 

A  r(p  —  y)  {—hzY  .j  _  .VP-, 

V^rCp  +  M  +  i)  pi  ^ 

-5f7.for+^)<'-*K-r^0- 


Therefore 


(1  -  h) 


+  |M<1. 


From  (2.4), 


(1  _  KT-^^e 


,  F  1  —k$Hl—k)  T II 


_  ±,  1  *  I  <  *■ 

r(F  +  1)  0  r(n  +  M  +  1) 

From  (2.2),  setting  i'  =  0, 

(1  -  =  1^,  h^Kiz),  I  I  <  1. 

0 

From  §16.1  of  Whittaker  and  Watson, 

From  §§16.11,  16.41  of  W.  and  W., 


-  ^HLH"  rox  +  ,  +  i)W. 


T  ^ 

-2<argz<^, 


L:iz)  1  ^ 


T(p  +  1) 


^  l|Ft-»+I.U(*) 


_  8^  gW<(i,+F+i)  ^  ^ 


.w(-*)|f 
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From  §16.3  of  W.  and  W.,  we  obtain  the  aj^ymptotic  expression, 


l:(*)  — 


sm  TV 


r(n  +  F  +  l)r(n  +  M  +  !»  +  1) 

0  nlsr ' 


Tr(v  +  1) 

+  +  ikZ 


X 


(2.10) 


_ 1 _ izl  , 

r(-n  +  K  +  l)r(-n  +  M  +  p  +  1)  n!z»  ’  J 

where  the  upper  or  lower  sign  is  taken,  according  as  0  <  arg  z  <  t  or  —  x  < 
arg  z  <  0,  respectively.  Unless  otherwise  noted,  we  shall  continue  to  use  this 
convention  throughout  this  section 
For  I  z  I  »  1, 


r(i/  \  Sin  TV  — M— >— I  m 

L;(z)  — 


-ro.  +  ,+  i>-*--e-  +  j^ 


Z  . 


(2.11) 


In  particular,  for  |  z  |  )?>  1, 

When  V  is  not  a  non-negative  integer,  for  |  z  |  ^  1, 


n  >  0.  (2.12) 


L1(z)  ~  r(^  +  y  +  l)z-'-'-‘  e* , 

-^<argz<^. 

+!)*’•  ■■ 

^  <  arg  z  <  T ,  - 

<  arg  z  <  . 

For  X  )S>  1, 

' 

ft(M  +  2v)  >  -1, 

(2.13) 


L:(±tx) - e=F»-io.+,+i)8U^v  ^  ^  ^  l)x“'‘-'-*  , 

T 

R(ji  -j-  2i')  <  — 1» 

Lt(±ix) - r(M  +  1-  +  l)x"'^'-'  e*‘*  -|- 


>  (2.14) 


r(i'  -I- 1) 

'  /2(m  +  2v)  =  -1,J 

where  the  sign  convention  above  does  not  apply  here,  of  course. 

From  (2.1),  using  Stirling’s  formula,  for  i2(r)  >  0 

.(«)-. to. 

•  -.0  V/  ,-.0  \v/  r{v/8  +  1) 


i 
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^  i  —  y/8){-p/8  +  +  p  -  1)  i8Zy 

^  .-.0  r ”  .  r(p  +  M  +  1)  p! 

_  i;^  ^  ’’f"  “  «!•  •  ’f"  “  «(p  “  1)1  (”*)'' 

.^0  V”  r(p  +  M  +  1)  p! 

For  rz  and  8  bounded,  this  summation  is  uniformly  convergent  in  vz  and  8,  so 
the  order  of  the  limit  and  summation  may  be  reversed,  and 


lim(i)  L:„i8z)  =  (vz)-^  J,(2Vyz), 
•  -0  V/ 


(2.15) 


uniformly  in  >'2  if  rz  is  bounded*  and  R(p)  >  0. 
Since  (2,1)  is  uniformly  convergent. 


/V-  ^ r(.  +  ,  +  1)  ±,  iV- 

r(^  +  » +  1) t, V.t*’ 


dl 


sin  TV 


p!r(p  +  M  +  1) 


r(\  +  i)r(M  +  V  +  1) 
r(M  +  i)r(i-  +  1) 


X  +  1;  M  +  1;  2). 


This  derivation  is  valid  when  |  z  |  <  1  and  i2(X)  >  —  1.  In  view  of  (2.12), 
(2.13),  (2.14),  and  §5.32  of  W.  and  W.,  this  relation  may  be  extended  analytically 
so  that 


e- V  Uizt)  dt 

>»  =»  n  >  0, 
or  R{z)  —  1, 


_  r(X  +  l)r(M  +  I' +  1)  p, 

■  r(^  +  i)r(,  +  1)  ’'  +  >•''  + 

fl(X)  >  -1,  or  R{z)  <  1,  «(X)  >  -1, 

Rin  +  V  -\)>  0,  «(X)  >  -1. 


In  particular,  for  m  >  0, 


(2.16) 


e-*  L^izOdt 


Extending  analytically,  as  before, 

*  See  Th.  8.1.3,  G.  Szego,  “Orthogonal  polynomials”  (Amcr.  Math.  Soc.  Colloquium 
Publications,  vol.  23,  New  York,  1939). 
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fe- r-mz,) dt  =  l^-(,  -  .)•! . 

i>  =»  n  >  0,  >  0,  R(jm  +  m)  >  —1, 

or  R(z)  <1,  m  >  0,  R(n  +  m)  >  —1, 

or  R(z)  =  1,  R(v)  >  m  >0,  R(ii  +  m)  >  —  1. 

Applying  Leibnitz’s  rule  to  this, 


>  (2.17) 


j[V‘  f^^LrM)dt 


r(M  +  r+l),-, 

n.'  +  1) 


r(m  +  M  +  1) 
r(p  +  M  +  1) 


l’(*'  "I"  1)  f  -^p/,  _'vr 
X  *  r(.  +  1  -  p)  ^  ^ 


sin  TV 


=  -r(M  +  V  +  i)r(m  -f  M  +  1)  (1  -  Z)' 


M  r(p-  v)  /  Z  Y 
0  \pyr(p  +  ix  +  i)Vi-z/ 


Therefore, 

j[Vv-^l:(zO  rff  «  r(M  +  ^  +  i)r(M  +  m  +  1)(1  -  z)’ 


xEp 


r'Cn  -  p)!r(p  +  M  +  1) 

n,m>0,  R(M  +  fn)>—l, 

f  e-‘  tr-^Ltizt)  dt  -  r(M  +  V  +  i)r(M  +  m  +  1)(1  -zY 

Jt  T 

y  y'  r(p  -  »’)  /  g  Y 

^  V’’Vp/r(p  +  M+  i)Vi  -g/  ’ 

R{z)  <1,  m  >  0,  Rifi  +  w)  >  —1, 
or  Riz)  =  1,  /2(v)  >  m  >  0,  R(it  +  m)  >  —  I’J 

From  (2.15), 

/“V*  -  r(x  +  i)r(M  +  v  -  X) 

•«(m  +  V  -  X)  >  0,  «(X)  >  -1. 


(2.18) 


(2.19) 
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From  (2.15),  (2.16),  since  the  left  of  (2.15)  converges  uniformly  in  z  to  the 
right, 

j[“ J^{2  VFO  dt  =  ^  ^  M  +  1 ; 

“  r(i'+  1)  +  1;  M  +  1;  -2)  = 

“  ■‘’sin  t(m  -  X)  r(M  -  X)  *  =  r(X  -  M  +  l)e  'LS:_,(z), 

from  (2.4).  Therefore,  setting  X  =  /x  +  r, 

L:(z)  =  r  e-&^'J,i2y/It)  dt,  «(m  +  k)  >  -1.  (2.20) 

+  ij  Jo 

A  special  case  (i^  =  n  >  0)  of  this  was  given  by  Erd^Iyi  in  Math.  Ann.  113 
(1936)  357-362. 

Since  the  series  (2.1)  is  uniformly  convergent  for  j  z  |  bounded,  from  (2.18), 


e-*  e  mzt)UAz't)  dt 


sm  TP  sm  TV 


r(M  +  p  +  i)T{n  +  /  +  1)(1  -  Z)' 


V  V  rr*!  —  ^  _ - _ _ — _ 

X^«r(n  i.)z 


(rii)’ 


sm  ri'  sm  tv 


r(M  +  p  4-  i)r(M  +  !»'  +  1)(1  -  zY 


r(p  -  y)  /  zz' 


p!r(p  +  M  +  1) 


r(9  +  p-K0^ 


smj^.-  8_m_i|>  ^  ^  1)P(^  ^ 

T  T 

A  r(p  -  »)r(p  -  v')  r  zz'  T 

^  V”.  p!r(p  +  M  +  1)  L(i  -  *)(i  -  *0J 

r(M+P+l)r(M  +  V^  +  l)  _  .y> 

r(M  +  i)r(p  +  I)r(/  +  i)  ^ 

X  -r'lM  +  l;(i  _  2)(i  -  ,'))• 
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This  result,  clearly  valid  when  R{z)  <  |  z'  |  <  1 ,  may  be  extended 

analytically.  Thus, 

r  a'*  ^  (rfW  dt  -  ^  +  n'  +  1) 

i  ®  - r(M  +  i)n!(nO! - 

X(1  -.)•(! -z'r>(-n. 

where  R(fi)  >  —  1,  w  >  0,  n'  >  0, 

I  "  ^^^(^0L.(zt)dt - r(M  +  l)r(.  +  l)n! 

.  X  (1  -  z)'(l  -  -n;M  +  l;(i  _  .  (2.22) 

where  R(z)  <1,  w  >  0,  ROi)  >  —  1, 

or  R(z)  =  1,  R(y)  >  n  >  0,  R(m)  >  —  1, 

i  «  (rL,{zi)LAzi)  dt  -  i)r(/+  I)r(/  '-f  i) 

X  (1  -  J)’(l  -  t!)'  F  M  +  1;  (,  _ 

where  Riz  +  z')  <  1,  R{z)  <  1,  R(z')  <  1, 

R{n)  >  -1,  or  Riz  +.z')  <  1,  Riz)  <  1,  Riz')  <  1, 

Rifi  +  V  +  /)  >  —1,  Rifi)  >  —  1.  ^ 

From  (2.22),  setting  n  =  0, 

r‘'‘'’«(")‘“  =  'f(^¥Tr(‘-^)’  (2.24) 

Riz)  <  1,  Rin)  >  -1,  or  Riz)  =  1,  /2(v)  >  0,  «(m)  >  -1. 

From  (2.21),  and  §14.51  of  W.  and  W., 

[  e-‘fL>M)L‘Ai)  <U  =  *■'(!  -  .)•-.  1 

n  >  0,  n'  >  0,  Rin)  >  -1.  J 

From  this,  for  n  >  0,  n'  >  0,  Rin)  >  —  1, 

/  e“YL:«)L:.{i)  ctt  =  0,  n'  pi  n. 


r(A.  +  n  +  1) 
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}  (2.27) 


From  (2.22)  and  §14.51  of  W.  and  W,  when  r  is  not  an  int^er, 

e-*eLtizt)mt)  dt  =  r(M  +  p  +  l)r(n  -  v) 

X  (-Z)"(l  -  «)'■",  R(z)  <1,  n  >  0,  /2(m)  >  -1, 

or  R(z)  =  1,  R(v)  >  n  >  0,  /2(m)  >  —  1, 

and 

e-'irLr,{t)L\{zt)  dt  =  0,  «(p)  >  n  >  0,  «(m)  >  -1. 

From  (2.23)  and  §14.51  of  W.  and  W.,  when  v,  i/,v  —  v'  are  not  integers,  and 
I  arg(-  2)  I  <  X, 

e-* tr  L:(zt)L:>it)  dt 

sin  TvFi^  +  y'  +  l)r(i-'  -  v) 


(-2)''(1  -  zr^’, 


5-  (2.28) 


X  r(/  +  1) 

R(z)<0,  «(/.  +  •'+!'')>  -1, 

R{y)<RW),  «(m)>-1.  J 

From  (2.22),  (2.23),  and  the  uniform  convergence  of  (2.15),  and  analytic  con¬ 
tinuation, 

^  e-'&LMzt)J,{2y/7t)  dt  =  /‘"(I  -  z)'e-*'L; 


where  Riji)  >  —  1,  and  also  r  =  n  >  0,  z  unrestricted,  or  R(z)  <  1, 
or  R{z)  =1,  2  1,  2'  >  0,  Rin  +  2v)  >  —  §, 

or  2=1,  /  >  0,  Riii  +  2v)  >  §. 

From  (2.29)  and  (2.13), 


(2.29) 


j[V*  &‘J^{2y/zt)L:(t)  dt  -  2-  '  e 


1) 


(2.30) 


p  =  n  ^  0,  R(jt)  >  —  1, 

or  z  =  X  >  0,  R(n  4-  2p)  >  §,  R(n)  >  —1.  j 

From  (2.29)  and  (2.15), 

j[  e-^  J^(2V7t)J^{2y/Pt)  dt  -  e’*"*'  /„  (2v^0,  RM  >  -1-  (2.31) 


n  >  0.  (2^9) 
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From  (2.1),  for  m  >  0, 

.  sin  TV  1  i  \  ^  r(p  —  v)  z' 


sm  TV 


0  (p  +  m)l  pi 


r(v  —  m  +  1) 


r(v  +  1) 


That  is, 

L7"(*)  -  r(v 


^>0,  (2.40) 


and 


r(v  +  1) 

That  (2.41)  holds  for  m  <  0  as  well,  follows  by  replacing  v  by  v  —  m. 
From  (2.7),  for  |  h  |  <  1, 


(2.41) 


i;,rL:-*^'+‘(2  +  z')  -  (i  -  g-»(.+.')/u-») 

0 

-  Zv  A'  l;(z)  E,  a*  l;'(20  -  E,  a-  E, 


so 


£,v;H.'+1(^  +  z')  -  Ev  L;(z)L:'_,(z'),  n  >  0. 


(2.42) 


From  (2.1), 


.V+V-I 


^  [z-^'- l:(z)]  -  -®— *'  r(M  +  r  +  1)  Ep  *1  *— j- 

dz  T  0  r(p  +  m)  pi 


or 


^[z"l:(z)]-(m  +v)z^-‘Lr‘(*). 


(^  +  ,)tr‘ vr'(i), 

(2.43) 


From  (2.1), 

LW  -  +  1K(»)  -  r(M  +  V  +  1)  t, 

^  ^Tip-hn  +  2)  r(p  +  M  +  2)/pI 


sm  TV 


r(M  +  »>+  DEv^J^T  - 


r”  r(p  +  M  +  2) 


X  {p  +  M+  l—  M  —  1—  P  +  »'}— ,  *0, 

pi 


or 


l;(z)  -  l:+‘(z)  +  l::1}(z)  -  o. 


(2.44) 
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Also, 

zL'ttlit)  +  (*  -  +  (i'  +  l)L!r;}(z) 

=  ro.  + .  +  1)  t. 

T  0  r(p  +  M  +  2) 


+  (m  —  z) 


rip  -  y) 


sin  TV 


r(p  +  M  +  1) 

-Kv  +  i) r(p- v-.i)|£ 

^  ^  r(p  +  M)  /.pi 

r(M  +  ^  4-  \z(p  -  y)iP  -y-l) 


r(p  +  M  +  2) 

•  +  M  +  1)  + 
sin  TV  ,  ,  I  i\  ^  r(p  —  V  —  1) 

—  ro.  +  >  +  i)S,r(p  +  M  +  2) 


+  (m  -  2)(p  -  V  -  1)(P  +  M  +  1)  +  (v  +  l)(p  +  m)(P  +  M  +  1}^, 

—  z(m  +  V  +  l)(p  —  V  —  1) 


4-  p  0*  4:  V  +  l)(p  +  M  4-  1)}  — , 

p! 


rC"  + '  +  {-?’  r(p^  M  T2)  ^ 


+  £v 


r(p  -  V  -  1) 

r(p  +  M  4"  1)  (p 


or 

zr+K*)  +  (z  -  n)Uiz)  +  (v  4-  i)L!r;}(s)  =  0.  (2.45) 

From  (2.43),  (2.44),  (2.46), 

(m  4-  v)L'Ui(2)  +  (z  -  m  -2v  -  1)L:(z)  +  (v  +  1)L;+x(z)  =  0,  (2.46) 

(m  +  v)Lr‘(*)  -  (2  +  #*)L:(z)  +  zU^\z)  -  0,  (2.47) 

zL:(z)  =  -(v  +  l)L!:;l(z)  4-  (m  4-  v)Lr‘(2),  (2.48) 

zL:(z)  =  (z  -  v)Lr‘(2)  +  (m  4-  !»  -  1)LC}(2),  (2.49) 

(m  4-  V  4-  1)L:(z)  -  (v  4-  l)LrJ:}(z)  +  (z  -  V  -  l)Lr(z),  (2.60) 

L:(z)  -  Lr'(z)  -  L;1}(z),  (2.61) 

vl:(z)  -  -zl:ii(z)  .+  (m  +  v)l:_,(z),  (2.62) 

vL:(z)  =  (v  -  z)L!Li(z)  4-  (m  +  »'  -  1)L^^}(*),  (2.63) 

(m  4-  V  +  l)L!:(z)  -  zL::}(z)  +  (v  +  1  -  z)L:+i(z),  (2.64) 

l:(z)  =  l:-,(z)  -  L!:z}(z),  (2.66) 

z  ^  L:(z)  -  (v  4-  l)L1^,(z)  4-  (Z  -  M  -  I'  -  1)L;(*),  (2.66) 

oz 

z  ^  l;(z)  -  vl;(z)  -  (m  +  v)L!:_i(z),  (2.6?) 

I-  l:(z)  -  -Lr‘(2)  +  l:(z),  (2.68) 

oz 

z  ^  L!:(z)  -  -ylAiz)  +  (m  +  v)Lr‘(2),  (2.69) 

oz 

|-L:(z)  -  -LIIlKz).  (2.60) 

aZ 


\ 


pi 
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From  (2.45), 

zL:1,*(z)  -  (^  +  1  -  z)U^,{z)  +  vUiz)  -  0. 

Therefore,  from  (2.60), 

z  KW  +  (M+l-z)i  L-,(i)  +  ,VM  -  0.  (2.61) 

SO  U,{z)  is  a  solution  of  (1.12). 

We  now  desire  an  expression  for  L^,(je)  when  v  is  large.  This  might  be  obtained, 
as  Erd^lyi  has  done,  by  applying  the  method  of  steepest  descent  to  the  integral 
(2.20).  We  shall,  however,  use  a  different  method. 

Let  y  satisfy 

zy"  +  (m  +  1  —  z)‘f/  +  vy  =  a.  (2.62) 

Write 

V  =  C*“**M. 

y>  =  e’"*(M'  +  a*^M),  y"  =  -f  2az-^u'  +  (a*2"‘  -  \az-')u]. 

Therefore 

2u"  +  (m  +  1  4-  2a2*  —  z)u'  +[(/*  +  i)a2~*  +  a*  +  P  —  az*]u  =  0. 

Let 

a  =  ±  tV*. 


Then 

zu"  +  (m  +  1  ±  2ti»y  —  z)u*  ±  tV*[(>i  +  J)z“*  —  z*]m  =  0. 

Suppose 

u  =  +  M**"”*  +  •••], 

where  po ,  a>i  >  Mi  >  ’  *  *  independent  of  v.  Then 
2Mo^  +  +  •  •  •  4-  (/ii+  1  ±  21^*  —  2)(a4  4-  Mi»'~*  4-  *  •  •  ) 

db  ti'*[(M  4-  i)2  *  —  2*]  (mo  4-  Mi»'~*4-  •  •  •  )  =  0. 

Equating  the  coefficient  of  to  zero, 

2m^4-(^^-i)mo-0, 

80 

/lo  =  (const.)z“*'^e**. 

Therefore,  for  A,  B  independent  of  v, 

y  =  v'z-*'^e*'(ile*‘^4-  Be"*’*^)!!  4-  0(r“*)]. 


(2.63) 
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In  particular 

L:(z)  -  +  0(r*)]. 

From  (2.15)  it  follows  that  o'  =  i/i  ~  i»  and  that 

{vzi^J.CiV^)  =  +  0(r-*)] 

From  §17.5,  W.  and  W., 

so 

L:(s)  -  -7^  cos  (2v^  -  iTM  -  ix)[l  +  0(r*)]  (2.64) 

From  (2.61),  when  R{n)  >  —1. 

{v  -  •»')  j[*  e-^fUiOL^At)  dt  -  a"-'*  c"*[L:(2)L:'(*)  -  LAz)L:'{z)]  (2.65) 

From  this  and  (2.4),  when  Rijt)  >  —  1, 

(^  +  ,  +  „/  +  1)  fev^AWA-t)  df  =  z"{(z  -  V  +  v’)U{z)LA-z)\ 

?  (2.66) 

+  (m  +  v)LUi{z)LA-z)  -  (m  +  /)i:<:(2)i:'-i(-2)}J 
3.  TAe  Function  Utiz). 

Let  us  write 

*  r:(a)  -  z-'^L^tA). 

From  (2.43), 

I  nil)  =  .Ttiw. 

From  (2.47), 

(v  -  i)L;;r.;^,(z)  +  (m  + 1  -  z)L;:Tr+,-i(2)  +  zl-;xA)  »  o, 

so 

i^nw  +  in  +  i-  »)|  ii;w  +  -nw  -  0. 

so  3r!I(«)  satisfies  (1.12).  Therefore 

U’.ii)  -  ±.-  C«  XM  \f“‘Uii)  -  r'iS-w} , 

according  as  0  <  arg  2  <  x,  — x  <  arg  z  <  0, 

satisfies 

» ^  «(i)  +  (» .+ 1  - ^  v,ii)  +  ,v:ii)  -  0.  (3i) 
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Also  l/C(z)  satisfies  the  recurrence  formulae  (2.43)-(2.60).  It  is  analjrtic  every¬ 
where  except  on  the  real  axis  in  the  z-plane,  and  forms  a  second  solution  of 
(1.12),  linearly  independent  of  L?(z).  We  might  have  added  the  positive  real 
axis  to  our  region  of  analyticity  by  taking  a  single  rather  than  a  double  sign  in 
(3.1),  but  this  definition  is  more  symmetrical  and  gives  rise  to  a  simpler  and 
better  asymptotic  expansion.  We  shall  use  this  same  double  sign  convention 
hereafter,  unless  otherwise  noted. 

From  (2.41),  (3.1)  becomes  indeterminate  when  m  is  an  integer,  so  in  this  case 
we  must  take  the  limit  of  the  expression  for  I/?(z)  as  m  approaches  an  integer 
m,  say.  We  may  write 


U:iz)  =  =Ft  Ti^  +  y+  1) 


r  sin  Tfi 


0 


r(p  —  ¥)  z” 


sin  t(m  +  v) 

- : -  Z 


r(p  -I-  M  +  1)  p! 

•y  r(p  —  fl  —  y) 

V”  r(p  -  M  +  1) 


(3^) 


Now  let  M  =  »»  +  «.  >  0,  I  «  I  1.  Then 

r(p  +  M  +  I)  “  +  ‘G  ■  01’ 


z"'  z“"(l  -  e  In  z)  6=^'**  (-)"(!  T  «*), 


sin  T(/i  +  v) 
sin  TV 

1  _ 
r(p  -  M  +  1)  (p 

(—)"*“' €(m  —  p  —  1)1,  p  <  m, 
r(p  —  n  —  v)  r(p  —  m  —  p)!!  —  «^(p  —  m  —  v)]. 


^  (  — )"*(!  +  Tf  cot  tv), 

P>m, 


where 


f(z)-^lnr(z). 


Therefore 
VT\t)  =Ft 


sin  TV 

T*€ 


r(m  -t-  V  -I-  1) 


r(p  -  v) 


(p  +  m)! 

x[l+.(Y=F«-!£i)]^’ 

-  «  Zv  r(p  -  m  -  v)(m  -  p  -  1)1 


i-zY 

pi 


-f  ^(p  —  m  —  v)  —  T  cot  Tv|J 


(3.4) 
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(C(z)  =  ±t  r(m  +  .  +  1)  Zv  r(-p  -  y)  (-2)*^ 


=^=  t 


.  sm  TV 


'■<“  +  '  + ‘4’ + 

p  1  fii?*  1  T 

—  T  -  2*  T  +  lA(P  -  I')  —  F  cot  Tl/  — 

0  K  I  K  J  pr 


Therefore,  for  m  >  0, 


Kiz)  = 


r(m  +  V  +  1)  (p  -  1)1 


T  t 


T-r'  r(p  +  !»  +  1)  (m-  p)! 

■  ™  ”  r(m  +  .  +  1)  t.  [in  .  +  2r  =F  «■ 


P  1  P+»  I  ~\  9^ 


(3.5) 


From  (3.1), 


v:{z)  = 


r(p  -f  1) 


(3.6) 


From  this,  for  m  >  0, 


rT-«/_\  _  ,  (— )"^‘  r(— m  +  p  +  1)  (m  —  p  —  1)!  - 

_  ±  __ ,  2.P  r^p  +  vTl) - 


.sin  TP  ,  I  i  \  ^  r(p  —  p)  r 


T| 


In  2  +  27  T  Tt  —  i 


1  ~\z* 

-  Z*  I  +  ^(P  -  »’)  —  F  cot  TP  — 

I  *  JpIJ 


(3.7) 


From  (3.6),  (3.7), 


Tf/.N  _  »  (m  -  1)1 

i/7(*)  T - — —  1 

T  2" 


Wl  >  0, 


t7^(2)  1  ±  -[In  2  +  27  +  'H—y)  ~  f  cot  tp], 


|2l«l, 

1*1  «1, 


)  (3.8) 


r(r  +  1) 


1*1 « 1- 
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In  connection  with  (3.5),  (3.7),  (3.8),  we  note  that 

lim  [^(p  —  v)  —  r  cot  rv\  »  — 7  +  23*71  n  >  p  >  0.  (3.9) 

I— *»  1  K 


Therefore,  for  m,  n  >  0, 

tC(*)  *  T  -  Zp 


(m  +  n)!  (p  -  1)!  t  (m  +  n)! 

T  V”  (p  +  n)l  (m  —  p)!  T  n! 


0  \p, 


X  fin*  +  T  T  «•  + ’f .  J  - 


±  i  (-)>  +  .).  I, 


(p  +  m)! 
m,  n  >  0, 


(3.10) 


VT{z)  =  ±  -  (-)"“'  Z 


«-i  (n  -  m)!  (m  -  p  -  1)!  j, 
T  V'  (n  -  p)!  p! 


_  T  ll 
1  *  A:  J  (p  —  m) ! 

±  1  (_)•(„  _  „)|  f.  <»*-”-*>'  ^ ,  »  >  m  >  0, 

.to  (.  - 


(3.11) 


(3.12) 


ir,(»)  -  ± 


t  /_  v  i'fn  - 

irl  V(p- 


-  n)!  (p  -  1)1  ^-p 


n)  1  (m  —  p)  I 


lim  (p  4- n)tC(*)  -  ±-  ^  * 


_ ^  (p  +  n  —  1)! 

T  (— m  +  »  — 1)1  0  ”  (p  +  m)l  pi' 


0  <  m  <  n. 


r  /  _i_  \rr-"/  \  *  ("”)**”*  ^  (P  "r  W  —  1)1 

lim(p  +  n)Uir{z)  ^  ±  -  -1 


ir(m  +  n—  1)1«  (p  —  m)l  pi' 


(3.13) 


(3.14) 


(3.15) 


m  >  0, 


n  >  0. 
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1 


From  these, 

UZ(z)  ^  T  -  ^  >  »n  >  0,  n  >  — m,  1 2 1  «  1, 

r  “ 

Urn  (,  -  n)tCW  ~  ±  i  (-)—  . 

»-»»  T  mi(—n  —  tn  ~  1)1 

n  <  -  m  <  0,  1 2  1  «  1, 

U^nit)  1  ±  ^  ^/nz  +  7  +  j  w  >  0,  I  z  1  ^  1, 

lim  (v  —  n)U\{t)  =F  -  ,  n  <  0,  1 2  I  «  1, 

!>-•»  X 

^  —  1)1(™  +  »n)l/nl,  0  <  — m  <  n, 

|»|«1, 

lim  (>  -  n)t7rw  ~  ±  ~  .  0  ^  n  < -m, 

»-»»  X  ni  ^ — tn  —  n  —  l) 


lim  (,  -  n)WW  =»  ±  i  (-)— 

i>-»»  X  (— m)l 


From  (2.10),  (3.1), 

±wUw+i) 

«W  ~ 

xr(r  +  1) 


Ul«i, 
m  >  0,  n  >  0, 
|2|«1. 


X  e*  Z.  r(n  +  !»  +  l)r(n  +  ^  +  y  +  l)-L^  1 2  I  »  1. 


Therefore, 


U:iz)  ~  i  r(M  +  !»  +  Dz-'*-'-*  e* ,  1 2 1  »  1.  (3.20)  . 

From  (2.16),  (3.1), 
j[  e~‘  ^  U:ixt)  dt 

-  CSC  |^^i)r(T-f t)  ^  +  1;2) 

“  r(-M  +  1)  ^  *  ** X  -  M  +  1;  -M  +  1;  2)|,  ^i) 

when  R(z)  <  1,  Ri\  —  /*)>—!,  R(ji)  >  0;  or  R(z)  <  1, 

R{\)  >  —1,  R(jt)  <  0;  or  R(z)  —  1,  /2(X  —  m  —  p)  >  0, 

Ri\  —  (i)  >  —1,  R(jt)  >  0;  or  R{z)  1,  i2(X  —  m  ■“  f)  >  0, 

fi(X)>  -l,i2(M)^0.  ^ 
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From  (3.1)  and  (2.16) 

lim  0Y  «,,(k)  -  (yzr>'‘H"'  (2v^), 

/(*)>0,  1 

-  («)-*»“  (2v^). 

/(*)  <  0.  J 

From  (2.20)^ 

««  -  rc'+  i)  1' di. 

Hz)  >  0, 

Hz)  <  0. 

provided  R{r)  >  —  1  when  R(ji)  >  0,  or  R(ji  +  p)  >  —1  when  R(jt)  <  0. 

As  in  (2.64),  from  (2.63)  and  (3.22), 

+  0(1-“*)].  (3.24) 

Vir 

4.  Relations  Between  Lt(z)  and  Utiz). 

Write 

u  =  l:(2),  v  =  uiiz). 


Then 


*t4"  +  (m  +  1  —  z)u'  +  rti  =  0, 
zv"  +  (ji  I  —  z)v'  +  w  ■=  0, 

z(vu'*  —  uv")  -I-  (m  +  1  —  z)(vu'  —  tiv')  »  0, 


Therefore 


vu  —  nv  \  z  / 

(im'  1  —  =  const. 


irtiz)  ^  uiz)  -  l:{z)  ^  u:(z)  -  acz-'-'c*, 

az  az 


U:{z)L%,{z)  -  L:(t)u:+x(z)  -  z-^e\ 


Therefcnre,  using  (2.1), 

r(M  +  y  +  1) 


a: 


r(M  +  i)r(y  +  1) 


r+  1 


lim  z"{(m  +  r  +  l)C/:(s)  -  (r  +  l)C/:+i(*)} 
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From  (3.3), 


Therefore 


lim  ^  U:(z)  =  =F  i  r(M),  R(ji)  >  0. 

,-.0  T 


A"  =  =F-  +  y  +  1)  X  >  _i 

Tiv  +  1)  ’  ^  ’ 


WW  ^  «(*)  -  KW  ^  t/'.(2) 

(4.2) 

=  Ti L(a+^^)  80.)  >  _  1, 

T  r(i'  +  1) 

U'iiz)LUiiz)  -  U{z)UUy  -  «(m)  >  -1-  (4.3) 

From  (2.46), 

(m  +  v)LU{z)lfi{t)  +  {z-n-2y-  l)L:(2)f7:(0  +  (v+  \)LUi{z)U:{t)  =  O, 

(m  +  y)mz)uux(.t)  +  (i  -  M  -  2p  -  i)L:(«)t/!;(o  +  (p  +  i)L!:(z)c/;+i(o  =  o 


Therefore 


b;(j,  0  -  0  =  r  J +  1)  -  *)«(*)«('). 


«('.')  =  r(r+^+T)  “  L’MVUM- 


Therefore 


BUniz,  t)  -  B:.i(z,  0  »  (<  -  Z)  E, 


T{p  +  y+  1) 


L:+,(z)f7:+,(0.  (4.6) 


*/  4.'!— IV»,  ^  ^  _j.  y  _f_  1) 

From  (2.64)  and  (3.24)  we  see  that  as  i»  -♦  «,  B?(«,  t)  ->0  and  therefore 
B'i-i{z,  t)  r(p  +  p  +  l)  (r')T^  (t) 

-TTi - f^TT+T+T) 

when 

1 2  I*  sin  1 1  arg  2  I  <  |  f  |*  sin  |  §  arg  <  | ,  I{z),  lit)  9^  0.^ 


0  -  Urn  {i'(*)C/:-,(i)  -  Kid). 


From  (3.3) 


Utxiz)  -  r(M)2-'‘e', 
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80 


so,  from  (4.7), 


when 


t  r'e' 


(4.9) 


(4.10) 


I  z  I*  sin  1 1  arg  «  I  <  |  /  j*  sin  1 1  arg  f  | ,  /(«),  1(1)  9^0.) 

From  (4.6),  (4.9), 

«(»,  I)  =  Ti  r-e'  +  «  -  2)  t,  r(p  ■{■  1)  (4.ii) 

From  (4.10),  (4.11), 


B*.(2,  ()  -  (2  -  0  S, 


pi 


tTi"  r(p  +  M  +  1) 


LWUMD 


when 


(4.12) 


I  «  1*  sin  I  J  arg  z  I  <  |  f  |*  sin  |  §  arg  <  | ,  I(z),  I(t)  ^  0. 

Likewise,  if  we  define 

')  -  rj+t  +  1)  -  K(*)t'H..(OI,  (4.13) 


we  have 


and 


a;(2,  0  -  A%.,(x,  i)  -  ^  1)  (1  -  2)l:(2)l;((),  (4.i4) 


.4'...(2, 1)  -  AU,(t,  0  -  (1.  -  2)  i:.  f)  «„(2)L;„(i).  (4.15) 


Since  Ati(x,  t)  —  0, 


.4:(2,o  -  (1  -2)E 


pi 


r(p  +  M  +  1) 


L\(z)L%(t). 


(4.16) 


Now 


(2 1  - 1 5)  i,:(2)t;;(0  -  i.l;  -  (p  4-  .)L'.-J w  -  vxru:  -  (»  4-  i)trj 


(» 4-  .)iL;t;’.-,  -  Lum  - 
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Therefore 

('  I  -  ‘  s)  «««<«  -  '>• 

also,  '  (4.17) 

■  G  I,  -  ‘  I)  '>• 

(I  “  l<)  +  (>* + v)t^r‘iL: 

=  nit  -  t)L:m  +  (m  +  +  Df/:;}  +  (^  + 

-  f/r‘(-(v  +  Dir?}  +  (m  +  y)Lr^]] 

=  -  t)L:  m  1 

so 

"(I "  ~  <)K(»)«(<)  + 

and  '  (4.18) 

~  -  0Lt(z)L:(t)  +^^r(T-!:  tr 

T  -  ^'?(*)f^"(0  “[-«■"*  4-  l:]u:  -  l;[- +  u^ 

dz  ot/ 

=  -  u:t\\  +  [Lr‘  -  L:t\]u:^^  =  o, 

rcv  + 1) 

so 

(s  - 1<)  «- 

•  (4.19) 

(4  -  l<)  ')• 

Let  K(.z),  CPl'iz)  each  represent  some  linear  combination  of  the  L  and  U  func¬ 
tions  of  the  orders  indicated.  By  conventional  methods  we  obtain  the  following 
indefinite  integrals  directly  from  the  differential  equations: 

{v  -  /)  f  e-*  zT  K{z)(rAz)dz 

=  e-  zT^^  |k(2)  ^  CTAz)  -  GTAz)  ^  F:(*)|  +  const., 

(n  +  ^  +  y'  +  l)  f  z!‘  F:(z)CrA-z)  dz 

^  zT^^  |f:(z)  CTA-z)  -  cni-z)  ^  K{z^  +  const. 
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5.  The  Functioru  Sr,{z),  VKz). 

From  (1.14),  the  applicaticm  of  the  functions  L^z),  V^z)  to  wave  theory  will 
be  simplified  if  we  define 

«(*)  =  J*- 

V:(z)  =  ^e-^V,(z)J 

SO  that 

^  »  {A5:(±2tik{)  +  BV:i±2iH\{CS'‘,(^^2ikr,)  +  DVti=p2ikr,)]  -l 

.  r  (5-2) 
X  {Ee*^^  +  Fe-^'^}e-*-'} 

is  a  solution  to  the  wave  equation. 

From  (2.46)-(2.60),  S^{z)  and  V^iz)  satisfy 

(ji  +  v)Sft-i{z)  +  (z  —  n  —  2v  —  l)5?(z)  +  (k  +  l)S?+i(z)  —  0,  (5.3) 


(m  +  v)s:-\z)  -  (z  +  m)2“‘  -s:(z)  +  s:+‘(z)  =  o,  (6.4) 

z*  5:(z)  =  -(.  +  i)s:;l(z)  +  (m  +  v)-s:-‘(z),  (5.5) 

z‘5:(z)  =  (z  -  i-)s:-‘(z)  +  (m  + -  i)-s!:il(z),  (5.6) 

(>*  +  F  +  i)z*-s:(z)  =  (.  +  i)-s:t}(z)  +  (s  -  V  -  i)-s:^‘(z),  (6.7) 

z*s:(z)-s:-"‘(z)-5:i}(z),  (5.8) 

vs:(z)  =  -z*s^:i{(z)  +  (m  +  v)sr^i{z),  (5.9) 

yS:iz)  =  (y-  z)St-i(z)  +  (jL  +  y-  l)z*  SCl^z),  (5.10) 

(m  +  ^  +  l)5:(z)  -  z*5::}(z)  +  (^  +  1  -  z)sr^i(z),  (5.11) 

s:iz)  -  5:_i(z)  -  z*5:zi(z),  (5.12) 

z^  s:(z)  -  (f  +  i)5i:+i(z)  +  (iz  -  -  -  -  i)-s:(z),  (5.13) 

az 

z^  s:(z)  -  (iM  +  V  -  iz)s:(z)  -  (m  +  .')5:-i(z),  (6.14) 

z^  Stiz)  -  -i*  -8:-"‘(z)  +  (iz  +  hi^mz),  (5.15) 

z^  <s:(z)  -  -(jz  +  iM)-s:(z)  +  (m  +  v)z*5:-‘(z).  (6.16) 

az 

From  (2.16), (3.22), 

Urn  0*'s:/,(«z)  -  J^(2V^,  (5.17) 


lim  (-)  F!:,.(«z)  -  i7;"(2v^,  0  <  ar*  z  <  r, 

'''''  (6.18) 
-  (2v^,  -T  <  arg  z  <  0. 
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From  (2.1),  (3.16),  (3.17), 

m.n>0.  U|«l, 

VZ{z)  T  ^  (m  —  l)lz“*** ,  m  >  0,  n  >  — m,  |  z  |  <K  1, 


n(*)=^l  ±  i(lnz  +  7  +  Z*^),  n>0,  |z|«l.  J 


From  (2.14),  (3.20), 


St{dtXX) 


WTT) 


R(ji +  2v)>-l, 


X  >  >  {v  +1)(m  +  !»  +  1), 


F!:(±tx)  i  r(M  + 1'  +  !)«=* 


X  >  >  (i»  +l)(p  +  y  +  1), 


(5.19) 


(5.20) 


(5.21) 


(5.22) 


where  in  (5.21)  and  (5.22),  of  course,  our  double  sign  convention  does  not  apply. 
From  (2.64),  (3.24), 

5:(z)  =  ^  V*"-*  Z-*  cos  (2VJi  -  iiTM  -  ix)[l  +  0)(v-*)],  (5.23) 

F:(z)  =  z"*  +  0(1/"*)].  (5.24) 


From  (4.10), 


f'  P» 

V'  r(p  +  M  +  1) 


-s;(z)n(o, 


when 

I  z  1*  sin  I  i  arg  z  I  <  |  i  |*  sin  |  §  arg  <  | ,  /(z),  7(0  0, 


(5.25) 


where  the  double  sign  pertains  to  t. 
Now  let 

r(M  +  r  +  1) 

«(»,()  -  (K)*-*-"""  «(!,() 

r(M  +  »'  +  1) 
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From  (4.12), 


when 


I  z  1*  sin  1  i  arg  z  |  <1^1*  sin  |  J  arg  t  \ ,  /(*)»  ^(0  ^  0. 

From  (4.16), 

CKz, 0  -  (<  -  *) f(F+^TT) 

From  (4.17), 


-  i(z  -  os:(2)^^(0> 


-  lu  -  t)s:(t)sr,(t)- 


r('‘  +  -  +  l)(j()‘D:-.(,,i) 


From  (4.18), 

From  (4.19),  ' 


r(.  +  1) 


Hi'  +  1) 


+  yiz  -  t)sr,{z)v:it), 
:~\z,  t) 

+  i^(z  -  osi:(2)s:(o. 


_  j^L_Js:(z)r:(o, 

zt 


-  iM*-^5:(z)5:(0. 


(5.27) 


(5.28) 


(5.29) 


(5.30) 


\  (5.31) 
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Now  z  =  — f  f  Therefore  in  (6i2),  by  (5^1),  (5.22), 

/S!I( — 2»A:f)yC(+2tfcif)  represents  a  wave  traveling  in  the  outward  direction] 


7;(2tik{)-s:(-2tfci,) 

it  * 

it 

it 

it  it 

it 

outward 

it 

sr,{2ikovi{-2xkr{) 

it 

it 

it 

it  it 

it 

inward 

it 

v:{-2ik^)s:{2ikri) 

it 

it 

it 

it  it 

it 

inward 

it 

s:{2ik^)s:i-2ikri) 

it 

it 

it 

it  it 

it 

it 

v:(-2mv:(2ikri)  • 

it 

it 

it 

it  it 

it 

it 

s:(-2ik0s:{+2iki,) 

it 

it 

it 

it  it 

it 

— z 

it 

Vti2m)V:{-2ikr,) 

it 

it 

it 

it  it 

it 

— z 

it 

From(4.2),  (4.3), 


(6.32) 


(6.33) 


F:(z)5tH,(z)  -  S!‘Az)VUi(z)  - 


fl(M)  >  -1,  (5.34) 
R(n)  >  -1.  (5.35) 


From  (4.20),  (4.21),  if  /f^(z),  /?(z)  each  represent  some  linear  combination 
of  the  S  and  V  fimctions  of  the  order  indicated,  the  following  indefinite  integrals 
hold: 


(r  -  /)  I  dz 

-  z  |w5(z)  ^  i:,(z)  -  rAz)  ^  H:(z)|  +  const., 
(m  +  V  4-  v'  +  1)  /  Ht(z)rA-z)  dz 

-  z  |w:(z)  /:«(-z)  -  7;.(-z)  m{z^  +  const. 


(5.36) 


(5.37) 
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STRESSES  AND  SMALL  DISPLACEMENTS  OF 
SHALLOW  SPHERICAL  SHELLS.  I 

Bt  EIbic  Rxissner 

Introduction.  The  purpose  of  the  present  paper  is  to  derive  a  system  of 
equations  which  can  be  used  for  the  analysis  of  shallow  seggaents  of  thin,  elastic, 
spherical  shells.  A  segment  will  be  called  shallow  if  the  ratio  of  its  height  to 
base  diameter  is  less  than,  say,  f.  The  results  obtained  on  the  basis  of  this 
assumption  will  often  also  be  applicable  to  shells  which  are  not  shallow,  namely 
then,  when  the  loads  are  such  that  the  stresses  are  effectively  restricted  to 
shallow  zones. 

The  problem  of  the  spherical  elastic  shell  has  been  the  subject  of  numerous 
researches.  For  the  rotationally  symmetric  case  the  fundamental  results  were 
obtained  in  1912  (1)  and  have  been  the  starting  point  of  many  applications. 
While  it  is  possible  to  deduce  from  these  results  approximate  equations  equivalent 
to  part  of  what  follows,  it  is  believed  that  the  present  approach  to  the  problem 
of  the  shallow  shell  may  be  of  some  interest  even  for  rotationally  symmetric 
cases. 

A  number  of  investigations  have  been  concerned  with  the  shell  loaded  in  a 
non-rotationally  symmetric  manner  (2,  3,  4).  In  its  general  form  this  problem 
is  quite  difficult  and  the  results  so  far  obtained  are  not  ea^  to  apply.  Restrict¬ 
ing  attention  to  the  shallow  shell  in  the  manner  of  the  present  paper  brings  with 
it  a  very  considerable  simplification  of  the  analysis. 


Formulation  of  die  problem.  Let  the  equation  of  the  middle  surface  of  the 
shell  be  given  in  the  form 

z  »  VR*  -  r*  -  (R  -  h)  (1) 

where  R  is  the  radius  of  the  shell,  z(r)  the  distance  from  base  to  middle  surface, 
and  r  the  distance  from  the  apex  of  the  shell  measured  in  a  plane  parallel  to  the 
base  plane. 

The  assumption  of  shallowness  is  expressed  by  the  following  order  of  magnitude 
relation 


(V 


the  symbol  o(l)  indicating  that  for  the  significant  values  of  r  the  value  of  the 
ratio  r/R  is  small  compared  with  unity. 

Let  Nrr ,  ^rt  designate  the  direct  stress  resultants  in  meridional  and 
circumferential  direction  and  F,  and  V$  the  transverse  shear  stress  resultants. 
Let  Mrr ,  M$t  t  and  Mt$  designate  the  stress  couples,  in  meridional  and  circumfer¬ 
ential  direction.  Let  pr ,  p$  and  p  designate  the  components  of  load  intensity  in 
meridional  circumferential  and  normal  direction,  respectively. 
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It  may  be  noted  that  eqs.  (8)  are  the  same  expressions  as  those  in  the  theory  of 
bending  of  plates.  Use  of  such  expressions  for  the  analysis  of  shallow  shells  is 
supported  by  known  results  for  the  buckling  of  circular  cylindrical  shells  where 
the  buckling  modes  subdivide  the  shell  into  independent  shallow  panels. 

Elqs.  (3)  to  (8)  may  be  written  as  a  system  of  eleven  equations  for  eleven  un> 
knowns,  eight  of  them  stress  resultants  and  couples  and  three  of  them  displace¬ 
ments.  The  problem  consists  in  reducing  these  equations  to  a  form  which  is 
convenient  for  the  purpose  of  obtaining  explicit  solutions. 


*  Reduction  of  the  problem  to  two  simultaneous  equations  for  two  functions. 
The  two  simultaneous  equations  are  for  a  stress  function  F  and  for  the  component 
of  displacement  w.  Their  use  is  suggested  by  the  theory  of  plane  stress  and  the 
theory  of  plate  bending  to  which  the  present  formulatimr  reduces  when  R  —  <». 

The  observation  is  made  that  for  shallow  shells  the  effect  of  the  transverse 
shear  terms  in  the  equations  (3)  of  force  equilibrium  in  meridional  and  circumfer¬ 
ential  direction  will  be  negligible.  Proceeding  on  this  assumption — which  may 
be  justified  by  substituting  in  the  end  in  equations  (3)  the  transverse  shears 
obtained,  and  by  comparing  their  order  of  magnitude  with  the  order  of  magni¬ 
tude  of  the  terms  which  were  retained — equations  (3)  reduce  to  the  equilibrium 
equations  of  plane  stress.  As  in  the  theoiy  of  plane  stress  they  may  be  satisfied 
by  means  of  a  stress  function  F. 

Restricting  attention  to  the  case  where  the  external  load  terms  p,  and  p«  are 
derivable  from  a  load  potential  Q, 


dil  1  da 

~  dr  ’  “  r  dd 

(9o,  b) 

the  simplified  equations  (3)  are  satisfied  by  setting 

(10a) 

IdF  ld*F 
r  dr  r*  dd* 

(106) 

(10c) 

As  in  the  theoiy  of  plane  stress  a  differential  equation  for  F  is  obtained  from  the 
relevant  equation  of  compatibility.  It  may  be  verified  that  equations  (7) 
correspond  to  a  compatibility  relation  of  the  iorm 


where 


1  ^  _  1^4-  1  ^W*)  .  1 

r*  atf*  rdr“^r*drV  dr/  r*  drd^  “  R 


V* 


i!  4- i  1  4- i 

dr*  r  dr  r*  a»* 


(11) 


(12) 
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Deduction  of  equation  (11)  was  facilitated  by  the  fact  that  its  form  in  the  case 
*  oo  could  be  found  in  the  literature  on  the  subject  (6). 

Combining  equations  (10)  and  (5)  there  follows  from  equation  (11) — without 
actually  carrying  out  most  of  the  calculations  as  the  result  (or  R  =  <»  is  known 
and  more  easily  established  in  cartesian  coordinates — as  first  fundamental 
equaticm. 


V*V*F-  -(1-,)V*Q 

it 


(13) 


To  obtain  the  second  differential  equation  involving  F  and  w  the  example  of 
plate  bending  theory  is  followed.  The  moment  equilibrium  equations  (4b)  and 
(4c)  are  introduced  into  the  transverse  force  equilibrium  equation  (4a),  giving 

Expressing  the  stress  couples  in  terms  of  the  deflection  to, 


(15a)' 

(156) 

(15c) 

and  substituting  the  result  in  equation  (14)  there  follows, 
-DV*  V*  u;  -  i  (Ar„  +  N»)  +  p  »  0. 


(16) 


Taking  into  account  equations  (10)  there  is  obtained  the  second  fundamental 
equation 


Dv'v'w  +  i  -  p  -  ^ 


(17) 


Having  F  and  to  the  direct  stress  resultants  and  the  stress  couples  follow, 
according  to  equations  (10)  and  (15),  by  differentiation.  From  equations 
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(4b,  c)  and  (15)  follows  for  the  transverse  shear  stress  resultants,  as  in  plate 
theory, 


Vr 


-D 


dV'w 

dr 


Vt=  -D- 


1  dV'w 


ae 


(18a,  b) 


For  the  satisfaction  of  boundary  conditions  it  is  to  be  noted  that  within  the 
approximation  of  the  present  theory  “horizontal”  force  and  “vertical”  displace¬ 
ment  are  given  by  AT,, ,  N,$  and  w.  For  vertical  force  F,  and  horizontal  displace  - 
ment  u«  the  following  expressions  must  be  used 


(19) 


u* 


U+tv, 


(ao) 


Again,  as  in  plate  theory,  the  vertical  edge  reaction  R,  contains  the  edgewise  rate 
of  change  of  twisting  couple 


=  (21) 

It  is  apparent  that  solutions  of  equations  (13)  and  (17)  may  be  written  in  the 
form 

Hr,  e)  =  cos  ndfnir)  (22a) 

fl)  =  23  cos  nd  gn(r)  (22b) 

and  that  except  for  the  particular  integrals  the  functions  /,  and  gn  are  combi¬ 
nations  of  elementary  functions  and  of  Bessel  functions  with  argument  propor¬ 
tional  to  V^'. 

In  a  sequel  to  the  present  paper  the  solution  will  be  evaluated  for  rotationally 
symmetric  conditions  and  the  results  applied  to  the  problem  of  the  shell  with 
normal  load  applied  to  a  small  but  finite  area. 

A  forthcoming  dissertation  (6)  deals  with  the  general  problem  without  rota¬ 
tional  S3rnunetry,  and  also  gives  additional  applications  of  the  solution  with 
rotational  symmetry. 

Acknowledgement.  The  results  of  this  paper  were  obtained  in  1943  in  connec¬ 
tion  with  a  project  on  the  subject  of  load  concentrations  on  shallow  spherical 
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contract  with  the  Preload  Corporation,  New  York,  N.  Y.,  and  the  project  director 
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NOTE  ON  COEFFICIENTS  FOR  NUMERICAL  INTEGRATION  WITH 

DIFFERENCES 

Bt  Herbebt  E.  Salxeb* 

In  a  recent  paper,*  quantities  are  tabulated  to  10  decimal  places,  for 

continuous  numerical  integration  (i.e.  integration  to  various  points  within  an 
interval  of  tabulation)  by  a  Lagrangian  formula  which  uses  the  tabular  entries 
only.  The  present  note  indicates  how  those  same  quantities  R/”’(p)  can  be 
employed  as  they  stand,  for  continuous  numerical  integration  using  differences, 
in  formula  obtained  by  integrating  the  interiX)lation  formulas  of  Gregory -New¬ 
ton,  Newton-Gauss  (two  forms),  Everett,  and  Steffensen.  The  customary  A  and 
S  notation  for  advancing  and  central  differences  is  utilized  (e.g.  =  A-i  = 

a‘/(xo  —  2h))f  and  h  denotes  the  tabular  interval. 

A.  Gregory-Newton  (Advancing  differences) 

j ^  f(x)dx  ~  h  ^p/(xo)  4-  ^  Ao  -I-  Zj  j[  ^oj 

Coefficient  of  aJ  =  BiV(p),  tabulated  for  p  =  — 1(.01)1. 

“  “  a;  =  -BiV(p)  “  “  p  =  -1(.01)2. 

“  “  a2  =  [Bj‘Hl)  ~  fij*^(l  —  p)]i  latter  term  tabulate  for  p  = 

-1(.01)3. 

“  “  aJ  =  [R|**(2  —  p)  —  Bj‘’(2)],  former  term  tabulated  for  p  = 

-1(.1)4. 

“  “  aJ  =  [Rj*’(2)  —  R*”(2  —  p)],  latter  term  tabulated  for  p  = 

-1(.1)5. 

Thus  the  integrated  Gregory-Newton  formula  can  be  used  for  p  =  —1  to  I, 
at  intervals  of  0.01  through  A^  ,  and  at  intervals  of  0.1  through  A^  . 

B.  Newton-Gauss  (Forward  formula) 

y']*'"’’*  fix)  dx^h  [p/(xo)  +  ^  Ao  +  i:  (y’’(' 

Coeflficient  of  ij  =  RiV(p)f  (See  A.)  • 

“  “  =  Bt^’(p),  tabulated  for  p  =  — 1(.01)2. 

“  “  =  fi-i(p),  "  “  P  =  -2(.01)2. 

“  “  at  *  “  “  p  =  -2(.1)3. 

“  “  at  -  Bii’(p),  “  “  P  »  -3(.1)3. 

*  Mathematical  Tables  Project,  National  Bureau  of  Standards,  New  York  City. 

*  A.  N.  Lowan,  H.  E.  SaUer  "Table  of  Coefficients  for  Numerical  Integration  Without 
Differences,”  Jour,  of  Math.  A  Phys.  vol.  xxiv  No.  1,  Fob.  1946,  pp.  1-21. 
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Thus  the  integrated  Newton-Gauss  forward  formula  can  be  used  for  p  ^  *-^1 
to  1,  at  intervals  of  0.01  through  ,  and  at  intervals  of  0.1  through  iS  • 

C.  Newton-Gauss  (“Backward  formula,”  but  rewritten  with  an  obvious  shift 
in  argument  so  that  Xo  became  Xo  +  or  Xi .) 

j f(x)dx  ~  A^p/(xo)  +  Ao  4-  Z  (j[ 

+  it 


Coefficient  of 
“  “ 


BiV(p),  (See  A.) 

-BiV(p),  (See  A.) 

BiV(p),  (See  B.) 

— BiV(p),  tabulated  for  p  =  — 2(.1)3. 


“  “  6\  =  BiV(p),  (See  B.) 

Thus  this  variation  of  the  integrated  Newton-Gauss  “backward  formula”  can  be 
used  for  p  s  —  1  to  1  at  intervals  of  0.01  through  si  ^d  at  intervals  of  0.1  through 
ij .  By  using  BiV(l)  —  BiV(l  —  p)  in  place' of  BiV(p),  this  formula  can  be  used 
up  to  p  *=  2. 

D.  Everett  formula  (Even-order  central  differences) 

^  lj’(x)dx  ~  h  [p/w  +|’  A,  +  g 

Coefficient  of  i*  —  (See  B.) 

“  “  «o*  =  BiV(p),  (See  A.) 

“  “  S\  -  Bi*\p),  (See  B.) 

“  “  «S  -  BiV(p),  (See  C.) 

Thus  the  integrated  Everett  formula  can  be  used  for  p  =  —  1  to  2  at  intervals  of 
0.01  through  6*  (this  takes  account  of  3rd  differences)  and  at  intervals  of  0.1 
through  6*  (this  takes  account  of  5th  differences).  Hence  in  one  sense  the 
table  of  B<"’(p)  is  not  as  well  adapted  for  the  integrated  Everett  formula  as 
it  is  for  the  other  formulas,  since  it  does  not  provide  4th  difference  coefficients 
at  intervals  of  0.01.  On  the  other  hand,  it  can  be  used  up  to  p  >■>  2,  (but  see  C.). 

E.  Steffensen  formula  (Odd-order  central  differences) 


/(x)di'^A  p/(x«)  + 


*  Note  that  ■  A-<  . 
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Coefficient  of  tabulated  for  p  —  — 1(.01)1. 

«  “  =  -BiV(p),  (See  A.) 

“  “  j*  *  Bt*^(p),  tabulated  for  p  *  — 2(.01)2. 

“  “  ail  =  -BiV(p),  (See  B.) 

“  “  a{  ■*  B|’’(p),  tabulated  for  p  »*  — 3(.1)3. 

,  “  “  «i*  =  -BiV(p),  (See  B.) 

Thus  the  int^rated  Steffensen  formula  can  be  used  for  p  —  1  to  1,  at  intervals 
0.01  through  i*  (this  takes  account  of  4th  differences),  and  at  intervals  of  0.1 
through  a*  (this  takes  account  of  6th  differences). 

All  of  the  above  relations  between  the  coefficients  of  the  differences  and  B{”’(p) 
follow  readily  from  the  relation  between  binomial  coefficients  and  Lagrange 

interpolation  coefficients  A  <"’(p),  where  Bi*’(p)  {t)dl.  Use  is  made  of 

the  identities'?^  =  (— 1)’ A((<‘+i)/*j  ([(t  —  l)/2l  —  p),  (where  [x]  here  denotes 

the lai^t  integer  in  x),  A<"*(p)  AiV(— p)  for  n  odd,  A<"’(p)  =  Ai"i(l  —  p) 
for  neven,AiV"‘*(p+  1)  =  Aj*‘+‘’(p),  and  ^^’(p)  “  -A‘*‘’(-p). 
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REDUCIBLE  DYNAMICAL  SYSTEMS 
Bt  T.  Y.  Thomas 

C<msider  a  conservative  dynamical  system  D  referred  to  generalized  coordi¬ 
nates  x\  ‘  ,  x”.  Assume  the  kinetic  energy  T  and  potential  function  F  to  be 

of  the  form 


.  .  .  dx"  dx^ 


F=  F(x‘,  .--.x-). 


Suppose  it  is  possible  to  effect  a  coordinate  transformation  x<-*y  such  that,  rela¬ 
tive  to  the  y  coordinates,  we  have  T  ^  Ti  +  Tt  and  F  =  Fi  4-  F*  where 


Fx(y‘,  ....y'). 


with  0  <  r  <  n.  The  system  can  then  be  regarded  as  the  combination  of  two 
separate  systems  Di  and  having  kinetic  energies  and  potential  functions  given 
by  Ti ,  Fi  and  F* ,  Fj  respectively.  Such  a  system  D  will  be  said  to  be  reducible. 
We  now  prove  the  following  result. 

The  aystem  D  will  be  reducible  if,  and  only  if,  it  admits  a  quadratic  first  integral 
(1)  =  const., 

*  distinct  from  the  energy  integral^,  such  that  haff,y  =  0  where  the  quantities  has.y 
are  the  components  of  the  covariant  derwative*  of  the  tensor  h  defined  by  the  above 
coeficierUs  has  • 

Suppose  first  that  D  is  reducible  so  that  the  above  coordinates  y  can  be  intro¬ 
duced.  Denote  by  Asy  fhe  Christoffel  symbols  based  on  the  gas  when  taken 
relative  to  the  y  coordinates.  Then  =  Asyia,  /3,  7  =  1,  •  •  •  r)  and  = 
Bsy{a,  /3, 7  *=  r  -H  1,  •  •  • ,  n)  where  the  A’s  and  the  B’b  are  the  Christoffel  symlx^ 
based  on  the  components  a^s  and  bas  respectively.  Other  components  Ally  are 


‘  The  statement  that  (l)  is  distinct  from  the  energy  integral 
iVaS  ^  “  const., 

means  precisely  that  constants  c  and  k  cannot  be  found  such  that  kas  *  cgms  sad  W  — 
eV  -b  k;  in  fact  the  non-existence  of  a  constant  c  such  that  cg^s  suffices  to  meet  this 
requirement.  The  energy  integral  and  the  integral  (1)  can  then  be  taken  as  members  of 
the  set  of  linearly  independent  integrals  in  the  basis  of  integrals  of  this  type.  See,  T.  Y. 
Thomas,  The  fundamental  theorem  on  quadratic  first  integrals,  Proc.  N.A.S.,  vol.  32,  1946, 
pp.  10-18. 

*  We  understand  here,  and  in  the  following,  that  covariant  differentiation  is  baaed  on 
the  tensor  components  g^s  which  determine  the  kinetic  energy  of  the  given  dynamical 
system. 
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zero  identically.  Hence  if  we  define  the  quantities  kmftia,  /8  =  1,  •  •  •  ,  n)  by  the 
matrix 


Oil 

•••  air 

0 

Orl 

•  •  •  Orr 

1  0 

0 

we  readily  see  that 

^  ^  -b  Vi{y\  •••,/)  =  const., 

is  an  integral  of  D  and  also  that  kafi.y  ==  0.  This  integral  is  distinct  from  the 
energy  integral.  Transforming  to  the  x  coordinates  we  obtain  (1)  with  haf,y  —  0. 

Conversely  assume  the  existence  of  an  integral  (1),  distinct  from  the  energy 
integral,  and  for  which  haf.y  =  0.  There  is  no  loss  in  generality  in  supposing 
that  det.  |  |  =  0  at  a  point  P.  For  if  det.  \  haff\^  0  consider  the  determinant 

equation  |  gafi  —  ahafi  |  =  0.  This  equation  has  a  real  root  a  c  &t  P.  Put 
Cmfi  —  gafi  —  chmfi  •  Then  ^  0  since  (1)  is  distinct  from  the  energy  integral. 
We  can  now  replace  (1)  by  the  integral 

^  ^  +  F  -  cW  =  const., 

since  the  condition  ea$.y  =  0  is  satisfied. 

Hence  assume  det.  |  |  =  0  at  P.  The  matrix  ||  haf  ||  will  have  constant 

rank  r  <  n  since  has.y  =  0;  also  r  >  0  since  otherwise  the  quantities  haf  would 
vanish  identically.  Hence  ha^  =  0  defines  a  parallel  vector  space  in  the 
Riemann  space  having  the  tensor  g  with  components  gafi  as  its  metric  tensor.* 
Let  be  the  parallel  vector  space  normal  to  Now  introduce  canonical 

coordinate^  *  •  *  >  v"  with  respect  to  V.  Relative  to  these  coordinates  the 
components  gafi  have  the  form 

~  t ' ' "  t  y  (®>  “  i»  ’  *  * » 

gafi  =  bafi(y''*'\  •  •  •  ,  y"),  (a,  0  =  r  +  1,  •  -  •  ,  n), 

gafi  “  0,*  otherwise. 

It  remains  to  show  that  the  potential  function  V  reduces  to  the  sum  of  functions 
Vi(y\  tV)  Mid  F*(y"''‘,  •  ■  •  ,  y")  in  the  cancmical  coordinate  system. 

The  necessary  and  sufficient  c(mditions  for  (1)  to  be  a  first  integral  of  the 
djmamical  system  D  are  readily  observed  to  be  given  by  hafi.y  +  +  hya,fi  *  0 

and 

(3)  W,a=‘haa(rV,,. 

*  For  a  complete  discuasion  of  parallel  vector  spaces  and  canonical  coordinates  with 
respect  to  such  spaces,  see  T.  Y.  Thomas,  The  deeompofiition  of  Riemann  epaeee  in  the  large, 
Monatshefte  fOr  Mathematik  und  Physik,  vol.  47,  1939,  p.  388. 
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We  need  here  only  the  condition  (3) .  Differentiating  (3)  covariantly  with  respect 
to  interchanging  the  indices  a  and  /3  and  subtracting,  we  find 

(4)  „  =  0, 

since  hmf.y  =  0.  But  relative  to  the  y  coordinates  the  vector  spaces  F'  and  F"~’ 
are  given  by  =  0  (a  =  r  +  1,  •  •  •  ,  n)  and  {“  =  0  (a  =  1,  •  •  •  ,  r)  respectively. 
Hence  with  respect  to  these  coordinates  the  matrix  ||  ||  has  the  form 


hn 

•••  hu 

0 

Ki 

•••  hrr 

1  0 

0 

Now  in  (4)  suppose  that  a  has  the  range  1,  **  * ,  r  and  13  the  range  r  +  1>  *  *  *  •  n. 
Then  the  second  set  of  terms  in  (4)  vanishes  identically  in  the  canonical  coor¬ 
dinate  ^stem  and  the  equation  reduces  to  ha^V,  =  0.  But  this  implies 
F,  ofl  “  0  where  a  *  1,  •  •  • ,  r  and  /3  =  r  -|-  1,  •  •  • ,  n  since  the  rth  order  deter¬ 
minant  in  the  upper  left  hand  comer  of  the  above  matrix  is  different  from  zero  and 
since  the  g*s  have  the  form  (2).  Writing  the  latter  equation  in  full  we  have 


(5) 


»•  +  1»  *  •  • ,  V 


where  we  have  used  to  denote  the  Christoffel  symbols  in  the  y  system.  But 
the  A’s  appearing  in  (5)  vanish  identically  in  consequence  of  (2) ;  hence 

7-  7x(yV...,yO  + 


and  the  proof  is  complete. 


Indiana  University 
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TABLE  OF  THE  BF^EL  FUNCTIONS  AND  DERIVATIVES  J, ,  Ji' ,  Jj' , 

Bt  H,  B.  Dwight** 


X 

J* **(x) 

Jv'{x) 

Jt'ix) 

Nt{x) 

Nx'(x) 

N,\x) 

.01 

.499  981  25 

.002  500  0 

-12732.714 

6364.854 

2  546  479 

.02 

.499  925  00 

.004  999  7 

-3183.417 

1590.427 

318  310 

.03 

.000  112  49 

.499  831  26 

.007  498  9 

706.362 

94  314.0 

.04 

.000  199  97 

.009  997  3 

-796.094 

396.986 

39  788.7 

.06 

.000  312  43 

.499  531  33 

.012  495 

-509.615 

253.818 

20  371.8 

.06 

.000  449  87 

.499  325  17 

.014  991 

-353.997 

176.067 

11  789.2 

.07 

.000  612  26 

.017  486 

129.200 

7  424.10 

.08 

.000  799  67 

BejtBtIIII? 

.019  979 

-199.264 

98.792  8 

4  973.56 

.09 

.001  011  82 

.498  482  10 

.022  470 

-157.510 

77.954  1 

3  493.07 

.10 

.001  248  96 

.024  958 

-127.645 

63.055  3 

2  546.44 

.11 

.497  733  16 

.027  445 

52.037  5 

1  913.16 

.12 

.001  797  84 

.029  928 

-88.741  1 

43.662  5 

1  473.61 

.13 

.496  834  97 

.032  409 

-75.661  8 

37.148  8 

1  150.02 

.14 

.496  330  00 

.034  886 

-65.283  9 

31.984  0 

927.965 

.15 

.002  807  23 

.495  787  84 

.037  360 

-56.911  7 

27.820  4 

754.459 

.16 

.008  193  18 

.039  830 

24.415  6 

621.643 

.17 

.003  603  81 

.494  592  12 

.042  296 

-44.381  T 

21.596  2 

518.257 

.18 

.493  938  66 

.044  757 

-.39.622  5 

19.235  8 

436.580 

.19 

.004  498  94 

.493  248  20 

.047  215 

-35.505  3 

17.240  1 

371.200 

.2 

.004  983  35 

.492  520  81 

.049  667  3 

-32.157  14 

15.538  0 

318.248 

.3 

.011  165  86 

.073  879  7 

6.836  41 

94.240  9 

.4 

.019  734  66 

.470  331  78 

.097  353  3 

-8.298  34 

3.846  16 

39.710  8 

.5 

.453  932  89 

.119  852  4 

-5.441  371 

2.498  43 

20.294  0 

.6 

.434  169  88 

-3.892  795 

1.792  14 

11.715  6 

.7 

.058  786  94 

mSSEm 

-2.961  478 

1.385  41 

7.358  11 

.8 

.075  817  76 

.179  297  6 

-2.358  558 

1.135  88 

4.018  25 

.9 

.094  586  30 

.356  468  75 

.195  757  8 

-1.945  910 

.975  769 

3.451  12 

1.0 

.114  903  48 

.325  147  10 

.210  243  6 

-1.650  683 

.869  470 

2.520  15 

1.1 

.136  564  15 

.291  528  93 

-1.431  471 

.796  817 

1.904  56 

1.2 

.255  891  86 

-1.263  311 

.745  697 

1.484  38 

1.3 

.218  529  65 

.708  474 

1.190  58 

1.4 

.179  749  61 

.245  725  0 

-1.022  391 

.680  143 

.981  411 

1.5 

.232  087  67 

.248  486  3 

-.932  193  8 

.657  321 

.830  616 

1.6 

.256  967  75 

.248  686  2 

-  .854  899  4 

.637  663 

.721  046 

1.7 

.281  738  94 

-.786  999  1 

.619  513 

.641  155 

1.8 

.241  357  5 

-.725  948  2 

.601  ^ 

.582  944 

1.9 

.329  925  73 

.233  866  8 

-.669  878  7 

.583  349 

.540  780 

*  Nn{x)  is  the  same  as  Y»(x)  of  Mathematical  Tables,  Vol.  VI,  of  the  British  Association 
for  the  Advancement  of  Science. 
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TABLE  OF  THE  BESSEL  FUNCTIONS  AND  DERIVATIVES  Jt ,  Ji' ,  Jt’ , 
Nt ,  Ni' ,  Nt'  — Continued 


X 

Mx) 

Ji'ix) 

J*'(x) 

N.(i) 

Ni’(x) 

Nt’(x) 

2.0 

.352 

834 

03 

— 

.064 

471 

62 

78 

_ 

.617 

H 

1 

.563 

892 

.510 

376 

2.1 

.374 

623 

63 

- 

.104 

008 

32 

.211 

73 

- 

.567 

511 

5 

.542 

tS] 

.488 

808 

2.2 

.395 

058 

69 

- 

.142 

348 

21 

.196 

818 

79 

— 

.519 

431 

7 

.520 

108 

.473 

698 

2.3 

.413 

914 

59 

— 

.179 

187 

40 

.179 

946 

m 

- 

.472 

616 

9 

.495 

346 

.463 

249 

2.4 

.430 

980 

04 

— 

.214 

236 

18 

.161 

23 

— 

.426 

674 

a 

.468 

544 

.456 

051 

2.6 

.446 

059 

06 

— 

.247 

221 

42 

246 

86 

— 

.381 

335 

8 

.439 

703 

.450 

987 

2.6 

.458 

972 

85 

- 

.277 

888 

90 

.117 

762 

23 

— 

.336 

435 

6 

.408 

883 

.447 

160 

2.7 

.469 

561 

50 

— 

.306 

005 

44 

778 

- 

.291 

886 

9 

.376 

195 

.443 

845 

2.8 

.477 

685 

50 

— 

.331 

360 

76 

ITS 

32 

- 

.247 

669 

3 

.341 

798 

.440 

452 

2.0 

.483 

227 

05 

- 

.353 

769 

30 

.042 

167 

45 

- 

815 

2 

.305 

863 

.436 

502 

3.0 

.486 

091 

26 

— 

.373 

071 

61 

.014 

998 

12 

— 

H 

4 

.268 

625 

,431 

608 

3.1 

.486 

207 

01 

- 

.389 

135 

68 

— 

.012 

760 

81 

— 

.117 

535 

5 

.230 

319 

.425 

459 

3.2 

.483 

527 

70 

- 

.401 

867 

93 

- 

.040 

861 

56 

— 

358 

7 

.191 

.417 

811 

3.3 

.478 

031 

69 

- 

.411 

163 

97 

— 

.069 

052 

72 

- 

6 

.151 

561 

.408 

477 

3.4 

.469 

722 

67 

- 

.417 

009 

08 

— 

.097 

081 

54 

276 

a 

.111 

.397 

324 

3.5 

.458 

629 

18 

_ 

.419 

378 

46 

— 

.124 

696 

29 

371 

4 

825 

.384 

262 

3.6 

.444 

805 

40 

— 

.418 

287 

19 

— 

.151 

648 

56 

063 

2 

ESj 

.369 

246 

3.7 

.428 

329 

66 

— 

.413 

779 

93 

— 

.177 

695 

56 

.119 

155 

1 

— 

.006 

540 

.352 

266 

3.8 

.400 

304 

31 

— 

.405 

930 

36 

- 

E2 

E3 

32 

.153 

451 

9 

- 

.044 

474 

.333 

351 

3.9 

.387 

854 

71 

— 

.394 

840 

36 

— 

.226 

143 

89 

.185 

762 

6 

— 

.081 

193 

.312 

557 

4.0 

.364 

128 

15 

.380 

638 

98 

— 

.248 

.215 

903 

6 

.116 

422 

.289 

974 

4.1 

.338 

292 

48 

- 

.363 

481 

08 

- 

.268 

293 

98 

.243 

701 

5 

- 

.149 

898 

.265 

715 

4.2 

.310 

534 

70 

- 

.343 

545 

88 

- 

.286 

61 

.268 

995 

4 

- 

.181 

373 

.239 

920 

4.3 

.281 

059 

23 

- 

.321 

035 

17 

- 

E2 

621 

78 

.291 

639 

5 

- 

.210 

618 

.212 

747 

4.4 

.250 

086 

10 

- 

.296 

171 

44 

- 

.316 

451 

.311 

504 

9 

- 

.•237 

421 

.184 

378 

4.5 

.217 

848 

98 

.269 

195 

75 

— 

.327 

882 

20 

.328 

481 

6 

— 

.261 

593 

.155 

005 

4.6 

.184 

693 

11 

- 

.240 

365 

46 

- 

.336 

71 

.342 

479 

6 

- 

.282 

970 

.124 

841 

4.7 

.150 

673 

03 

- 

.209 

951 

91 

- 

.343 

154 

37 

.353 

430 

8 

- 

BiiTl 

Tm 

.094 

105 

4.8 

.116 

050 

39 

- 

.178 

237 

86 

- 

.346 

854 

19 

.361 

289 

3 

- 

.316 

797 

.063 

028 

4.9 

.061 

291 

52 

- 

.145 

&14 

93 

- 

.347 

874 

88 

.366 

032 

8 

- 

.329 

044 

.031 

846 

5.0 

.046 

565 

12 

— 

.112 

080 

94 

_ 

.346 

18 

.367 

663 

.338 

.000 

798 

5.1 

.012 

139 

77 

— 

.078 

237 

26 

- 

.341 

857 

89 

.366 

205 

- 

.343 

21 

-.029 

873 

5.2 

-.021 

718 

41 

— 

.044 

286 

02 

— 

.334 

869 

77 

.361 

709 

- 

.346 

-.059 

928 

5.3 

-.064 

748 

15 

- 

.010 

527 

48 

- 

.325 

16 

.354 

248 

- 

.345 

843 

-.089 

131 

5.4 

-.086 

695 

38 

.022 

742 

64 

— 

.313 

235 

39 

.343 

919 

- 

.342 

-.117 

250 

5.5 

-.117 

315 

48 

.055 

235 

81 

— 

.298 

778 

.330 

841 

— 

.335 

161 

-.144 

064 

5.6 

-.146 

376 

47 

.066 

673 

18 

— 

.282 

88 

.315 

156 

- 

.325 

EE 

-.169 

361 

6.7 

-.173 

656 

04 

.116 

788 

02 

- 

.263 

215 

74 

.297 

026 

- 

.312 

502 

-.192 

943 

5.8 

-.198 

953 

51 

.145 

328 

04 

- 

.242 

423 

.276 

631 

- 

.297 

180 

-.214 

624 

5.9 

-.222 

081 

64 

.172 

067 

60 

— 

.219 

gg 

53 

.254 

170 

- 

.279 

268 

-.234 

237 
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TABLE  OF  THE  BESSEL  FUNCTIONS  AND  DERIVATIVES  J,  ,  J,' ,  7*' , 
Nt ,  Ni' ,  Nt'  — Continued 


X 

Js(x) 

Ji'ix) 

N,ix) 

iVi'(x) 

mx) 

6.0 

-.242  873  21 

.196  759  23 

-.195  726  12 

.229  858 

-.259  026 

-.251  630 

6.1 

-.261  181  51 

.219  236  47 

- . 170  231  49 

.203  923 

-.236  679 

-.266  672 

6.2 

-.276  881  60 

.239  314  41 

-  . 143  599  92 

.176  606 

-.212  458 

-.279  253 

6.3 

-.289  871  35 

.256  841  68 

-.116  064  29 

.148  157 

-.186  609 

-.289  284 

6.4 

-.300  072  33 

.271  691  47 

-.087  864  91 

.118  836 

-.159  392 

-.296  696 

6.5 

-.307  430  39 

.283  762  50 

-.059  247  34 

.088  907 

-.131  075 

-.301  447 

6.6 

-.311  916  14 

.292  979  75 

-.030  460  12 

.058  636 

-.101  931 

-.303  516 

6.7 

-.313  525  07 

.299  294  90 

-.001  752  54 

.028  293 

-  .072  242 

-.302  905 

6.8 

-.312  277  56 

.302  686  58 

.026  627  68 

-.001  856 

-.042  289 

-.299  641 

6.9 

-.308  218  58 

.303  160  31 

.054  436  62 

-.031  549 

-.012  353 

-.293  773 

7.0 

-  .301  417  22 

.300  748  25 

.081  436  38 

-.060  527 

.017  288 

-.285  374 

7.1 

-.291  965  95 

.295  508  67 

.107  397  20 

-.088  542 

.046  362 

-.257  665 

7.2 

-  .279  979  74 

.287  525  22 

.132  099  57 

-.115  357 

.074  604 

-.261  379 

7.3 

-.265  594  91 

.276  905  93 

.155  336  16 

-.140  745 

.101  759 

-.246  034 

7.4 

-.248  967  83 

.263  782  03 

.176  913  70 

- . 164  496 

.127  588 

-.228  657 

7.5 

-.230  273  41 

.248  306  53 

.196  654  67 

-.186  414 

.151  864 

-.209  418 

7.6 

-.209  703  47 

.230  652  65 

.214  398  89 

-.206  324 

.174  376 

-.188  505 

7.7 

-.187  464  93 

.211  012  03 

.230  004  90 

-.224  066 

.194  934 

-.166  119 

7.8 

-.163  777  84 

.189  592  82 

.243  351  19 

-.239  505 

.213  366 

-.142  473 

7,9 

-.138  873  39 

.166  617  62 

.254  337  22 

-.252  526 

.229  524 

-.117  790 

8.0 

-.112  991  72 

.142  321  26 

.262  884  28 

-.263  037 

.243  279 

-.092  301 

8.1 

-.086  379  73 

.116  948  59 

.268  936  10 

-.270  968 

.251  529 

-.066  243 

8.2 

-.059  288  81 

.090  752  06 

.272  459  28 

-.276  274 

.263  196 

-  .039  857 

8.3 

-.031  972  53 

.063  989  32 

.273  443  53 

-.278  936 

.269  226 

-.013  384 

8.4 

-.004  684  34 

.036  920  80 

.271  901  50 

-.278  956 

.272  589 

.012  934 

8.5 

.022  324  74 

.009  807  26 

.267  869  08 

-.276  362 

.273  284 

.038  858 

8.6 

.048  808  37 

-  .017  092  69 

.261  404  06 

-.271  206 

.271  332 

.064  155 

8.7 

.074  527  11 

-.043  524  92 

.252  586  36 

-.263  560 

.266  780 

.088  599 

8.8 

.099  250  55 

-.069  242  18 

.241  516  76 

-.253  521 

.259  698 

.111  974 

8.9 

.122  759  40 

-.094  006  32 

.228  315  99 

-.241  208 

.250  182 

.134  073 

9.0 

.144  847  34 

-.117  590  48 

.213  123  49 

-.226  756 

.238  346 

.154  705 

9.1 

.165  322  91 

- . 139  781  07 

.196  096  04 

-.210  322 

.224  329 

.173  690 

9.2 

.184  011  12 

-.160  379  75 

.177  406  24 

-.192  078 

.208  286 

.190  869 

9.3 

.200  754  96 

-.179  205  07 

.157  240  82 

-.172  213 

.190  391 

.206  096 

9.4 

.215  416  72 

-.196  094  15 

.135  798  86 

-.150  928 

.170  836 

.219  248 

'  9.5 

.227  879  15 

-.210  903  95 

.113  289  87 

-.128  436 

.149  823 

.230  219 

9.6 

.238  046  39 

-.223  512  55 

.089  931  81 

-.104  960 

.127  570 

.238  926 

9.7 

.245  844  69 

-.233  820  08 

.065  949  02 

-.080  728 

.104  302 

.245  305 

9.8 

.251  222  98 

-.241  749  51 

.(Ml  570  09 

-  .055  977 

.080  252 

.249  317 

9.9 

.254  153  19 

-.247  247  15 

.017  025  75 

-.030  944 

.055  661 

.250  944 

10.0 

.2M  630  31 

-.250  283  04 

-.007  453  32 

-.005  868 

.030  770 

.250  189 

A  THREE-DIMENSIONAL  ANALOG  OF  A  PLANE 
KEMPE  LINKAGE 

Bt  Michael  Goldberg* 

1.  Introduction.  The  following  remarkable  theorem  is  due  to  A.  B.  Kempe : — 
Given  any  plane  quadrilateral  linkage  EFGH,  one  may,  without  restricting  the 
deformability  of  the  quadrilateral,  join  a  point  S  by  links  to  properly  selected 
points  L,  M,  N,  O  on  the  sides.  Extensions  and  further  studies  on  this  theorem 
were  made  by  Kempe  [1]  and  Darboux  [2].  These  linkages  are  illustrated  in 
Figs.  1  and  2. 

This  paper  is  concerned  with  an  analogous  theorem  in  three  dimensions.  We 
propose  to  investigate  under  what  conditions  it  is  possible  for  a  skew  quadrilat¬ 
eral  EFGH  composed  of  four  rigid  bodies,  each  of  which  is  hinged  to  its  two 
adjacent  members,  to  be  deformable  and  to  have  the  further  property  that  four 
links  with  a  common  hinge  at  S  have  their  other  hinges  on  the  sides  of  the  quadri¬ 
lateral  without  restricting  the  deformability  of  the  quadrilateral. 

The  linkage  mechanisms  presented  here  are  a  natural  extension  of  those  pre¬ 
viously  described  by  the  author  [3].  However,  they  are  not  the  same  as  the 
three-dimensional  generalization  of  Kempe  linkages  described  by  Fonten4  [4]. 
The  linkages  of  Fontend  employ  only  ball-and-socket  joints  and  have  two  de¬ 
grees  of  freedom,  while  the  linkages  here  described  employ  only  hinged  joints 
and  have  only  one  degree  of  freedom. 

2.  Four-bar  linkage  mechanisms  in  diree  dimensions.  It  was  first  shown 
*  by  Delassus  [5],  and  more  recently  in  a  neater  demonstration  by  Dimentberg 

and  Shor  [8],  that  the  only  movable  hinged  four-bar  mechanisms  in  three  dimen¬ 
sions  are  the  following: — 

(a)  the  prism  linkage  in  which  all  the  hinges  are  parallel.  This  corresponds 
to  the  plane  linkage. 

(b)  the  pyramidal  or  spherical  linkage  in  which  all  the  hinges  pass  through  a 
point.  This  is  the  obvious  generalization  of  the  plane  linkage ;  a  spherical 
quadrilateral  is  used  instead  of  a  plane  quadrilateral. 

(c)  the  skew  isogram  m^hanism  due  to  G.  T.  Bennett.  In  this  mechanism 
the  opposite  links  are  equal  in  length,  the  angle  (or  twist)  between  the  non¬ 
intersecting  hinges  in  a  link  are  equal  to  the  corresponding  angle  of  the 
opposite  link,  and  the  lengths  of  the  links  are  proportional  to  the  sines 
of  their  twists. 

3.  The  Bennett  linkage.  Consider  a  four-bar  linkage  EFGH  in  which  the 
opposite  links  are  equal  in  length  and  all  the  joints  are  ball-and-socket  joints. 
This  linkage  can  be  made  to  assume  the  form  of  a  skew  quadrilateral  in  space. 
Two  typical  cases  are  shown  in  Figs.  3a  and  3b.  Let  the  length  of  one  pair  of 
opposite  links  be  m,  and  the  length  of  the  other  opposite  pair  of  links  be  n. 


Bureau  of  Ordnance,  Navy  Department. 

96 


} 


i 


i 


{ 


I 


98 


MICHAEL  OOLDBERQ 


If  the  distances  EG  and  FH  are  allowed  to  vary  so  that  the  four-bar  linkage 
remains  symmetrical  about  a  line,  then 

angle  FEH  =  angle  FGH  s  2P 

and  angle  EHG  =  angle  EFG  s  2R. 


Fio.  3b.  Bennett  Linkage  Derivation 

Drop  the  perpendicular  from  F  upon  the  edge  EH  whose  length  is  m.  Desig¬ 
nate  by  2A  the  angle  that  this  line  makes  with  the  plane  EGH.  Drop  the  per¬ 
pendicular  from  F  upon  the  line  HG  whose  length  is  n.  Designate  by  2B  the 


THREE-DIMENSIONAL  ANALOG  OF  PLANE  KEMPE  LINKAGE 


99 


angle  that  this  line  makes  with  the  plane  EGH.  Then  the  volume  V  of  the 
tetrahedron  EFGH  can  be  expressed  in  two  ways: 

6F  =  (mn  sin  27?)  n  sin  2P  sin  2A 
or  bV  =  (mn  sin  2P)  m  sin  2R  sin  2B, 
from  which  it  follows  that 

n  sin  2i4  =  m  sin  2B  or 

(1) 

m/sin  2A  =  n/sin  2B. 

This  relation  is  independent  of  angles  2P  and  2R.  Therefore,  the  angles  2^4 
and  2B  can  be  fixed  while  2P  and  2R  are  allowed  to  vary. 

liet  us  now  replace  the  ball-and-socket  joint  at  each  vertex  by  a  hinged  joint 
connecting  the  two  links.  I.iet  the  hinge  axis  be  perpendicular  to  the  plane  of 
the  two  links.  The  hinge  axis  at  E  is  perpendicular  to  the  plane  HEF,  and  the 
hinge  axis  at  H  is  perpendicular  to  the  plane  EHG.  The  angle  between  the 
planes  Hh]F  and  EHG  is  equal  to  2.4.  Therefore,  in  the  link  EH,  the  angle 
between  the  hinge  axis  at  E  and  the  hinge  axis  at  H  is  equal  to  24.  This  angle 
24  is  called  the  twist  of  the  link  EH.  Similarly,  the  twist  of  the  link  FG  is  also 
24.  Note  that  in  Figs.  3a  and  3b,  twists  are  taken  as  inci'casing  clockwise 
from  a  nearby  hinge  to  a  remote  hinge  when  looking  along  a  link.  In  Fig.  3a 
both  twists  are  acute.  In  Fig.  3b,  twist  24  is  obtuse  while  2B  is  acute. 

From  eipiation  (1)  it  follows  that  if  the  lengths  m  and  n  are  constant,  and  the 
twist  24  is  constant,  then  the  twist  2B  is  constant.  This  show's  that  it  is  pos¬ 
sible  to  construct  a  movable  hinged  four-bar  linkage  in  w'hich  the  hinges  are 
neither  parallel  nor  concurrent.  This  linkage  was  descril)ed  in  1903  by  G.  T. 
Bennett  [6],  a  British  mathematician. 

In  the  Bennett  linkage,  note  that  the  length  of  a  link  is  the  shortest  distance 
between  the  hinge  axes  in  that  link  since  it  is  their  common  perpendicular.  The 
Bennett  linkage  may  then  be  described  as  a  space  four-bar  hinged  linkage  in 
which  the  opposite  links  have  equal  lengths  and  equal  twists  subject  to  equation 

( 1 )  .  The  two  length  lines  which  terminate  on  a  hinge  line  must  intersect.  They 
cannot  have  an  offset. 

The  relation  between  the  variable  angles  2P  and  2R  as  the  linkage  is  moved 
can  be  obtained  from  Fig.  3a  or  Fig.  3b  as  follows: 

KH  =  HL  cos  2R  FL  cos  2B  sin  27?, 

m  —  n  cos  2P  =  (n  —  m  cos  2P)cos  27?  -1-  m  sin  2P  cos  2B  sin  27?, 

(2)  m(l  -j-  cos  2P  cos  27?)  —  n(cos  2P  -j-  cos  27?)  =  m  cos  2B  sin  2P  sin  27?. 
Similarly 

HL  =  KH  cos  27?  —  FK  cos  24  sin  27?, 

n  —  m  cos  2P  =  (m  —  n  cos  2P)cos  27?  —  n  sin  2P  cos  24  sin  27?, 

(3)  n(l  -h  cos  2P  cos  27?)  —  m(cos  2P  -|-  cos  27?)  =  —  n  cos  24  sin  2P  sin  27?. 
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Adding  (2)  and  (3) 

(m  +  n)(l  —  cos  2P)(1  —  cos  2R)  =  (m  cos  2B  —  n  cos  2A)  sin  2P  sin  2R, 

/l  —  cos  2/A/ 1  —  cos  2R\  _  mcos  2B  —  n  cos  2A 
\  sin  2P  )\  sm2R  )  m  +  n 


Using  equation  (1)  for  reducing  the  right  hand  member,  this  becomes 


(4.1) 


tan  P  tan  R  = 


8in|2A  ^W)_ 
sin  2A  +  sin  2B 


sin  (A  —  B) 
sin  (A+P) 


tan  A  —  tan  B 
tan  A  +  tan  B 


°  ^  =  k{a  constant), 

a  0 


where  a  =  tan  A  and  b  =  tan  B. 


The  internal  angles  2P  and  2R  are  simultaneously  each  less  than  180  degrees 
or  simultaneously  each  greater  than  180  degrees.  Therefore,  the  product  tan  P 


Fig.  4a.  Models  of  Bennett  Linkages 


tan  R  is  essentially  positive.  Furthermore,  it  is  convenient  to  take  all  twists 
in  the  same  sense.  Since  a  twist  of  180  degrees  is  equivalent  to  parallelism, 
twists  cannot  exceed  180  degrees.  However,  the  angle  (2 A  —  2/1)  may  be 
negative  and  make  equation  (4.1)  inconsistent.  This  contradiction  may  be 
avoided  by  using  absolute  values  in  rewriting  equation  (4.1)  as  follows: — 


(4.2) 


tan  P  tan  R 


a  —  b 
0  +  6 


=  k 


(o  =  tan  A,  6  s  tan  B). 


Several  formulas  (apparently  different,  yet  correct)  have  been  published  for 
the  value  of  k.  These  differences  arise  from  the  conventions  that  have  been 
used  for  measuring  twists  and  other  angles  Ix'tween  lines,  whether  internal  or 
external  angles  are  taken,  and  whether  angles  are  taken  as  positive  or  negative. 
In  this  paper,  all  twists  are  considered  positive  and  are  measured  in  the  same 
sense,  and  ranging  from  zero  degrees  to  all  values  less  than  180  degrees. 

Fig.  4a  shows  several  paper  models  of  Bennett  linkages.  Each  link  is  a 
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tetrahedron.  A  pair  of  opposite  edges  of  the  tetrahedron  serve  as  hinges  join¬ 
ing  the  link  to  the  adjacent  links. 

Fig.  4b  is  a  more  practical  form  of  a  Bennett  linkage.  It  illustrates  how  the 
continuous  rotation  of  a  shaft  can  be  transmitted  to  another  non-parallel  shaft 
by  means  of  a  hinged  connecting  rod. 


Fio.  4b.  Application  of  Bennett  Linkaoe 


4.  The  four-cell  division  of  the  Bennett  linkage  (Conoidal  case).  Consider  a 
Bennett  linkage  EFflH.  I^et  four  links  SL,  SM,  SN  and  SO  having  a  common 
hinge  at  S  be  joined  to  the  sides  of  the  Bennett  linkage  by  hinges  at  the  points 
L,  M,  N  and  O  which  lie  on  the  sides.  Now  let  each  of  the  four  cells  into  which 
the  Bennett  linkage  is  divided  be  itself  a  Bennett  linkage.  (See  Fig.  5.)  Then 
the  links  EL,  OS  and  HN  have  equal  twist.  I.et  this  twist  be  designated  by  the 
angle  2A.  Similarly,  the  links  LF,  SM,  NG  have  twist  2B;  links  EO,  LS,  FM 
have  twist  2C;  and  links  OH,  SN,  MG  have  twist  2D. 

The  opposite  angles  of  a  Bennett  linkage  are  equal.  Therefore,  if  the  angles 
at  E  and  G  are  each  equal  to  2P,  two  of  the  angles  at  S  are  also  each  equal  to  2P. 
Similarly,  the  angles  at  H,  F  and  the  other  two  angles  at  S  are  e.ach  equal  to  2R. 
If  one  of  the  angles  at  L  is  2Q,  the  other  angle  is  r  —  2Q.  Therefore,  the  oppo¬ 
site  angle  at  M  is  also  r  —  2Q  and  the  other  angle  at  M  is  2Q.  The  same  pair  of 
angles  is  found  at  N  and  O. 
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In  the  Bennett  linkage  ELSO,  from  equation  (4.2), 
(5)  ki  5s  tan  P  tan  Q  = 


sin  (A  —  C) 

a  —  c 

sin  {A  +  C) 

a  +  c 

where  a  =  tan  A  and  c  s  tan  C. 
Similarly,  in  the  Bennett  linkage  SMGN, 


(6) 


k't  =  tan  P  tan  Q  — 


sin  (B  —  D) 

S 

b  -  d 

sin  {B  +  D) 

b  +  d 

where  b  =  tan  B  and  d  s  tan  D. 


Fia.  5.  CoNOiDAL  Four-Cell  Division  (Schematic) 


By  equating  (5)  and  (6)  one  obtains  two  solutions  (7.1)  and  (7.2): 


(7.1) 


a  —'c 
a  +  c 


b  -  d 
b  +  d 


ad  =  be, 


(7.2) 


a  —  c 
a  +  c 


b  -  d 
b  d 


or 


ab  =  cd. 


Similarly,  using  the  Bennett  linkages  LFMS  and  OSNH,  tw’o  solutions  (8.1) 
and  (8.2)  arise: 


(8.1) 


bd  =  ac, 


(8.2) 


ab  =  cd. 
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From  the  Bennett  linkage  EFGH,  using  equation  (4.2) 


k  3e  tan  P  tan  R 


I  tan  A'  —  tan  B' 

\  tan  A'  -H  tan  B'  ' 


where  tan  A'  =  tan  (A  B)  = 


a  A-  b 
I  —  ab 


and  tan  B' s  tan  (C  D)  =  ^ 

1  —  ca 


But  k  =  tan  P  tan  R  =  kikt .  Substituting  for  k,  ki  and  kt  in  terms  of  a,  b,  c 
and  d  we  obtain 


- 

la  +  b\ 
\1  -  ab) 

+ 

(cA-d\ 
[l  -  cd) 

which  reduces  to 

(o  +  c)ib  +  c)(a  A-  b)(l  -  cd)  -  (a  A-  c)(b  +  c)(l  -  ab)(c  -H  d) 


=  ±  [(a  —  c)(b  —  c)(a  -f  6)(1  —  cd)  -f  (a  —  c)(b  —  c)(l  —  ab)(c  A-  d)]. 


Using  the  minus  sign  we  obtain 

(9.1)  2c(a  +  6)*(1  —  cd)  —  2{ab  -F  c*)(c  4-  d)(l  —  o6)  =  0. 


Using  the  plus  sign  we  obtain 

2(a6  -|-  c*)(a  -h  6)(1  —  cd)  —  2c(a  A-  b)(c  +  d)(l  —  ab)  =  0, 
which  reduces  to  (a6  —  cd)(l  +  c*)(a  A-  b)  =  0.  Further,  this  yields 
(9.2)  ab  =  cd,  since  (1  -|-  c*)  ^0 


and  the  factor  (a  +  6)  =  0  would  make  the  linkage  plane. 

Using  equation  (1)  on  the  linkage  EFGH,  and  the  plus  and  minus  signs  since 
the  angle  sums  may  exceed  180  degrees, 


sin  2 A  4-  sin  2B  _  sin  2C  4-  sin  2D 
sin  (2k  4-  2B)  sin  (20  4-  2D)  ’ 

from  which  the  following  equations  are  obtained: 

1  4-  o6  1  4-  cd 


(10.1) 

(10.2) 


1  —  ab 

1  4-  ab 
I  —  ab 


1  —  cd 

1  4-  cd 
1  —  cd 


or  abed  =  1, 


or  ab  =  cd. 


Equations  (7.2),  (8.2),  (9.2)  and  (10.2)  all  agree  on 
(11)  ‘  ab  =  cd  or  tan  A  tan  B  =  tan  0  tan  D. 
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If  equation  (1 1)  is  used  in  combination  with  one,  two  or  three  of  the  equations 
(7.1),  (8.1),  (9.1)  and  (10.1),  special  cases  of  (11)  are  obtained.  Therefore,  the 
only  other  new  combination  is  (7.1),  (8.1),  (9.1)  and  (10.1)  and  this  leads  to 

(12)  a  =  —6,  c  =  —d. 

Equation  (12)  is  ruled  out  since,  according  to  Section  3,  only  positive  values 
are  admissible.  Therefore,  the  following  theorem  has  been  established. 


Theorem.  The  four  links  of  a  movable  hinged  skew  four-bar  linkage  (a 
Bennett  linkage),  of  twists  (2.4  -|-  2B)  and  (20  -1-  2D),  may  be  joined  by  four 
additional  links  having  a  common  hinge  without  restricting  the  movability  of 
the  linkage  provided  the  other  ends  of  the  new  links  divide  the  original  links  into 
segments  whose  twists  are  2^4 ,  2B,  20  and  2D  subject  to  the  condition 

tan  A  tan  B  =  tan  0  tan  D, 

and  the  lengths  of  the  segments  are  proportional  to  sin  2A,  sin  2B,  sin  20  and 
sin  2D. 
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Since  the  three  hinge  axes  in  an  outer  link  of  this  four-cell  linkage  have  a 
common  perpendicular,  they  lie  on  a  conoid.  (A  conoid  is  defined  as  a  surface 
generated  by  a  moving  straight  line  which  intersects  a  fixed  straight  line  at  a 
constant  angle.)  For  this  reason  this  case  is  called  the  conoidal  case. 

6.  Examples  of  four-cell  divisions.  Consider  a  Bennett  linkage  which  is  to 
be  divided  into  four  cells  as  described  in  the  previous  section.  As  we  vary  the 
position  of  the  division  point  which  separates  the  segments  of  a  link,  the  seg¬ 
ments  into  which  an  adjacent  link  is  divided  must  satisfy  equation  (11).  There 
may  be  as  many  as  four  real  division  points  on  the  adjacent  links  corresponding 
to  the  division  point  on  the  first  link.  The  totality  of  four-cell  divisions  of  a 


Fig.  7.  Model  of  Four-Cell  Division — Bisection  of  Long  Side 


particular  Bennett  linkage  is  shown  in  the  graph  of  Fig.  6.  The  coordinates 
of  a  point  on  the  curve  are  the  lengths  of  the  segments  adjacent  to  a  comer  hinge. 
The  corresponding  twists  are  given  on  separate  scales  on  the  graph.  Note  that 
one  angle  scale  is  given  for  the  solid  portion  of  the  curv'es  while  another  angle 
scale  must  be  used  for  the  broken  portions  of  the  curve. 

Fig.  7  shows  a  model  of  the  four-cell  division  corresponding  to  the  bisection 
of  a  long  side  of  the  Bennett  linkage  and  it  is  represented  by  the  middle  of  the 
solid  curve.  Fig.  8  shows  a  model  in  which  the  short  side  is  bisected  and  it  is 
represented  by  the  middle  of  the  broken  curve.  Fig.  9  shows  several  incom¬ 
plete  four-cell  divisions,  some  from  the  solid  portion  and  some  from  the  broken 
portion  of  the  curve. 
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6.  The  four-cell  division  of  the  Bennett  linkage  (Anconoidal  case).  Let  us 
consider  the  more  general  case  of  the  four-cell  division  of  a  Bennett  linkage  formed 
by  combining  four  Bennett  linkages  so  that,  at  the  same  time,  the  outer  bound¬ 
ary  forms  another  Bennett  linkage.  In  this  case,  the  links  EL  and  LF  of  Fig. 
5  are  not  aligned.  Instead,  they  make  a  constant  angle  as  shown  in  Fig.  10. 
A  similar  condition  holds  for  the  other  sides  of  the  boundary  Bennett  linkage. 
This  case  is  called  the  anconoidal  case  since  the  outer  links  may  be  considered 
bent  like  an  elbow  (an  ancon). 


Fio.  8.  Model  of  Four-Cell  Division — Bisection  of  Short  Side 


Ix‘t  the  links  EL  and  LF  make  a  fixed  angle  24>i  at  L.  Then  the  equivalent 
length  of  the  rigid  elbow  link  ELF  is  the  length  e  of  the  common  perpendicular 
between  the  hinges  through  E  and  F.  Let  this  perpendicular  meet  the  hinges 
at  the  distance  x  from  E,  and  the  distance  y  from  F.  Since  the  lengths  EL 
and  LF  are  proportional  to  the  sines  of  the  twists  2A  and  2B,  let  us  take  these 
lengths  as  t  sin  2A  and  t  sin  2B  where  t  is  the  constant  of  proportionality. 
Then  the  length  e  is  given  by 


(f  sin  2A  cos  —  t  sin  2B  cos  A-  x  sin  —  y  sin  ^i)* 


■f  (x  sin  2A  ±1/  sin  2B)*, 


} 


i 

4 


i 


I 
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i 
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Fio.  10.  Anconoidal  Four-Cell  Division  (Schematic) 
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where  the  minus  sign  in  the  last  term  is  used  if  the  twists  2A  and  2B  are  both 
less  than  90°  or  both  greater.  Since  e  is  the  shortest  distance  between  the  hinges 
through  E  and  F,  then 

(14)  d(e*)/dx  =  0,  and  die*)/dy  =  0. 

Applying  equations  (14)  to  (13)  gives 

(15.1)  (1  +  sin*  2A)x  +  (cos  2^i  ±  sin  2A  sin  2B)y  =  t  sin  2B  sin  2^i 

(15.2)  (cos  24^1  ±  sin  2A  sin  2B)x  +  (1  +  sin*  2B)y  =  t  sin  2A  sin  2^i. 


Solving  for  x  and  y 


(16.1)  X 

(16.2)  y 


t  sin  2^1/1  [sin  2A(cos  2^i  ±  sin  2A  sin  25)  —  sin  2B(1  +  sin*  25)] 
(cos  2\l^i  d=  sin  2A  sin  25)*  —  (1  -|-  sin*  2A)(1  +  sin*  25)  ’ 

t  sin  24^1  [sin  25(co8  2^1  ±  sin  2A  sin  25)  —  sin  2A(1  +  sin*  2A)\ 
(cos  24i  ±  sin  2A  sin  25)*  —  (1  -j-  sin*  2A)(1  +  sin*  25) 


The  elbow  link  HNG  must  have  the  same  length  and  twist  as  the  link  ELF. 
The  offset  of  the  common  perpendicular  at  H  must  also  be  x,  and  at  G  it  must 
be  y.  However,  since  the  links  HOE  and  GMF  must  have  equal  offsets,  it 
follows  that  X  equals  y.  Therefore,  using  the  plus  signs 

(17.1)  t  sin  2^1  (sin  25  —  sin  2A)[cos  24\  +  1  +  (sin  2A  +  sin  25)*]  =  0. 


Using  the  minus  signs,  we  obtain 

(17.2)  t  sin  2^1  (sin  25  —  sin  2A)[cos  2^i  +  1  +  sin*  2A  -f  sin*  25]  =  0. 


The  factors  inside  the  brackets  of  (17.1)  and  (17.2)  can  vanish  only  for  the 
conditions  of  (18.1). 


(18.1)  cos  2^1  =  —  1  and  A  =  5  =  0.  This  is  a  degenerate  case. 
Other  solutions  are: 


(18.2)  <  =  0,  a  pyramidal  case; 

> 

■  (18.3)  sin  24/1  =  0,  from  which  24/i  equals  zero  or  t,  the  conoidal  case  of  Sec¬ 
tion  5; 

(18.4)  sin  2A  =  sin  25,  from  which  2A  25  =  x  when  the  plus  sign  is  used 
in  equation  (13); 

(18.5)  sin  2A  =  sin  25,  from  which  A  =  5  when  the  minus  sign  is  used  in 
equation  (13). 


Solution  (18.2)  makes  the  outer  Bennett  linkage  a  pyramidal  linkage  although 
the  four  cells  composing  it  need  not  lx;  pyramidal.  A  model  of  this  anconoidal 
case  of  a  four-cell  linkage  is  shown  in  Fig.  11.  Note  that  the  hinge  axes  of  the 
outer  Bennett  linkage  intersect  in  a  point. 
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Equations  similar  to  (18.4)  and  (18.5)  exist  for  C  and  D.  These  are: 

(19.4)  sin  2C  =  sin  2D  from  which  2C  +  2D  =  r  when  the  plus  sign  is  used 
in  an  equation  similar  to  (13); 

(19.5)  sin  2C  =  sin  2D  from  which  C  =  D  when  the  minus  sign  is  used  in 
an  equation  similar  to  (13). 


Fio.  11.  Model  or  Anconoidal  Four-Cell  Division 

Combining  each  of  the  two  equations  (18.4)  and  (18.5)  wth  each  of  the  two 
equations  (19.4)  and  (19.5),  three  types  of  solutions  are  obtained. 


(20.1) 

2A  A- 2B  =  T, 

2C  A- 2D  =  r; 

(20.2) 

24  -f-  2B  =  T, 

C  ^  D; 

(20.3) 

II 

C  =  D. 

The  Bennett  condition,  equation  (1),  on  the  outer  Bennett  linkage  imposes 
further  restrictions  on  the  solutions.  However,  it  is  satisfied  by  the  following 
solutions  in  which  2^2  is  the  angle  between  FM  and  MG  at  M. 

(21.1)  2A  =  T  -  2B  =  2C  =  T  -  2D,  4^1  =  h  • 

The  lengths  of  the  links  are  equal  since 

sin  2.4  =  sin  2B  =  sin  2C  =  sin  2D. 

(21.2)  24  =  2B  =  T  -  2C  =  T  -  2Z),  h  =  h- 

The  lengths  of  the  links  are  equal  since 

.  sin  2A  =  sin  2B  =  sin  2C  =  sin  2D. 
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The  value  of  k  in  (4.2)  becomes  zero;  therefore  either  of  72  or  P  must  be  zero 
while  the  other  varies. 

Tn  solution  (21,1),  the  links  of  the  outer  Bennett  linkage  have  equal  lengths 
and  equal  twists.  In  this  ca.se,  it  follows  from  an  equation  similar  to  (4.2) 
that  the  relative  motion  of  one  set  of  links  must  be  completed  before  the  relative 
motion  of  the  other  set  begins. 

In  solution  (21.2),  the  links  of  the  outer  Bennett  linkage  have  equal  lengths 
and  supplementary  twists.  This  symmetric  condition  imposes  another  condi¬ 
tion  on  the  linkage,  namely,  the  opposite  angles  at  S  are  equal  and  the  sum  of 
the  four  angles  at  S  is  2t.  The  linkage  then  has  no  freedom  of  motion.  One 
such  rigid  network  is  shown  in  Fig.  12. 


Fio.  12.  Foi  r-Cell  Division  or  Bennett  Linkage  (Symmetric,  Rigid) 
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ANALYTIC  EXPRESSIONS  IN  PHOTOMETRY  AND  COLORIMETRY 

By  Parry  Moon*  and  Domina  Eberle  SPENCERf 
1.  Introduction 


Fundamental  in  photometry  and  colorimetry  is  the  equation, 


L  =  f  w(X)y(X)dX 

Jo 


(1) 


where  J(\)  represents  the  spectral  distribution  of  radiant  energy,  X  is  the  wave¬ 
length,  and  «;(X)  is  a  weighting  function  that  depends  on  the  properties  of  the 
receptor.  Ekjuation  (1)  may  be  regarded  as  the  definition  of  a  new  quantity  L, 
which  represents  an  effect  of  radiant  energy. 

The  symbol  L  is  used  in  the  generic  sense,  referring  to  any  effect  on  any  re¬ 
ceptor.  The  effect  may  be  photoelectric,  in  which  case  L  =  i,  the  photoelectric 
current.  The  effect  may  be  photochemical  or  biological — may  refer  to  the  pho¬ 
tosynthesis  of  chlorophyl  in  a  leaf,  the  destniction  of  bacteria,  the  production 
of  erythema  or  the  synthesis  of  vitamin  D  in  human  skin. 

The  most  important  effect  of  radiant  energy,  however,  is  the  visual  effect; 
and  thus  the  customary  weighting  function  in  photometry  is  the  standard  lam- 
prosity  (visibility)  function  v(X)  for  the  human  eye.  This  function  was  adopted 
by  international  agreement*  in  1924.  If  J(X)  is  the  radiant  power  per  unit  area 
per  unit  wavelength  band  (watt  micron”*),  and  ii;(X)  =  i>(X)  is  in  lumen 
watt”*,  then  L  represents  the  visual  evaluation  of  the  radiation  and  is  expressed 
in  lumen  m”*.  This  luminous  flux  density  or  luminous  pharosage^  is  written 


Df=[  v(K)J(\)dX. 
Jo 


(2) 


In  colorimetry,  three  standard  weighting  functions  are  used  instead  of  the 
one  photometric  function,  and  the  resulting  three  integrals  give  the  trichromatic 
specification  of  the  radiation.  In  the  international  trichromatic  system,  which 
was  adopted*  in  1931,  the  three  weighting  functions  are  called  i{\),  y(\),  and 
l(X),  and  the  three  integrated  quantities  are  denoted  by  X,  Y,  and  Z: 

X  =  [  x(X)J(X)dX, 

Jo 

Y  =  y(\m)d\,  (3) 

Z  =  [  z(X)J(\)dX. 

Jo 

Thus  the  fundamental  quantities  of  both  photometry  and  colorimetry  are  ob¬ 
tained  from  integrals  of  the  form  of  Eq.  (1). 

*  Massachusetts  Institute  of  Technology,  Cambridge,  Mass, 
t  Tufts  College,  Medford,  Mass. 
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The  various  weighting  functions  have  always  been  defined  by  tables  of  nu¬ 
merical  values  based  on  experiment.  But  this  method  of  numerical  specification 
has  many  obvious  disadvantages.  It  makes  extrapolation  and  interpolation 
uncertain  and  allows  mathematical  manipulation  only  by  clumsy  numerical 
methods.  In  a  series  of  papers/*-*  we  have  proposed  the  use  of  analytic  repre¬ 
sentations  of  the  standard  weighting  functions.  Such  a  change  makes  possible 
analytic  integration  and  differentiation  and  eliminates  the  ambiguity  associated 
with  the  interpolation  and  extraix)lation  of  numerically  specified  functions. 
An  examination  of  available  equations  shows*  that  the  weighting  functions  are 
expressed  most  conveniently  by  the  Pearson  Type  V  equation, 

(4) 

where  A,  p,  and  q  are  constants  that  depend  on  the  C.I.E.  standardized  nu¬ 
merical  values. 

Frequently  the  radiation  that  is  to  lie  specified  is  not  received  directly  from  a 
source  but  is  reflected  from  a  surface  having  a  known  spectral  reflectance  p(X). 
In  the  past,  p(X)  has  l)een  expressed  in  numerical  or  graphical  form,  as  has  the 
analogous  spectral  transmittance  r(X).  We  advocate  that  p(X)  and  r(X)  be  also 
represented  analytically.*  It  is  found  that  the  customary  reflectance  and  trans¬ 
mittance  curv’es  can  be  repre.sented  by  power  series,  trigonometric  series,  or  by 
Pearson  functions.  In  this  way,  a  great  amount  of  photometric  and  colorimetric 
work,  which  has  always  l)een  handled  by  numerical  methods,  can  be  treated 
analytically. 

The  purpose  of  the  present  paper  is  to  collect  and  correlate  all  the  necessary 
equations  and  numerical  values  so  that  the  analytic  method  can  be  applied 
advantageously  to  practical  photometry  and  colorimetry.  An  integral  table 
is  given,  and  new  tables  of  the  various  functions  are  presented.  Attention  is 
confined  to  the  discussion  of  methwls  that  can  be  used  in  practice.  No  detailed 
comparison  of  the  new  data  with  the  present  C.I.E.  standards  will  be  given, 
since  such  comparison  has  been  made  elsewhere.* 

2.  TRipHROMATIC  WEIGHTING  FUNCTIONS 

Analytic  expressions  were  obtained*  for  the  standard  trichromatic  weighting 
functions  x(X),  y{\),  and  f(X).  Figure  1  shows  graphs  of  the  three  analytic 
representations  of  the  standard  data.  The  2-function  is  represented  by  a  single 
term  of  the  form  of  Eq.  (4).  The  i-function  requires  two  terms  {iA  and  Xc) 
of  this  form,  to  represent  the  two  humps  of  the  curve,  and  an  additional  term  ia 
to  lower  the  valley  between  the  peaks.  The  standard  y-data  are  represented 
in  a  satisfactory  manner  over  most  of  the  wavelength  range  by  one  term  of  the 
Pearson  form,  Eq.  (4).  This  is  called  ^a  •  Between  0.63  and  0.67m,  however, 
a  small  correction  term  y*  must  be  introduced;  and»beyond  0.67m,  another  func¬ 
tion  yc  is  required. 

In  all  cases,  Eq.  (4)  is  employed  but  the  constants  are  different  in  each  case. 
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Fia.  1.  Cftlculated  curves  for  2,  and  i.  The  data  for  2(X)  are  expressed  as  a  single 
function  having  the  form  of  Eq.  (4).  For  2(X),  three  terms  of  this  form  are  required:  2a. 
2«,  2c.  The  data  for  jl(X)  are  expressed  by  a  single  term  for  wavelengths  less  than  0.6.3  (i; 
hut  beyond  this  wavelength  other  expressions  must  be  employed. 


TABLE  I 

V(^luet  of  the  conatanta  in  Eq.  (4) 


i(X) 

2b(X) 

2c(X) 

1?a(X) 

Sd{\) 

p 

365.33880 

500.00000 

336.03850 

182.19050 

3.20500 

1013.50 

q 

164.96060 

237.50000 

199.10540 

100.93700 

0.12820 

679.0450 

lof  q 

2.21736  3"?06 

2.37566  36140+ 

2.29908  303^7 

2.00405  (mm 

9.10788  80252-10 

2.83189  85558 

log  A 

32.75260 

1  54.51150 

69.59480 

32.41380 

5.02860-10 

262.03010 

*a(X)  -  i(X)/4.670,  ®C(X)  -  0.36678  'l3726tc(^) 

Note:  Final  zeros  indicate  that  the  values  are  exact  by  definition  to  any  number  of  decimals. 
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These  constants  were  determined  from  the  C.I.E.  data  by  the  method  of  least 
squares  and  are  listed  in  Table  I  for  2(X),  2«(X),  2c(X),  f/^CX),  and  jlsCX).  The 
^^(X)  curve  is  identical  with  2(X)  except  for  the  scale: 

«ii(X)  -  2(X)/4.670.  (6) 

Similariy,  j^cCX)  is  obtained  from  £c(X): 

^c(X)  »  0^6678  13725  f  c(X).  (6) 

The  quantity  yi>(X)  appears  only  in  integrations  and  will  be  discussed  in  the 
next  section. 

Values  of  the  weighting  functions  can  be  calculated  most  easily  in  the  logarith¬ 
mic  form: 

log  2(X)  »  398.09140  -  365.33880  log*  X  -  71.63713  53666/X 

log  f*(X)  -  554.51150  -  500.00000  log*  X  -  103.14493  94520/X 

og  fc(X)  -  405.63330  -  336.03850  log*  X  -  86.47037  65371/X  (7) 

1 

log  9aW  -  214.60430  -  182.19050  log*  X  -  43.83638  21199/X 

log  y.(X)  »  8.23360  -  10  -  3.20500  log*  (X  -  0.620) 

-  0.055676  55259/(X  -  0.620) 

where  log*  represents  the  mantissa  of  the  logarithm. 

The  weighting  function  2(X)  is  obtained  from  its  three  components, 

i(X)  «  i^(X)  -  f,(X)  +  f c(X).  (8) 

The  function  y(X)  is  defined  as  follows: 

yW  »  y-i(x),  X  ^  0.63m 

=  VaW  -  y.(X),  0.63m  ^  X  ^  0.67m  (9) 

=  yeOO,  0.67m  S  X. 

Example. 

Obtain  t,  y,  and  2  for  X  ~  0.4S(V. 

According  to  Kq.  (7), 

log  s(X)  -  398.09140  -  :165.33880  log*  X 

-  71.63713  53666/X. 
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From  a  logarithm  table, 


log* 

X  -  0.68124 

12373  .556. 

Thus 

-1-308.06140  00000 

-366.33880  log*  X  - 

-248.88385  61733 

-(71.637 

- 

-149.24403  20138 

log  i  - 

T.96351  18129 

or 

i  - 

0.91941  54827 

Similarly,  by  use  of  Eq.  (7), 

*c  - 

0.00036  59306 

*A  - 

0.20118  50071 

-i,  - 

-0.10129  56482 

and  thus  by 

Kq.  (8). 

*  - 

0.10025  52895 

.AIbo,  by  Flqa.  (7)  and  (9), 

y  -  9a  ~ 

0.14548  63529. 

The  trichromatic  weighting  functions  were  computed  by  means  of  the  fore¬ 
going  equations  and  are  given  in  Table  II.  The  values  were  computed  to  ten 
figures  at  intervals  of  O.OOIm*  They  were  checked  by  means  of  fifth  differences 
and  were  finally  rounded  dff  to  8  figures.  The  results  are  in  general  believed 
to  be  correct  in  the  last  figure.  This  accuracy  is,  of  course,  quite  unnecessary 
for  practical  work  and  is  far  beyond  either  the  reproducibility  of  the  visual  data 
or  the  agreement  between  anal3rtic  approximation  and  C.I.E.  values.  If  the 
analytic  representations  are  eventually  accepted  as  standards  in  place  of  the 
present  tabulated  results,  however,  a  large  number  of  significant  figures  will  be 
desirable.  Note  that  the  proposed  weighting  functions,  unlike  the  present  C.I.E. 
functions,  are  not  defined  by  a  set  of  numerical  values.  Equation  (4),  not 
Table  II,  constitutes  the  definition  (in  conjunction  with  the  numerical  constants 
of  Table  I). 

Table  II  lists  the  functions  used  in  colorimetry.  The  photometric  function 
p(X)  is  identical  with  ^(X)  except  for  the  scale.  The  scale  factor  is  still  some¬ 
what  in  doubt  but  appears^  to  be  647.8  lumens/young  where  the  lumen  is  deter¬ 
mined  from  the  “new  candle”^  of  1940.  There  is  no  necessity  to  list  »(X)  sepa¬ 
rately,  since  it  can  be  obtained  readily  from  the  y-function  of  Table  II. 

A  comparison  between  the  new  functions  and  the  C.I.E.  tabulated  values  is 
shown  in  Figs.  2, 3,  and  4.  The  curve  of  Fig.  2  gives  the  analytic  representation 
of  2(X),  while  the  points  represent  the  C.I.E.  values.  The  agreement  is  seen  to 
be  reasonably  satisfactory,  figure  3  presents  a  corresponding  comparison  for 
f(X),  while  Fig.  4  applies  to  f?(X). 
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TABLE  II 

Calculated  values  of  triehromatie  weighting  functions 


A 

(mi* 

cron) 

1(X) 

M 

^(X) 

*(X1 

Az 

0.360 

*1586  9057 

•3044  6763 

*7252  1912 

+462  6096 

+948  9020 

+2114  1435 

1 

2049  5153 

3993  5783 

9366  3347 

586  3498 

1229  5170 

2679  646:1 

2 

2635  8651 

5223  0953 

>1204  5981 

740  0041 

1588  4991 

338  1860 

3 

.3375  8692 

6811  5944 

1542  7841 

929  9591 

2046  4358 

424  9975 

4 

4305  8283 

8858  0302 

1967  7816 

1163  7572 

2628  9128 

531  8463 

0.365 

*5469  5855 

ni48  6943 

2499  6279 

1450  2623 

336  7743 

662  7837 

6 

6919  8478 

1485  4686 

3162  4116 

1799  8341 

430  2183 

822  5446 

7 

8719  6819 

1915  6869 

3984  9562 

2224  5191 

548  0788 

1016  6354 

8 

>1094  4201 

2463  7657 

5001  5916 

.  273  8252 

696  3233 

1251  4251 

9 

1368  2453 

3160  0890 

6253  0167 

335  7063 

882  2745 

1534  2420 

0.370 

>1703  9516 

'4042  3635 

7787  2587 

409  9302 

1114  8904 

1873  4733 

1 

2113  8818 

5157  2539 

9660  7320 

498  5851 

1405  0997 

2278  6669 

2 

2612  4669 

6562  3536 

>1193  9399 

601  0355 

1766  1969 

276  0632 

3 

3216  5024 

8328  5505 

1470  0031 

728  9435 

2214  .3025 

333  1542 

4 

3945  4459 

•1054  2853 

1803  1573 

f 

876  2892 

276  8964 

400  5023 

0.375 

H821  7351 

*1331  1817 

•2203  6596 

1049  3909 

345  3674 

479  6252 

6 

5871  1260 

1676  5491 

2683  2848 

1251  9207 

429  6799 

572  2026 

7 

7123  0467 

2106  2290 

3255  4874 

1487  9192 

533  2328 

680  0832 

8 

8610  9659 

2639  4618 

3935  5706 

1761  8061 

660  0954 

805  2890 

9 

>1037  2772 

3299  5572 

4740  8596 

207  8382 

815  1253 

950  0184 

TABLE  II — Continued 


x' 

(mi¬ 

cron) 

#(X) 

■ 

»(x) 

•Xj? 

i(X) 

Az 

0.380 

*1245  1154 

mi4  6825 

*5690  8780 

244  2835 

1004  1058 

1116  6462 

1 

1489  3989 

5118  7883 

6807  5242 

‘286  0723 

1233  9017 

1307  7182 

2 

1775  4712 

6352  6930 

8115  -2424 

333  7975 

1512  6556 

1525  9525 

3 

2109  2687 

7865  3486 

9611  1949 

388  0851 

1849  9681 

1774  2192 

4 

2497  3538 

9715  3167 

‘1141  5414 

449  5922 

‘2257  1653 

-205  5534 

0.385 

*2946  9460 

*1197  2482 

‘1347  0948 

519  0023 

-274  7554 

-2:17  :1037 

6 

3465  9483 

1472  0036 

1584  3985 

597  0203 

333  6740 

272  9969 

7 

4062  9686 

1805  6776 ' 

1857  .3954 

684  3661 

401  2966 

312  9647 

8 

4747  3347 

2-209  9742 

2170  3601 

781  7666 

488  7520 

357  5421 

9 

5529  1013 

2698  7262 

2527  9022 

889  9478 

589  5169 

407  0651 

0.390 

*6419  0491 

*3-288  24.31 

‘-2934  9673 

1009  6241 

709  4663 

461  8649 

1 

7428  6732 

3997  701M 

3396  8322 

1141  4881 

851  9295 

522  2639 

2 

8570  1613 

4849  6.389 

.3919  0961 

1-286  1975 

. 

1020  7518 

588  5699 

3 

9856  3588 

5870  3907 

4507  6660 

1444  3632 

1220  3647 

661  0705 

4 

‘11.30  0722 

7090  7554 

5168  7365 

161  6535 

1455  86-23 

740  0273 

0.395 

‘1291  7257 

*8546  6177 

‘5908  7638 

180  3184 

1733  0853 

825  6690 

6 

1472  0441 

*1027  9708 

6734  43-28 

-200  4694 

‘206  87-20 

918  1847 

7 

1672  5135 

12.33  8123 

7652  6175 

-2-22  1340 

-244  0390 

1017  7175 

8 

1894  6475 

1477  8813 

8670  3350 

-245  3-269 

288  6783 

1124  3568 

9 

2139  9744 

1766  5596 

9794  6918 

-270  0604 

340  7767 

1238  1356 

0.400 

‘2410  0248 

• 

*2107  .3363 

•1103  2827 

296  2895 

401  4521 

135  9014 

1 

2706  3143 

-2508  7884 

1239  1841 

324  0137 

471  9689 

148  6884 

2 

:i030  3280 

2980  7573 

1387  8725 

353  1742 

553  7530 

162  1561 

3 

3383  5022 

3534  5103 

1550  0286 

383  7024 

648  4098 

176  2772 

4 

3767  2016 

4182  9201 

1726  3058 

415  5095 

767  7408 

191  0162 

4 


415  5005 


191  0162 


TABLK  II — Continued 


X 

(mi¬ 

cron) 

i(X) 

»(X) 

i(X) 

Ai 

0.405 

m82  7141 

*4940  6609 

•1917  3220 

448  4855 

883  7653 

206  3278 

6 

4631  1996 

5824  4262 

2123  6498 

482  4983 

1028  7392 

‘222  1581 

7 

5113  0079 

6853  1654 

2345  8079 

517  3937 

1195  1784 

‘238  44.30 

8 

5631  0916 

8048  3438 

2584  2509 

552  9953 

1385  8820 

255  1094 

9 

6184  0869 

9434  2258 

28.39  3603 

589  1041 

1603  9572 

272  0748 

0.410 

*6773  1910 

•1103  8183 

•3111  4391 

625  5003 

185  2844 

‘289  2465 

1 

7398  6913 

1289  1027 

3400  6816 

661  9428 

213  6345 

306  5253 

2 

8060  6341 

1502  7372 

.3707  2069 

698  1715 

245  8651 

.323  8014 

3 

8758  8056 

1748  6023 

4031  0083 

733  9084 

282  4373 

.340  9.501 

4 

9492  7140 

2081  0396 

4371  9674 

768  8600 

.323  8568 

.357  87.55 

0.415 

•1026  1574 

•2354  8964 

•4729  8429 

80  2717 

.370  6777 

374  4217 

6 

1106  4291 

2725  5741 

.5104  2646 

83  5165 

423  .5050 

.390  4648 

7 

1189  9456 

3149  0791 

.5404  7204 

86  5875 

482  9981 

405  8683 

8 

1276  5331 

.36.32  0772 

.5900  5977 

89  4516 

.M9  8745 

420  49.35 

9 

1365  9847 

4181  9517 

6321  0912 

92  0756 

624  9117 

434  ‘2010 

0.420 

•1458  0603 

•4806  86.34 

•6755  2921 

94  4268 

708  9521 

446  8522 

1 

1552  4871 

5515  8155 

7202  1443 

96  47;M 

802  9051 

458  3112 

2 

1648  0595 

* 

6318  7206 

7660  4555 

98  1815 

907  7505 

468  4457 

3 

1747  1410 

7226  4711 

8128  9012 

99  5239 

1024  5410 

477  1287 

4 

1846  6649 

8251  0121 

8606  0299 

100  4716 

1154  4064 

484  ‘240:i 

0.425 

•1947  1365 

•9405  4185 

•9090  2702 

•  100  9988 

1298  5545 

489  6692 

6 

2048  1353 

•1070  397.3 

9579  9394 

101  0822 

145  8273 

493  31.38 

7 

2149  2175 

1216  2246 

1.0073  2532 

100  7013 

163  49.38 

495  0840 

8 

2249  9188 

1379  7184 

1.0568  3.372 

99  8.393 

183  0008 

494  9019 

9 

2349  7581 

1562  7187 

1.1063  2391 

98  4828 

* 

204  5014 

492  7035 

118 


TABLE  ll— Continued 


X 

(mi¬ 

cron) 

*(X) 

1 

«(X) 

Aj? 

*(X) 

Ai 

0.430 

«2448  2400 

96  6221 

*1767  2201 

228  1603 

1.1555  9426 

488  4395 

1 

2544  8630 

94  ‘2520 

1995  3804 

‘254  1490 

1.2044  3821 

482  0758 

2 

2639  1150 

91  3712 

2249  5294 

282  6481 

1.2526  4579 

473  5942 

3 

2730  4862 

87  9834 

‘2532  1775 

313  8473 

1.3000  0521 

462  9936 

4 

2818  4606 

84  0960 

‘2846  0248 

347  9450 

1.3463  0457 

450  2893 

0.435 

•2902  5656 

79  7218 

*3193  9698 

385  1477 

1.3913  3350 

435  5135 

6 

2982  2874 

74  8777 

3579  1175 

4-25  6705 

1.4348  8485 

418  7150 

7 

3067  1661 

09  5850 

4004  7880 

469  7363 

1.4767  5635 

399  9595 

8 

3126  7501 

63  8695 

4474  5243 

517  5756 

1.5167  5230 

379  3-279 

9 

3190  6196 

57  7612 

4992  0999 

569  4280 

1.5546  8509 

356  9170 

0.440 

•3248  3808 

51  2937 

*5561  5259 

6‘25  5314 

1.5903  7679 

1 

332  8371 

1 

3299  6745 

44  5041 

0187  0573 

686  1418 

1.6236  6050 

307  2125 

2 

3344  1786 

37  4332 

6873  1991 

751  5124 

1.6543  8176 

280  1789 

3 

3381  6118 

30  1241 

7624  7115 

821  9020 

1.6823  9964 

1 

251  8832 

4 

3411  7359 

‘22  6225 

8446  6135 

897  5742 

1.7075  8796 

222  4813 

0.445 

3434  3584 

14  9760 

*9344  1877 

978  7933 

1.7298  3609 

192  1371 

6 

3449  3344 

+7  ‘2336 

>1032  2981 

106  5827 

1.7490  4980 

161  0208 

7 

3456  5680 

-5646 

1138  8808 

115  8939 

1.7651  5183 

129  3068 

8 

3456  0134 

8  3386 

1254  7747 

125  8398 

1.7780  8241 

97  1706 

9 

3447  6748 

16  0678 

1380  6145 

136  4464 

1.7877  9946 

64  7934 

0.450 

•3431  6070 

-23  6929  ! 

>1517  0609 

147  7397 

1.7942  7880 

32  3523 

1 

3407  9141 

1 

31  1663  I 

1664  8006 

i 

159  7450 

1.7975  1402 

-1-0235 

2 

3376  7488 

38  4386 

1824  5456 

172  4866 

1.7976  1638 

-32  0206 

3 

3338  3103  1 

'  i 

45  4675 

1997  0322 

185  9887 

1.7943  1433 

63  6123 

4 

.3292  8428  | 

1 

1 

! 

52  2105  j 

2183  0209 

200  2734 

1.7879  5810 

94  5909 

L. 
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TABLE  II — Continued 


X 

(mi* 

cron) 

tiS) 

yW 

■ill 

i(X) 

Ai 

0.455 

*3240  6323 

■2383  2943 

1.7784  9401 

-58  6280 

215  3624 

-124  8030 

6 

3182  0043 

2598  6567 

1.7660  1371 

64  6845 

231  2754 

154  1040 

7 

3117  3198 

-28-29  9321 

1.7506  0331 

70  3475 

248  0310 

182  3596 

8 

:1046  9723 

3077  9631 

1.7323  6735 

75  5887 

265  6455 

-209  4460 

t) 

2971  3836 

3343  6086 

1.7114  2275 

80  3840 

284  1334 

235  -2509 

0.460 

•2890  9996 

■3627  7420 

1.6878  9766 

-84  7130 

303  5071 

-259  6740 

1 

2806  2866 

3931  -2491 

1.6619  3026 

88  5604 

323  7764 

282  6279 

2 

2717  7262 

4255  0255 

1 .6.336  6747 

91  9144 

344  9487 

304  0379 

3 

2625  8118 

4599  9742 

1.6032  6368 

94  7685 

367  0285 

323  84-22 

4 

2531  0433 

4967  0027 

1.5708  7946 

97  1198 

390  0175 

.341  9922 

0.465 

•2433  9235 

■5357  0202 

1.. 5.366  8024 

-98  9698 

413  9139 

-358  4519 

6 

2334  9537 

5770  9341 

1..5008  ;1505 

100  3241 

438  7133 

.373  1987 

7 

2234  6296 

6209  6474 

1.4635  1518 

101  1923 

464  4070 

.386  221.3 

8 

2133  4373 

6674  0544 

1.4248  9305 

101  5869 

490  9834 

.397  5212 

0 

2031  8504 

7165  0378 

1.3851  409.3 

101  5244 

518  4-267 

407  1107 

0.470 

KKIO  3260 

■7683  4645 

1..3444  2986 

-101  0241 

546  7174 

-415  0128 

1 

1829  3019 

8230  1819 

1.3029  2858 

100  1077 

575  8320 

421  2m 

2 

1729  1942 

> 

8806  0139 

1.2608  0253 

7994 

605  7431 

4-25  8961 

3 

1630  3948 

9411  7570 

1.2182  1292 

97  1-253 

636  4190 

4-28  97(r2 

4 

1533  m5 

•1004  8176 

1.175:1  1590 

•15  1131 

66  7823 

4.30  5407 

0.475 

1438  1564 

•1071  5099 

1.13-22  6183 

-92  7916 

60  9916 

-4.30  6723 

6 

1345  :1648 

1141  5915 

1.0891  <4460 

•K)  1906 

73  2653 

429  4.^57 

7 

1255  1742 

1214  8568 

• 

1 .0462  5103 

87  3400 

76  5986 

426  9058 

8 

1167  8342 

1291  4554 

1.0a35  6045 

84  -2702 

79  9861 

4-23  1624 

9 

1083  5640 

1371  4415 

•9612  4421 

- 

81  0111 

83  4-2-20 

418  287.3 
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TABLE  II — Continued 


X 

(mi* 

cro;i) 

i(X) 

yW 

Ay 

*(X) 

0.480 

•1002 

5529 

-775 

9*228 

•1454 

8635 

86 

9005 

•9194 

1548 

-412 

3655 

1 

>9240 

6062 

740 

4225 

1541 

7640 

90 

4147 

8781 

7893 

405 

4833 

2 

8500 

1837 

703 

8855 

1632 

1787 

93 

9579 

8376 

3060 

397 

7272 

3 

7805 

2982 

666 

5740 

1726 

1366 

97 

5227 

7978 

5788 

389 

1843 

4 

7138 

7242 

628 

7340 

1823 

6593 

101 

1014 

7589 

3945 

379 

9407 

0.485 

•6509 

9902 

-590 

5948 

•19*24 

7607 

104 

6861 

•7209 

4538 

-370 

0844 

5919 

3954 

552 

3667 

2029 

4468 

108 

2683 

6839 

3724 

.359 

6895 

7 

5367 

, 

0287 

514 

2399 

2137 

7151 

111 

8395 

6479 

6829 

348 

8455 

8 

4852 

7888 

476 

3840 

*2249 

5546 

115 

3907 

6130 

8374 

337 

6278 

9 

4376 

4048 

438 

9470 

2364 

9453 

118 

9127 

5793 

2096 

326 

1109 

0.490 

>3937 

4578 

-402 

0550 

•2483 

8580 

122 

3961 

•6467 

0987 

-314 

3661 

1 

3535 

4028 

365 

8125 

2606 

2541 

125 

8315 

5152 

7326 

302 

4612 

2 

3169 

5903 

2732 

0856 

4850 

2714 

330 

3016 

129 

2089 

*290 

4596 

3 

2839 

2887 

295 

5311 

2861 

2945 

132 

5186 

4559 

8118 

278 

4208 

4 

2543 

7046 

‘261 

6999 

2993 

8131 

135 

7505 

4281 

3910 

266 

4002 

0.495 

>2282 

0047 

-228 

6699 

•3129 

5636 

138 

8948 

•4014 

9908 

-254 

4484 

6 

2053 

3348 

196 

4955 

3268 

4584 

141 

9412 

3760 

5424 

242 

6123 

7 

1856 

8393 

165 

1600 

.3410 

3996 

144 

8798 

3517 

9301 

230 

9341 

8 

1691 

6793 

134 

6304 

3555 

2794 

147 

7007 

3286 

9960 

219 

4516 

9 

1557 

0489 

104 

8581 

3702 

9801 

150 

3941 

3067 

5444 

208 

1988 

0.500 

>1452 

1908 

-‘75 

7800 

•3853 

3742 

152 

9501 

•*2859 

:m56 

-197 

-2056 

1 

1376 

4108 

-47 

3*209 

4006 

3243 

155 

3593 

2662 

1400 

186 

4976 

2 

1320 

0899 

-19 

3940 

4161 

6836 

157 

6124 

2475 

6424 

176 

0969 

3 

1309 

6959 

+8 

0968 

4319 

*2960 

159 

7003 

‘2299 

5455 

166 

0222 

4 

1317 

7927 

35 

*2565 

4478 

9963 

161 

6141 

*2133 

5233 

156 

2884 
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TABLE  II — Continued 


X 

(mi¬ 

cron) 

*(X) 

Si 

Sy 

*(x) 

Ax 

0.505 

>1353 

0492 

62  1961 

•4640 

6104  1 

163 

3456 

•1977 

2349 

-146 

907.3 

6 

1415 

2453 

89  0320 

4808 

9560 

164 

8866 

1830 

3276 

137 

8881 

7 

1504 

2773 

115  8849 

4968 

8426 

166 

2294 

1692 

4395 

129 

236.3 

8 

1620 

1622 

142  8771 

5135 

0720 

167 

3671 

1563 

2030 

120 

9563 

0 

1763 

0393 

170  1322 

5302 

4391 

168 

2924 

1442 

2467 

113 

0488 

0.510 

>1933 

1715 

197  7734 

•5470 

7315 

168 

9996 

•1329 

1979 

-105 

5128 

1 

2130 

9449 

225  9224 

5639 

7311 

169 

4825 

1223 

6851 

98 

.3456 

2 

2356 

8673 

254  6973 

5809 

2136 

169 

7364 

1125 

3395 

91 

M26 

3 

2611 

5646 

284  2130 

5978 

9500 

169 

7564 

1033 

7969 

1 

850 

9766 

4 

2895 

7776 

314  5783 

6148 

7064 

169 

5385 

>9486 

9928 

790 

034.3 

0.515 

>3210 

3559 

•6318 

2449 

>8696 

9583 

345  8961 

169 

0796 

-732 

51.36 

6 

3556 

2520 

378  2620 

6487 

3245 

168 

3768 

7964 

4447 

678 

.3187 

7 

3934 

5140 

411  7631 

6655 

7013 

1 

167 

4280 

7286 

1260 

627 

.3473 

8 

4346 

2771 

446  4774 

6823 

1293 

166 

2319 

6658 

7797 

579 

4860 

9 

4792 

7545 

482  4727 

6989 

3612 

164 

7877 

6079 

2937 

5.31 

6227 

0.520 

>5275 

2272 

519  8064 

•7154 

1489 

163 

0955 

>5544 

6710 

-492 

6372 

1 

5795 

0336 

558  5240 

7317 

2444 

161 

1557 

5052 

0338 

453 

4074 

2 

6353 

5576 

598  6592 

7478 

4001 

158 

9699 

4598 

6264 

416 

8096 

3 

6952 

2168 

640  2327 

7637 

3700 

156 

5398 

4181 

8168 

382 

7195 

4 

7592 

4495 

683  2524 

7793 

9098 

153 

8682 

3799 

0973 

.351 

0130 

0.525 

>8275 

7019 

727  7121 

•7947 

7780 

150 

9586 

{  >3448 

0643 

-.321 

5669 

6 

9003 

4140 

773  5920 

8098 

7366 

147 

8148 

3126 

5174 

294 

2594 

7 

9777 

0060 

820  8580 

8246 

5514 

144 

4415 

2832 

2580 

268 

9714 

8 

•1059 

7864 

86  9461 

8390 

9929 

140 

8439 

2563 

2866 

245 

5862 

9 

1146 

7325 

91  9339 

8531 

8368 

137 

0281 

2317 

7004 

223 

9902 

122 


TABLE  II — Coniintud 


X 

(mi¬ 

cron) 

*(X) 

(X) 

0.530 

•1238 

6664 

97 

0412 

•8668 

8649 

133 

‘2093  7102 

-204 

1 

1335 

102 

8653 

128 

7678 

1880  6368 

185 

7290 

2 

1437 

9666 

107 

5765 

6331 

124 

3379 

168 

8572 

3 

1545 

5431 

112 

9816 

119 

7188 

1535  0407 

153 

3575 

4 

1658 

5247 

118 

9174 

6898 

114 

9192 

1381  6922 

139 

0.535 

•1776 

9854 

123 

9993 

•9289 

109 

9480 

*1242  5552 

-126 

6 

9847 

129 

m 

9399 

5570 

104 

8145 

1116  4487 

114 

7 

5655 

135 

1883 

9504 

3715 

90 

5288 

8 

2165 

7538 

140 

8029 

9603 

9003 

94 

1009 

>8989  8748 

933 

2773 

9 

2306 

5567 

146 

4051 

9698 

0012 

88 

5415 

8056  5075 

842 

5180 

0.540 

•2452 

9618 

151 

9743 

•9786 

5427 

82 

8611 

>7214  0786 

-759 

1 

2604 

0361 

157 

4889 

9869 

4038 

77 

0710 

6454  2279 

684 

6375 

2 

2762 

4250 

162 

9266 

9046 

4748 

71 

1823 

5760  5004 

616 

2844 

3 

2925 

3516 

168 

2644 

1.0017 

6571 

65 

2064 

5153  3060 

554 

2351 

4 

3093 

6160 

173 

4787 

1.0082 

8635 

50 

1549 

4509  0700 

497 

0.545 

•3267 

0047 

178 

5454 

1.0142 

0184 

53 

0394 

>4101  1009 

-447 

ESS 

6 

3445 

6401 

183 

4402 

1.0195 

0578 

46 

8716 

3654  0057 

400 

8911 

7 

3629 

0803 

188 

1386 

1.0241 

9294 

40 

6633 

3253  2046 

350 

2001 

8 

3817 

2189 

192 

6161 

1.0282 

5027 

34 

4259 

2893  9947 

321 

5752 

9 

4009 

8350 

196 

8480 

1.0317 

0186 

28 

1715 

2572  4195 

287 

6288 

0.550 

4206 

• 

68:10 

200 

8106 

1.0345 

1901 

21 

9112 

>2284  7907 

-257 

0407 

1 

4407 

4936 

2(M 

4708 

1.0367 

1013 

15 

6568 

2027  7500 

229 

5064 

2 

4611 

9734 

207 

8325 

1.0382 

7581 

9 

4193 

1798  2436 

204 

7456 

3 

4819 

8050 

210 

8463 

1.0302 

1774 

3 

2099 

1503  4980 

182 

< 

5030 

6522 

213 

4905 

1.0395 

3873 

+2 

9606 

1410  9972 

162 

5358 

123 
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TABLE  II — Continued 


i 

H 

X 

(mi¬ 

cron) 

f(X) 

9M 

i(X) 

0.555 

•5244  1517 

215  7718 

1.0392  4267 

-9  0813 

>1248  4614 

-144  6342 

fl 

5459  9235 

217  6433 

1.0383  3454 

15  1422 

1103  8272 

1285  9791 

1 1 

1 

7 

5677  5668 

219  0062 

1.0368  2032 

21  1331 

•9752  2929 

1142  46a'> 

,  I 

|i 

8 

5896  6630 

220  1136 

1.0347  0701 

27  0442 

8609  8324 

1014  1360 

‘  1 

;  t 

9 

6116  7766 

220  6803 

l.a320  0259 

32  8661 

7595  6964 

899  5024 

!  4 

0.560 

•6337  4569 

220  7829 

1.0287  1597 

-38  5901 

•6696  1940 

-797  1917 

1 

6558  2398 

220  4094 

1.0248  5696 

44  2073 

5899  0023 

705  9612 

;  i 

2 

6n8  6492 

219  6498 

1.0204  3623 

49  7094 

5193  0411 

624  6830 

3 

6998  1990 

218  1964 

1.0154  6629 

55  0887 

4568  3581 

552  3348 

4 

7216  3954 

216  3428 

1.0099  5642 

60  3379 

4016  0233 

487  9914 

1  i 

1 

0.565 

•7432  7382 

1.0039  2263 

•3528  0319 

i| 

6 

7646  7234 

213  9852 

•9973  7762 

-65  4501 

3097  2156 

-430  816;i 

211  1218 

70  4185 

380  0539 

'  * 

7 

7857  8452 

9903  3577 

2717  1617 

1  -  - 

1 

8 

8065  5980 

207  7628 

9828  1202 

75  2375 

2382  1388 

335  0229 

203  8807 

79  9013 

-205  1094 

i 

: 

9 

8269  4787 

199  5101 

9748  2189 

84  4046 

2087  0294 

‘259  7607 

0.570 

•8468  9888 

194  6477 

•9663  8143 

-88  7439 

•1827  2687 

-228  4804 

■ 

1 

8663  6365 

189  3024 

9575  0704 

92  9135 

1508  7883 

200  8224 

2 

8852  9389 

t 

183  4854 

9482  1569 

96  0107 

1307  9659 

176  3869 

3 

9036  4243 

177  2095 

9385  2462 

100  7322 

1221  5790 

154  8154 

. 

4 

9213  6338 

170  4900 

9284  5140 

104  3752 

1066  7636 

1357  8688 

0.575 

•9384  1238 

163  3437 

•9180  1388 

-107  8376 

•9309  7677 

-1190  1471 

1 

6 

9547  4675 

155  7805 

9072  3013 

111  1173 

8110  6206 

1042  4262 

j 

f 

1 

7 

9703  2570 

147  8479 

8961  1840 

114  2131 

7077  1944 

912  4190 

8 

9851  1049 

8846  9700 

6164  7764 

139  5411 

117  1243 

798  0873 

9 

9990  6460 

130  8928 

8720  8466 

119  8602 

5366  6881 

697  6150 

t  124 


t 


TABLE  II — Continued 


(mi-  *(X) 
cron) 


1.0121  5388 

1  1 .0243  4669 

2  1.0356  1403 

3  1 .0459  2963 

4  1 .0552  7007 

0.585  1.0636  1487 

6  1.0709  4653 

7  1.0772  5060 

8  1.0825  1571 

9  1 .0867  3360 

0.590  1.0898  9912 

1  1.0920  1020 

2  1 .0930  6787 

3  1.0930  7618 

4  1.0920  4216 

0.595  1.0899  7576 

6  1.0868  8975 

7  1 .0827  9967 

8  1.0777  2371 

9  1.0716  8250 

0.600  1.0646  9916 

1  1.0567  9907 

2  1.0480  0973 

3  1.0383  6061 

4  1 .0278  8304 


A2 

l?(x) 

AJ/ 

i{X) 

<8609  9964 

'4669  0722 

121  9281 

8487  6055 

-122  3909 

4059  6834 

112  6734 

8362  8590 

124  7465 

;J527  7130 

103  1560 

8235  9410 

126  9180 

3063  6275 

93  4044 

8107  0346 

128  9064 

2659  0252  | 

83  4480 

•7976  3215 

130  7131 

1 

*2306  6072 

73  3166 

7843  9814 

-132  3401 

1099  6633 

63  0407 

7710  1920 

133  7894 

1732  4694 

52  6511 

7575  1285 

135  0635 

1500  1963 

42  1789 

7438  9632 

136  1653 

1298  3289 

31  6552 

•7301  8655 

137  0977 

'1122  9944 

21  1108 

7164  0015 

-137  8640 

•9707  9744 

10  5767 

7025  5337 

138  4678 

8387  6412 

+0831 

6886  6209 

138  9128 

7242  9124 

-10  3402 

6747  4177 

139  2032 

6251  0179 

-20  6640 

•6608  0749 

139  3428 

1 

•5392  0552 

-30  8601 

6468  7386 

-139  3363 

4648  6400 

40  9008 

6329  5507 

139  1879 

4005  5985 

50  7596 

6190  6481 

138  9026 

;1449  6953 

60  4121 

6052  1633 

138  4848 

‘2969  3935 

69  8334 

•5914  2238 

137  9395 

•2554  6438 

-79  0009 

5776  9520 

-137  2718 

2196  6981 

87  8934 

5640  4657 

136  4863 

1887  9464 

96  4912 

5504  8772 

135  5885 

1621  7729 

104  7757 

5370  2938 

134  5834 

1392  4299 

112  7304 

133  4760 

-609  3888 
531  9704 
464  0855 
404  6023 
352  5180 

-306  9439 
267  0939 
232  2731 
201  8674 
175  3345 

-1521  9695 
1320  3332 
1144  7288 
991  8945 
858  9627 

-743  4152 
643  0415 
555  9032 
480  3018 
414  7497 

-:«7  9457 
:108  7517 
-266  1735 
229  3430 
197  5030 


125 


I 

TABLE  II — Continued 


X 

(mi¬ 

cron) 

*(X) 

«(X) 

i(X) 

Sz 

•5882 

1330 

-185 

9051 

•2456 

7185 

-85 

6585 

>2246 

6054 

-.340 

7921 

1 

5696 

2279 

184 

1157 

2371 

0600 

84 

2755 

1905 

wm 

289 

7381 

2 

5512 

1122 

182 

0898 

2286 

7845 

83 

0781 

1616 

1652 

246 

2291 

3 

5330 

0224 

179 

8426 

2203 

7064 

81 

9901 

1369 

9361 

-209 

1667 

4 

5150 

1798 

177 

3889 

2121 

7163 

80 

9255 

1160 

7694 

1776 

0959 

0.635 

M972 

7909 

-174 

7438 

•2040 

7908 

-79 

8069 

"9831 

5983 

-1507 

5187 

6 

4798 

0471 

171 

9220 

1960 

9839 

78 

5756 

8324 

0796 

1279 

0366 

7 

4626 

1251 

168 

9386 

1882 

4083 

77 

1956 

7045 

0430 

1084 

7476 

8 

4457 

1865 

165 

8078 

1805 

2127 

75 

6513 

5960 

2954 

919 

6050 

9 

4291 

3787 

162 

5442 

1729 

5614 

73 

9443 

5040 

6904 

779 

2962 

0.640 

m28 

8345 

-159 

1620 

•1655 

6171 

-72 

0877 

H261 

3942 

-660 

1364 

1 

3969 

6725 

155 

6747 

1583 

5294 

70 

1030 

3601 

2578 

558 

9799 

2 

3813 

9978 

1513 

4264 

3042 

2779 

152 

0958 

68 

0146 

473 

1421 

3 

3661 

9020 

148 

4385 

1445 

4118 

65 

8490 

2569 

1358 

400 

.3331 

4 

3513 

4635 

144 

7153 

1379 

5628 

63 

6313 

2168 

8027 

3.38 

6001 

0.645 

•3368 

7482 

-140 

9382 

•1315 

9315 

-61 

3846 

M830 

2026 

-286 

2792 

6 

3227 

8100 

137 

1191 

1254 

5469 

50 

1297 

1543 

9234 

241 

9531 

7 

3090 

6909 

133 

2690 

1195 

4172 

56 

8840 

1301 

9703 

-204 

4150 

8 

2957 

4219 

129 

3987 

1138 

5332 

54 

6625 

1097 

5553 

1726 

.3767 

9 

2828 

0232 

1083 

8707 

•9249 

1766 

• 

125 

5183 

.52 

4769 

1457 

47.53 

0.650 

•2702 

5049 

-121 

6375 

•1081 

3938 

-503 

3674 

•7791 

7013 

-1230 

0168 

1 

2580 

8674 

117 

7654 

>9810 

5706 

482 

4922 

6561 

6845 

1037 

6871 

2 

2463 

1020 

113 

9102 

9328 

0784 

462 

1970 

.5523 

9974 

875 

1220 

3 

2349 

1918 

110 

0804 

8865 

8814 

442 

5187 

4648 

8754 

737 

7667 

4 

2239 

1114 

106 

2832 

8423 

3627 

423 

4818 

3911 

1087 

621 

7545 

27 


TABLE  II — Continued 


X 

fmi* 

cron) 

t{\) 

1 

1  ^ 

1 

1 

m 

Ay  1 

«(X) 

At 

0.655 

1  *2132 

8282 

-102 

5255 

‘7999 

8809 

-405 

0993 

•3289 

3542 

-523 

8052 

6 

2030 

3027 

98 

8137 

7594 

7816 

387 

3761 

2765 

5490 

441 

1363 

7 

1931 

4890 

95 

1539 

7207 

4055 

.370 

3099 

2324 

4127 

371 

3890 

8 

1836 

3351 

1 

5510 

6837 

0956 

353 

8933 

1953 

0237 

312 

5649 

9 

1744 

7841 

j  91 

88 

0104 

6483 

2023 

338 

1148 

1640 

4588 

262 

9707 

0.660 

•1656 

7737 

-84 

5361 

•6145 

0875 

-322 

9599 

•1377 

4881 

1 

1572 

2376 

81 

1321 

5822 

1276 

308 

4119 

2 

1491 

1055 

1  ^ 

8018 

5513 

7157 

204 

4530 

3 

1413 

3037 

1 

74 

5485 

5219 

2627 

281 

0639 

4 

1338 

7552 

71 

3744 

4938 

1988 

268 

2253 

0.665 

•1267 

3808 

-68 

2818 

‘4669 

9735 

-255 

9172 

6 

1199 

0990 

65 

2727 

4414 

0563 

244 

1204 

7 

1133 

8263 

1 

62 

3483 

4169 

9359 

232 

8152 

8 

1071 

4780 

59 

5098 

j  3937 

1 

1207 

221 

9829 

9 

1011 

9682 

567 

5805  i 

.3715 

1378 

211 

6049 

0.670  i 

‘9552 

1015 

-540 

9332 

‘3503 

5329 

-198 

4042 

1 

9011 

1683 

515 

^591 

.3305 

1287 

188 

9508 

2 

8496 

0092  1 

490 

2572 

3116 

1779 

179 

8172 

3 

8005 

7520  1 

466 

2241 

2936 

.3607 

171 

0023 

4  i 

! 

7539 

5279  i 

1 

443 

0542 

2765 

3584 

162 

5040 

0.675 

■7096 

4737 

-420 

1 

1 

7397 

‘2602 

8544 

-154 

3195 

6 

6675 

7340 

399 

2709 

1  2448 

1 

5349 

146 

4451 

7 

6276 

4631  j 

1 

378 

6365 

2302 

0898 

138 

8769 

8 

5897 

8266  1 

358 

8236 

2163 

2129 

131 

6098 

9 

5539 

0030  j 

339 

8176 

2031 

6031 

124 

6388 

TABLE  II — Continued 


X 

(mi¬ 

cron) 

*(X) 

^(X) 

<S!i 

U.A80 

‘5199  1854 

>1906  9643 

-321  6031 

-117  9580 

1 

4877  5823 

1789  0063 

304  1632 

111  5614 

2 

4563  4191 

1677  4449 

287  4801 

105  4423 

3 

4285  9390 

1572  0026 

271  5356 

99  5942 

4 

4014  4034 

1472  4084 

256  3101 

94  0098 

0.685 

‘3758  0933 

‘1378  3986 

-241  7840 

-88  6818 

6 

3516  3093 

1289  7168 

‘227  9369 

83  6030 

7 

3288  3724 

1206  1138 

214  7482 

78  7657 

8 

3073  6242 

1127  3481 

*•202  1970 

74  1621 

0 

2871  4272 

1053  1860 

1 

190  2622 

697  8463 

0.690 

‘2681  1650 

*9834  0137 

-178  9228 

-656  2553 

1 

2502  2422 

9177  7584 

168  1573 

616  7697 

2 

2334  0849 

8560  9887 

157  9450 

579  3127 

3 

2176  1399 

7981  6760 

* 

148  ‘2816 

543  8072 

4 

2027  8753 

7437  8688 

i:i9  0957 

510  1772 

0.605 

‘1888  7796 

*6927  6916 

-i;«)  4176 

-478  3474 

6 

1758  3620 

6449  3442 

1 

122  2101 

448  2438 

7 

1636  1519 

6001  1004 

114  4534 

419  7936 

8 

1521  6985 

5581  :1068 

107  1279 

392  9254 

9 

1414  5706 

5188  3814 

1 

100  2148 

367  5692 

0.700 

i  ‘1314  :i558 

1 

*4820  8122 

1  -93  6953 

-343  6568 

1 

1  1220  6605 

1 

4477  1554 

i 

1  87  5512 

321  1217  1 

2 

1  1133  1093 

1 

4156  0337 

1  81  7651 

‘299  8990  1 

3 

1051  3442 

;1856  1347 

1  I 

1  763  1958 

279  9‘260  1 

4 

>9750  2462 

3576  ‘2087 

1 

!  711  9817 

261  1417 

129 


TABLE  II — Continued 


X 

(mi¬ 

cron) 

*fX) 

At 

»(X) 

At 

i(X) 

0.706 

*9038  2646 

*3316  0670 

-663  8474 

-243  4868 

6 

8374  4171 

3071  5802 

618  6374 

226  9047 

7 

7766  7797 

2844  6766 

576  2013 

211  3399 

8 

7179  6784 

2633  3356 

6.36  3947 

196  7396 

9 

ms  1837 

2436  6060 

499  0783 

183  0526 

0.710 

*6144  1054 

*2253  6434 

-464  1181 

-170  2299 

1 

6679  9873 

2083  3136 

431  .38.68 

158  2242 

2 

5248  6015 

1925  0893 

400  7681 

146  9906 

3 

4847  84.34 

1778  0987 

372  1171 

1.36  4857 

4 

4475  7283 

1641  6130 

.346  .3601 

126  6679 

0.716 

m30  3762 

*1514  9451 

-320  3493 

-117  4982 

6 

3810  0269 

1397  4469 

297  0120 

108  9386 

7 

3613  0149 

1288  6084 

276  2401 

100  9529 

8 

3237  7748 

1187  6665 

264  9403 

93  6074 

9 

2982  8345 

1094  0481 

236  0239 

86  5692 

0.720 

*2746  8106 

*1007  4789 

-218  4068 

-801  0749 

1 

2628  4038 

•9273  7141 

'  202,0087 

740  9301 

2 

2326  3951 

8632  7840 

186  7637 

684  9780 

3 

2139  6414 

7847  8060 

172  6702 

632  9661 

4 

1967  0712 

7214  8509 

159  3898 

584  6121 

0.726 

*1807  6814 

•6630  2388 

-147  1483 

-539  7126 

6 

1660  6331 

6090  5262 

136  7849 

498  0339 

7 

1624  7482 

5692  4923 

126  2423 

469  3662 

8 

1399  5069 

6133  1271 

116  4661 

423  6082 

9 

1284  0398 

4709  6180 

106  4064 

390  2764 

130 


i(X) 

A2 

m 

>1199  5635 

-109  7588 

•4399  7755 

-402  5748 

1089  8047 

1000  4627 

3997  2007 

366  9512 

•9897  5843 

911  5982 

3630  2495 

334  3572 

8985  9861 

830  3247 

3295  8923 

304  5476 

8155  6614 

756  0240 

2991  3447 

277  2955 

•7399  6374 

-688  1251 

•2714  0492 

-252  3915 

6711  5123 

626  1011 

2461  6577 

229  6422 

6085  4112 

569  4660 

2232  0155 

208  8695 

5515  9452 

517  7720 

2023  1460 

189  9092 

4998  1732 

470  6063 

1833  2:168 

172  6096 

•4527  5669 

-427  5888 

•1660  6272 

-156  8316 

4099  9781 

:188  3697 

1503  7956 

142  4468 

3711  6084 

:152  6274 

1361  3488 

129  3371 

3358  9810 

320  0657 

1232  0117 

117  3942 

3038  9153 

1 

290  4128 

1114  6175 

106  5180 

•2748  5025 

-  ‘263  4188 

•1008  0995 

-966  1710 

2485  0837 

238  8,!i46 

•9114  8240 

876  0739 

2246  2291 

216  5093 

8238  7501 

794  1159 

2029  7198 

196  1901 

7444  6342 

719  5888 

1833  5297 

177  7199 

6725  0454 

651  8436 

•1655  8098 

-160  9365 

•6073  2018 

-590  2850 

1494  8733 

145  6912 

5482  9168 

534  3680 

1349  1821 

131  8478 

4948  5488 

483  5935 

1217  3343 

119  2821 

4464  9553 

437  5045 

1098  0522  1 

1078  7994 

4027  4508 

i 

395  6834 

TABLE  II — Continued 


(mi¬ 

cron) 

1(X) 

M  1 

1?(X) 

Ag 

0.780 

•9901  7226 

-975  3712 

*3631  7674 

-367  7480 

1 

8926  .3514 

881  5850 

.3274  0194 

323  .3489 

2 

8044  7664 

796  5709 

•2950  6705 

m  1674 

3 

7248  1955 

719  5341 

•2658  5031 

263  9117 

4 

6.528  6614 

649  7496 

•2394  5914 

238  3161 

0.786 

»5878  9118 

-586  5557 

*2156  2753 

-215  1377 

6 

5292  3561 

529  3487 

1941  1376 

194  1552 

7 

4763  0074 

477  5786 

1746  9824 

175  1669 

8 

4285  4288 

4.30  7437 

1571  8156 

157  9888 

9 

3854  6851 

.388  3875 

H13  8267 

142  4533 

0.790 

>.3466  2976 

-360  0936 

*1271  3734 

- 128  4078 

*  1 

3116  2040 

315  4839 

1142  9656 

115  7136 

2 

•2800  7201 

284  2134. 

1027  2520 

1042  4421 

3 

2516  5067 

255  9690 

•9230  0779 

938  8468 

4 

2260  5377 

230  4659 

8291  2311 

845  .3067 

0.795 

*2030  0718 

-207  4449 

•7445  9254 

-760  8693 

6 

1822  6269 

186  6710 

6685  0561 

684  6745 

7 

1635  9559 

167  9306 

6000  3816 

615  9381 

8 

1468  0253 

151  0296 

5384  4435 

553  9485 

9 

1316  9957 

135  7922 

48.30  4950 

498  0605 

0.800 

*1181  2035 

-122  0586 

•4332  4345 

-447  6885 

1 

1059  1449 

1096  8433 

.3884  7460 

402  3015 

2 

•9494  6057 

985  .3779 

3482  4445 

■361  4183 

3 

8.509  2278 

885  0031 

.3121  0262 

.324  6026' 

4 

7624  2247 

794  6409 

2796  4236 

291  4595 
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(mi¬ 

fix) 

At 

cron) 

mM 

0.830 

'4041  1029 

-442  4226 

'1482  2013 

-162  2724 

1 

3698  6803 

394  6602 

1319  9289 

144  7503 

2 

3204  0301 

361  9683 

1176  1786 

129  0918 

3 

2862  0718 

313  8166 

1046  0868 

1151  0171 

4 

1 

2538  2662 

279  7456 

•9309  8509 

1026  0646 

0.836 

'2268  5106 

-249  3203 

•8283  7963 

-914  4604 

6 

2009  1903 

222  1662 

7369  3369 

814  8276 

7 

1787  0341 

197  9093 

6654  5083 

726  8946 

8 

1689  1248 

176  2714 

5828  6137 

646  6307 

9 

1412  8634 

166  9661 

5182  0830 

575  7222 

0.840 

'1266  8873 

-139  7456 

1 

•4606  3608 

-512  5611 

1 

1116  1417 

1243  8863 

4093  7997 

456  2342 

2 

•9917  6307 

1106  9623 

3637  5656 

406  0131 

3 

8810  5684 

984  9083 

3231  6624 

361  2460 

4 

7826  6601 

876  1329 

2870  3064 

321  3493 

0.845 

•6949  6272 

-779  2129 

•2648  9671 

-286  8007 

6 

6170  3143 

692  8745 

2283  1564 

264  1336 

7 

5477  4398 

615  9794 

2009  0229 

226  9298 

8 

4861  4604 

547  6092 

1783  0931 

200  8161 

9 

4313  9612 

486  6636 

1582  2770 

178  4588 

0.860 

i 

I  •3827  3976 

-432  2996 

•1403  8182 

-168  6696 

1 

3396  0980 

384  0203 

1246  2587 

140  8615 

2 

3011  0777 

341  0669 

1104  4072 

1260  9097 

3 

2670  0108 

1  302  8695 

•9793  1023 

1110  8324 

4 

2367  1513 

1 

i 

1  268  8810 

8682  2699 

986  2052 

i 

I 

I 


TABLE  11 — CotUinued 


X 

(mi¬ 

cron) 

1(X) 

Sf 

D(X) 

Ap  »(X)  1 

0.855 

•2098  2703 

•7696  0647 

-  ‘238  6691 

-875  3940 

6 

1859  6012 

6820  6707 

211  8121 

776  8872 

7 

1&17  7891 

6043  7835 

187  9419 

689  3361 

K 

1459  8472 

5354  4474 

166  7309 

611  5376 

0 

1293  1163 

4742  9098 

1 

147  8863 

542  4193  1 

0.860 

•1145  2300 

•42UU  49U5 

-;31  1475 

-481  0247  i 

1 

1014  0825 

3719  4658 

! 

1162  8214 

426  5013  1 

2 

•8978  0036 

:i2ir2  9645 

i 

1030  8308 

378  0895  { 

3 

7947  1728 

2914  8750 

' 

913  6577 

:135  1127  1 

4 

703;i  5151 

2579  76‘23 

809  6589 

-296  9678  1 

0.865 

•622:1  8562 

•2282  7945 

! 

1 

-717  3705 

-‘263  1181  1 

6 

5506  4857 

2019  6764 

635  4894 

233  0857  1 

7 

4870  9963 

1786  5907 

I 

562  8557 

206  4450  1 

8 

4308  1406 

1580  1457 

i 

498  4370 

182  8174  1 

9 

:1809  7a36 

1397  3283 

441  3147 

161  8660  I 

0.870 

•:i:i68  3889 

•1235  4623 

-390  6716 

-143  2911  1 

1 

2977  7173 

1092  1712 

:145  ,7812 

1268  2608  ' 

2 

‘2631  9361 

'•9653  4512 

:105  9971 

1122  3404  1 

3 

2:125  9390 

8531  1108 

1 

270  7449 

993  0416  i 

4 

2055  1941 

7538  0692 

239  5137 

878  4917  i 

0.875 

>1815  6804 

'•6659  5775 

-211  8501 

-777  0266  , 

6 

1603  8303 

5882  5509 

1 

187  3506 

687  1673 

7 

1416  4797 

5195  3836 

165  6573 

007  6002  ' 

8 

1250  8224 

4587  7834 

1 

146  4521 

537  1588  : 

9 

1104  3703 

4050  6246 

1-294  5238 

474  8073  i 

136 
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TABLE  II — Coniinued 


i 

(mi* 

cron 

P(X) 

Af 

l>(x) 

Ail 

*(x) 

A2 

0.880 

‘•9749  1792 

‘•3576  8173 

-1144  0764 

-419  62.59 

1 

8605  1028 

3156  1914 

1010  9525 

.370  7986 

2 

7504  1503 

2786  3929 

893  1774 

327  6009 

3 

6700  9729 

•2457  7920 

788  9989 

289  3901 

4 

5011  9740 

2168  4019 

696  8628 

255  5962 

0.885 

>•5215  1112 

‘•1912  8057 

-616  .3904 

-225  7138 

6 

4509  7206 

1687  0019 

•  543  .3596 

199  2942 

7 

4066  3612 

1487  7977 

-■ 

479  6865 

175  9400 

8 

3676  6747 

1311  8577 

423  4101 

155  2901 

9 

3153  2643 

1156  5586 

.373  6803 

1.37  0590 

0.890 

‘•2779  6640 

‘•1019  4996 

-.329  7416 

-1209  4299 

1 

2449  8425 

“8985  5661 

290  9259 

1067  0620 

2 

2158  0166 

7918  5041 

■256  6415 

941  3134 

3 

1902  2751 

6977  1907 

226  .3642 

8.30  2016 

4 

1675  9109 

6146  9291 

199  6297 

732  2046 

0.805 

‘•1476  2812 

“5414  7245 

-176  0271 

-645  6347 

6 

1300  2541 

4769  0898 

. 

155  1929 

.560  2184 

7 

1145  0612 

4199  8714 

136  8048 

.501  7749 

8 

1008  2564 

.3698  0965 

1205  7856 

442  2595 

0 

“8876  7784 

3256  8370 

1062  6177 

.389  7484 

0.900 

“7814  1607 

“2866  0886 

Note:  The  eupencripts  refer  to  the  number  of  »eroe  between  the  given  number  and  the 
decimal  point. 


Pio.  2.  Comparison  of  calculated  and  C.I.E.  values  for  i.  Curve  Fio.  3.  Comparison  of  calculated  and  C.I.E.  values  for  i. 

ialculated,  points  represent  the  standard  tabulated  values. 
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Pio.  4.  Comparisoo  of  calculated  and  C.I.E.  values  for  a 


3.  Integration 

One  of  the  principal  advantages  of  the  new  functions  is  that  they  allow  ana¬ 
lytic  integrations.  In  practice,  these  integrations  may  be  divided  into  two 
principal  classes,  giving 

(a)  Specification  of  radiation  from  a  source, 

(b)  Specification  of  radiation  reflected  from  a  surface  or  transmitted  through 
a  medium. 

The  radiation  from  a  source  may  be  represented  in  some  cases  by  a  power 
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Or  it  may  be  approximated  by  a  Fourier  series: 

The  best  representation  of  blackbody  radiation  is  Planck’s  equation, 


m  =  S' 


1 


exp  (Cj/XT)  —  1 

which  may  be  written, 

J0<)  =  ^'[exp  (-Ci/XT)  +  exp  {-2Ci/XT)  +  exp  (-3CVXT)  +  •  •  •  j. 
Also  to  be  considered  is  the  Wien  equation, 


y(X)  =  ^‘exp  (-Cj/XT), 


(11) 


(12) 


(13) 


(14) 


which  is  identical  with  the  first  term  of  the  Planckian  expansion,  Eq.  (13). 

All  of  these  equations  can  be  integrated  analytically  when  used  with  weighting 
functions  having  the  form  of  Eq.  (4).  Table  III  lists  the  expressions  obtained 
by  integration  of  Eq.  (1)  with  various  functions  for  JiX)  and  with  weighting 
functions  represented  by  Ek).  (4).  The  fundamental  formula  that  is  used  in  all 
cases  is 

f  x"e~“*dx  =  . 

Jo  o’-+* 


(15) 


The  formulas  of  Table  III  apply  directly  where  tc(X)  is  any  one  of  the  four 
functions:  2(X),  2b(X),  ic(X),  or  f?.»(X).  To  obtain  the  integral  for  the  peculiar 
part  of  the  |;-function  beyond  0.63m,  however,  it  seems  best  to  approximate  the 
difference  between  Va^X)  and  ^(X)  by  a  new  function®  which  will  be  called  §d{X): 

yoW  *=  gAix)  -  i/(x).  (16) 

The  difference  is  foimd  to  be  closely  approximated®  by  a  function  of  the  form  of 
Eq.  (4).  The  constants  ^re  given  in  Table  I. 

If  the  radiation  is  reflected  from  a  selectively  absorbing  surface  having  the 
spectral  reflectance  p(X),  Eq.  (3)  becomes 

X  =  p(X)f(X)J(X)dX, 

F  =  j[  pixygwWdK  (17) 

Z  -  f  p(X)i(X)J{X)dX. 

Jo 

The  trichromatic  specification  of  radiation  transmitted  through  a  material  hav¬ 
ing  the  spectral  transmittance  r(X)  is  obtained  from  Elq.  (17)  by  substituting 
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t(X)  for  p(X).  These  conditions  are  included  in  Table  III.  The  functions  used 
to  represent  p(X)  and  t(X)  are  the  power  series,  the  Fourier  series  and  the  Pear¬ 
son  Type  Y  function.* 

Table  III  allows  the  evaluation  of  colorimetric  integrals.  The  complete  tri¬ 
chromatic  specification  of  a  given  radiation  requires  the  evaluation  of  five  in¬ 
tegrals  obtained  by  using  for  tp(X)  the  five  functions:  2(X),  Xa(X),  ic(X),  y^tX), 
and  yD(X).  The  coordinates  in  the  affine  3-sp>ace  are  then  obtained  from  the 
relations: 


X  =  Xx  +  Xc  -  X.. 
F  =  -  Fd  , 


(18) 


where  the  subscripts  refer  to  the  subscripts  on  the  weighting  functions  and  Z  is 
obtained  by  integration  with  the  weighting  function  2(X). 

The  gamma  function  is  employed  in  all  the  expressions  of  Table  III.  Values 
of  this  function  can  be  obtained  from  Peters’  table,*  though  rather  laborious 
interpolations  are  usually  necessary.  To  minimize  the  computations  required 
in  the  routine  use  of  Table  III,  we  have  made  the  necessary  interpolations  and 
have  listed  the  gamma  function  in  Table  IV.  Ten  decimal  places  were  employed 
in  the  interpolation,  values  being  read  from  Peters’  table  and  Newton’s  formula 
being  used  with  fourth  differences.  The  final  values  were  rounded  off  to  8  fig¬ 
ures.  The  table  runs  from  (p  —  5)  to  (p  +  10).  If  other  values  are  needed, 
they  can  be  found  very  easily  by  means  of  the  recurrence  formulas,* 

log  r(x  +  1)  =  log  r(x)  4-  log  X, 

(19) 

log  r(x  -  1)  =  log  r(x)  -  log  (x  -  1). 

Example  1. 

Given  log  r(p)  -  776.70W2  :i«193  for  2,  for  which  p  -  .365.:i;«!W0  (Table  I).  What  is  log 
r(P+  D? 

log  I’(p)  .  776.70&42  3819.3 
log  p  -  2.56269  57979 


By  Kq.  (19), 

log  r(p  +  1)  -  779.26811  96172. 

Example  t. 

Determine  the  trichromatic  coordinates  X,  Y',  X  for  the  radiation: 


J(\)  -  KiX*. 

According  to  Table  III, 

log  (L/A'i)  -  log  .1  -I-  log  l’(p  -  3)  -  (p  -  3)  log  q. 
For  X,  by  Tables  I  and  IV, 

log  A  -  32.75280, 

p  -  365.33880, 

log  q  -  2.21735  38996, 

log  r(p  -  3)  -  769.02449  178. 


TABLE  III 
Integralt 

tc(X)y (X)<iX,  M>(X)  -  #(X)(A/X')  exp  (—q/\)  or  ip(X)  -  r(X)  (A A')  exp  (— 9A). 


(VIII)  Power  eerie* 
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Thus, 


In  a  similar  manner, 

KJKr  - 
Xc/K,  - 
-X,/K^  - 


log  .4  - 

log  r(p  -  3)  - 
(p  -  3)  log  q 

log  (Z/A'i) 
or  Z/Kt  - 


0.004828  635 
0.031664  101 
0.001266  06» 


32.75260  000 
769.02440  178 
-803.43335  116 


8.34374  062  -  10 
0.022066  864. 


TABLE  IV 


The  gamma  function 


i(X) 

1  *s(X) 

^r(X) 

1  t/A(h) 

1 

Wo(X) 

p 

365.3388 

1  500.0000 

336.0385 

1 

182.1905 

1013.5000 

log 

r(p  - 

» 

774.1439 

1840 

1128.6893 

3799 

699.6352 

2470 

329.7328 

7408 

2602.1357 

3502 

log 

r(p  - 

2) 

771.5836 

0662 

1125.9921 

0864 

697.1114 

2818 

327.4771 

4219 

2599.1307 

6913 

log 

r(p  - 

3) 

769.0244 

9178 

1123.2957 

5225 

694.5889 

3374 

325.2238 

2721 

2506.1262 

3282 

log 

r(p  - 

4) 

766.4665 

7718 

1120.6002 

7058 

692.0677 

4529 

322.9729 

4266 

2503.1221 

2641) 

log 

r(p  - 

5) 

763.9098 

6615 

1117.9056 

6538 

689.5478 

6679 

320.7245 

0223 

2500.1184 

5059 

log 

r(p) 

776.7054 

2382 

1131.3874 

3853 

702.1603 

1942 

331.9910 

0950 

2605.1411 

3005 

log 

r(p  + 

1) 

779.2681 

1962 

1134.0864 

0854 

704.6867 

0846 

334.2515 

3523 

2608.1469 

5381 

log 

r(p  + 

2) 

781 .8320 

0254 

1136.7862 

4626 

707.2143 

8797 

336.5144 

3818 

2611.1532 

0586 

log 

r(p  + 

3) 

784.3970 

6934 

1139.4869 

4998 

709.7433 

5414 

338.7797 

0541 

2614.1598 

8578 

log 

r(p  + 

4) 

786.9633 

1681 

1142.1885 

1796 

712.2736 

0315 

341.0473 

2411 

2617.1669 

9317 

log 

r(p  + 

6) 

789.5307 

4174 

1144.8909 

4850 

714.8051 

3124 

343.3172 

8163 

2620.1745 

2759 

log 

r(p  + 

6) 

792.0993 

4096 

1147.5942 

3988 

717.3379 

3465 

345.5895 

6543 

2623.1824 

8862 

log 

r(p  + 

7) 

794.6691 

1129 

1150.2983 

9039 

719.8720 

0965 

347.8641 

6313 

2626.1908 

7585 

log 

r(p  + 

8) 

797.2400 

4958 

1153.0033 

9835 

722.4073 

5251 

350.1410 

6245 

2629.1996 

8886 

log 

r(p  + 

9) 

799.8121 

5271 

1155.7092 

6207 

724.9439 

5956 

352.4202 

5127 

2632.2089 

2723 

log 

r(p  + 

10) 

802.3854 

1755 

1158.4159 

7985 

|727.4818 

2711 

354.7017 

1758 

2635.2185 

9055 

By  Eq.  (18),  X/Kt  -  0.035226  667 

Also, 

Ya/K»  -  0.033949  650 

-  Kx/Xt  -  -0.000333  305 


and  by 

Eq.  (18),  Y/Kt  -  0.033616  345. 

The  foregoing  calculations  determine  the  trichromatic  coordinates  for  any  value  of  the 
coefficient  Kt . 


Since  Ranckian  radiation  is  employed  as  a  foundation  for  all  investigations  of 
incandescent  radiators,  its  practical  importance  is  considerable.  Table  V  lists 


TABLE  V 
Planekian  radiation 


T 

CK) 

UT 

(mireds) 

X 

(konigs/m*) 

Y 

(youngs/m*) 

Z 

(priests/m*) 

1000 

1000 

>262 

948 

‘134 

396 

*944 

996 

1023 

977 

^22 

666 

‘227 

210 

*183 

561 

1126 

888 

•322 

323 

•182 

430 

*264 

347 

1143 

876 

•443 

666 

•263 

336 

*384 

659 

1200 

833 

1.16 

911 

•680 

668 

‘133 

424 

1286 

777 

4.18 

939 

2.56 

049 

‘706 

159 

1333 

760 

7.98 

Oil 

4.98 

249 

•162 

570 

1400 

714 

18.3 

333 

11.7 

642 

•685 

966 

1421 

704 

23.4 

134 

16.1 

764 

•666 

317 

1600 

667 

56.6 

036 

37.1 

962 

2.01 

486 

1666 

643 

97.0 

509 

66.3 

027 

4.14 

918 

1600 

626 

147. 

480 

102. 

394 

7.13 

927 

1760 

671 

519. 

527 

379. 

277 

36.5 

438 

1800 

666 

766. 

356 

659. 

973 

69.3 

661 

2000 

600 

281 

2.39 

220 

2.97 

326. 

034 

488 

367 

2.88 

290 

9.86 

460. 

638 

460 

924 

4.33 

761 

8.78 

162 

0.36 

446 

106 

56.3 

874 

9.23 

180 

4.76 

2333 

429 

164 

29.9 

129 

97.9 

294 

6.99 

400 

306 

22.8 

266 

56.7 

713 

6.53 

2667 

376 

569* 

24.2 

497 

30.3 

154 

96.3 

367 

861 

21.9 

779 

41.9 

269 

92.1 

2842 

362 

978 

71.1 

890 

30.4 

318 

08.2 

2867 

360 

102 

.398 

933 

16.7 

.  337 

07.8 

.3000 

333 

163 

506 

142 

131 

666 

42.9 

3333 

300 

346 

514 

330 

671 

160 

296 

.3600 

286 

492 

209 

476 

429 

260 

578 

4000 

260 

119 

124‘ 

118 

266‘ 

767 

515 

222 

238 

696* 

241 

170* 

183 

810' 

4667 

214 

291 

556‘ 

296 

854‘ 

236 

019‘ 

200 

418 

721‘ 

427 

826‘ 

370 

389‘ 

167 

986 

072* 

101 

820* 

106 

426* 

6667 

160 

162 

436* 

167 

840* 

180 

949* 

143 

184 

129* 

190 

731* 

227 

376* 

126 

297 

294* 

307 

689* 

403 

813* 

111 

436 

254* 

449 

379* 

634 

293* 

10000 

100 

594 

769* 

612 

190* 

914 

611* 

14000 

714 

139 

096* 

141 

480* 

242 

572* 

60.0 

285 

807* 

287 

271* 

640 

902* 

Note:  The  superacripts  refer  to  the  number  of  leros  between  the  given  numbers  and  the 
decimal  point.  For  instance,  at  T  —  1000,  X  ‘262048  ■  0.0262948.  At  T  *  20000,  X  •• 


286807*  -  286,807,000. 
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the  trichromatic  specifications  of  Planckian  radiation  at  a  number  of  tempera¬ 
tures.  The  international  temperature  scale  is  used*  and 

Cl  =*  3.6970  X  10*  watt  m“*  micron*, 

Cs  =  14320  micron-degree. 

Calculations  were  made  by  use  of  Eq.  (12)  and  the  integration  formula  (Table 

III): 

log  L  »  log  -I-  log  Cl  +  log  r(p  +  4)  -  (p  -H  4)  log  (g  +  nCt/T).  (20) 

TABLE  VI 

Calculation  for  Planckian  radiation,  T  HOOO'‘K 
log  Z.  -  828.28376  626  -  (p  +  4)  log  (q  +  nCt/T),  (p  -H  4)  -  369.33880,  q  -  164.95060, 
Ct/T  -  1.0228  67142 


n 

(q  +  nCt/T) 

log  (q  + 
nCj/T) 

(p  -f  4)  1m 
iq  +  nCt/T) 

log  Z. 

Zn 

1 

166.97  34571 

2.1744 

980  X  10* 

2 

166.99  63143 

2.2483 

932  X  10* 

3 

168.01  91714 

2.3572 

369  X  10* 

4 

169.04  20286 

2.22799  46957 

822.88488  732 

5.39887  894 

108  X  10* 

5 

823.85253  857 

4.43122  769 

2.6091 

541  X  10* 

6 

171.08  77429 

2.9469 

7 

437  X  1 

8 

36.543 

778 

9 

4.1491 

m 

9.76786  438-10 

0.58595  516 

Z  -  2.4257  180  X  10* 

priests/m* 

At  low  temperatures,  the  Wien  formula,  Eq.  (14),  is  employed  and  results  are 
obtained  very  simply.  At  higher  temperatures,  a  number  of  components  of  the 
Wien  type  must  be  calculated.  The  number  of  terms  required  for  8-figure 
accuracy  is  as  follows:  ^ 

T  -  20,000°K,  14  terms; 

T  =“  14,000,  10  terms; 

T  *  6000,  6  terms; 

T  »  3000,  2  terms. 

When  a  smaller  number  of  significant  figures  is  required,  the  number  of  terms 
needed  in  the  Planck  series  can  be  greatly  reduced. 

Table  VI  is  an  e.\ainple  showing  the  calculation  for  T  «  14,000°^'.  A  helpful  feature  of 
such  computations  is  that  they  apply  also  to  other  temperatures.  Addition  of  the  terms 
for  n  -•  2,  4,  6,  8,  10  gives  Z  for  7000*’/ir.  Addition  of  terms  for  n  >  3,  6,  9  gives  Z  for  T 
-i  14000/3.  In  this  w'ay,  the  single  table  gives  Z  for  14000°,  7000°,  4667°,  3500°,  2800°, 
23.33°,  2000°,  1750°,  etc. 
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Since  J(X)  specifies  the  radiation  at  the  hlackbody  (watts  per  micron  radiate<l 
by  the  blackbody  per  sq.m  of  blackbody  opening),  the  X,  Y,  Z  of  Table  V  apply 
also  to  this  condition.  That  is,  they  specify  in  absolute  units  the  trichromatic 
coordinates  for  the  Planckian  radiator.  No  names  have  been  standardized  for 
these  units,  though  we  have  suggested^  the  names  young  I  konig/m',  and 
priestfm**  The  quantity  Y  in  Table  V  is  expressed  in  youngs/m*,  which  can 
be  converted  to  lumens/m*  by  multiplying  the  tabulated  value  by  647.8  (See 
Section  2).  A*  is  a  measure  of  the  amount  of  red  light  and  is  expressed 
in  konigs/m*,  while  Z  is  a  measure  of  the  amount  of  blue  light  and  is  expressed 
in  priests/m*. 

4.  Standard  Distributions  for  Illuminants 

In  specifying  the  radiation  reflected  from  a  surface  or  transmitted  through  a 
filter,  one  must  designate  not  only  the  spectral  properties  of  the  material  but  also 
the  spectral  curve  of  the  incident  radiation.  In  colorimetry,  therefore,  it  has 
been  customary  to  fix  certain  standard  distribution  curves*  for  the  illuminant. 
There  is  advantage  in  having  two  such  standard  spectral  distributions,  one  repre¬ 
senting  average  artificial  light  and  the  other  average  daylight.  We  suggest* 
the  two  distributions: 

Distribution  A*  =  Planckian  radiation  at  7&\2°K  (Ct  14,320). 

Distribution  B'  »  Planckian  radiation  at  7000°/C  (Ct  =  14,320). 

Tabulated  values  for  these  two  distributions  are  listed  in  Table  VII.  The 
computations  were  made  at  wavelength  intervals  of  0.001m,  using  I^anck’s 
equation.  Ten  figures  were  employed,  and  values  were  checked  by  means  of 
third  differences.  Values  were  then  rounded  off  to  8  figures. 

Table  VII,  being  obtained  directly  from  Eq.  (12),  is  in  absolute  units  (watt 
tn~*  micron  ~*).  If  a  blackbody  w'ere  used  as  a  standard  illuminant,  the  values 
of  Table  VII  would  apply  only  if  the  sample  were  placed  within  the  blackbody 
enclosure  or  at  its  opening.  When  used  at  some  distance  from  the  blackbody, 
the  sample  would  receive  less  radiation  at  all  wavelengths  than  indicated  by 
Table  VII.  The  resulting  spectral-distribution  curve  wrould  have  the  same 
shape  as  that  given  by  the  table,  but  all  ordinates  would  be  reduced  by  a  con¬ 
stant  factor  determined  by  the  geometry  of  the  set-up.  When  the  illuminant  is 
an  incandescent  lamp  wdth  filter,  the  absolute  values  of  Table  VII  become  of 
even  less  significance.  On  the  whole,  however,  it  seems  better  to  tabulate 
absolute  values  than  to  employ  the  traditional  method  of  keeping  everything  on  a 
relative  basis. 

Example. 

What  isJ(X)  for  Illuminant  4'  and  with  X  —  0.5Ma? 

For  T  -  2842“/:, 

•  See  J.  Opt.  Soc.  Am.,  1»46,  p.  120. 


148 


PABRY  MOON  AND  DOMINA  EBERLE  SPENCER 


TABLE  VII 


Hropoaed  itandard  dutributioiu 
Ct  -  3.6070  X  10*.  Ct  -  14320 


X 

A'  (T  -  2842*Jr) 

B'  (T  -  7000'’JC) 

(micron) 

J0<) 

(watt  m~*  micron"*) 

Ay(x) 

(watt  m~*  micron"*) 

Ay(X) 

0.360 

5.102  4262 

1 

2.068 

9287 

X  10« 

1  +128 

6638 

X 

10* 

+4 

0266 

1 

5.231  0790 

i 

j  130 

9647 

2.092 

9602 

3 

9334 

2 

6.362  0337 

133 

2762 

2.096 

8836 

3 

8411 

3 

6.496  3089 

'  136 

6161 

2.100 

7247 

3 

7490 

4 

6.630  9240 

187 

9740 

2.104 

4737 

3 

6677 

0.366 

5.768  8980 

1 

1 

140 

3619 

2.106 

1314 

3 

5668 

6 

6.909  2499 

142 

7483 

2.111 

6082 

3 

4764 

7 

6.061  9083 

146 

1632 

2.116 

1746 

3 

3867 

8 

6.197  1616 

147 

6063 

2.118 

1 

5613 

3 

2974 

9 

6.344  7678 

160 

0473 

2.121 

8587 

3 

2068 

0.370 

6.494  8061  j 

1 

162 

6160 

2.126 

0675 

i 

3 

1206 

1 

6.647  3211 

165 

0021 

2.128 

1861 

1 

'  3 

0331 

2 

6.802  3232 

j 

167 

6064 

2.131 

2212 

i 

2 

9461 

3 

6.959  8286 

I 

160 

0256 

2.134 

1673 

2 

8608 

4 

7.119  8642 

162 

5623 

2.137 

0271 

2 

7740 

0.376 

7.282  4166 

166 

1166 

2.180 

8011 

2 

6687 

6 

7.447  .  5321 

167 

6848 

2.142 

4898 

2 

6042 

7 

7.616  2169  ! 

1 

170 

2698 

2.145 

0940 

2 

5201 

8 

7.786  4867 

172 

8706 

2. 147 

6141 

2 

4367 

9 

7.968  3672  j 

175 

4863 

2.160 

0506 

2 

3538 

TABLE  Ml— Continued 


8.311  9606 
8.492  7231 
8.676  1454 
8.862  2416 

9.051  0252 
9.242  5100 
9.436  7089 
9.633  6347 
9.833  3001 

10.03  6717 
10.24  0896 

10.44  8863 
10.65  9505 
10.87  3134 

11.06  9481 
11.30  8645 
11.53  0638 
11.76  6467 
11.98  3144 

12.21  3675 

12.44  7071 
12.68  3330 
12.92  2487 
13.16  4622 


178  1171 
180  7625 
183  4223 
186  0961 
188  7837 

191  4848 
194  1989 
196  9258 
199  6654 
202  4170 

20  5181 

20  7955 

21  0742 
21  3539 
21  6347 

21  9164 

22  1993 
22  4829 

22  7677 

23  0531 

23  3396 
23  6268 

23  9148 

24  2035 
24  4929 


2.154  6763 
2.156  8663 
2.158  9754 
2.161  0041 


2.162  9530 
2.164  8228 
2.166  6140 

2.168  3273 

2.169  9634 


2.171  5228 

2.173  0062 

2.174  4142 

2.175  7474 
2.177  0064 


2.178  1920 

2.179  3047 

2.180  3451 

2.181  3139 

2.182  2117 


2.183  0392 

2.183  7969 

2.184  4856 

2.185  1058 
2.185  6581 


0.385 

6 

7 

8 
9 


0.390 

.  1 

•  2 

3 

4 


0.395 

6 

7 

8 
9 


0.400 

1 

2 

3 

4 
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A'  (T  -  2842°JC) 

B'  {T  -  7000°K) 

(micron) 

J(\) 

(watt  m“*  micron"*) 

AJ(X) 

JW 

(watt  m"*  micron"*) 

AJ(\) 

0.405 

13.40 

9451  1 

24 

78.32  1 

2.186 

1433 

4185 

«  I 

13.65 

7283  j 

-26 

1 

0739  i 

2.186 

.3618 

3527 

7 

13.90 

8022  1 

i 

25 

3654  1 

2.186 

9145 

1 

2873 

8 

14.16 

1676  1 

25 

6573  1 

2.187 

-2018 

2-226 

9 

14.41 

8249 

25 

9498 

2.187 

4244 

1.586 

0.410 

14.67 

7747 

26 

2428 

2.187 

58.30 

0951 

1 

14.94 

0175 

26 

5364 

2.187 

6781 

+0323 

2 

15.20 

5530  { 

26 

8302 

2.187 

7104  j 

-0299 

3 

16.47 

.3841 

27 

1246  1 

2.187 

6805  1 

0915 

4 

16.74 

5087 

27 

4193  { 

2.187 

.5890  1 

1524 

0.416 

16.01 

9280 

27 

! 

7144 

2.187 

4366  1 

-2128 

6 

16.20 

6424  1 

28 

0096 

2.187 

223S  1 

1 

2726 

7 

16.67 

6520 

28 

3062  i 

2.186 

9512  1 

1 

3316 

8 

16.85 

9572 

28 

6011  1 

2.186 

6196 

3901 

9 

17.14 

5583 

28 

8970  i 

2.186 

2295 

4481 

0.420 

17.43 

4553 

29 

1932 

2.185 

7814 

-5053 

1 

17.72 

5486  ' 

29 

4895 

2.185 

2761 

.5621 

2 

18.02 

1380 

29 

7858 

2.184 

7140 

6181 

3 

18.31 

9238 

2.184 

0959 

.30 

0823 

6736 

4 

18.62 

0061 

.30 

.3787 

2.183 

1 

4223 

7284 

0.425 

18.92 

3848 

.30 

6750 

!  2. 182 

^  2.181 

6a39 

-7828 

6 

10.23 

0598 

30 

9715 

1 

9111 

8365 

7 

10.54 

0313 

31 

2877 

2.181 

! 

0746 

8896 

8 

19.85 

2990 

1 

I  <^1 

5639 

2.180 

1850 

9421 

9 

20.16 

8629 

1 

1 

1 

8598 

2. 179 

i 

2429 

1  9940 
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X 

A‘  (T  -  2842°J:) 

B'  (T  -  7000“Jf) 

(micron) 

^(X) 

(watt  m~*  micron'*) 

X/(\) 

/(X) 

(watt  m~*  micron'*) 

Ay(X) 

0.430 

20.48 

7227 

32 

1557 

2.178 

2489 

-1 

0454 

1 

20.80 

8784 

32 

4512 

2.177 

2035 

1 

0962 

2 

21.13 

3296 

32 

7466 

2.176 

1073 

1 

1463 

3 

21.46 

0762 

33 

0415 

2.174 

9610 

1 

1960 

4 

21.79 

1177 

33 

3363 

2.173 

7650 

1 

2450 

0.435 

22.12 

4540 

;i3 

6307 

2.172 

5200 

-1 

2936 

6 

22.46 

0847 

33 

9246 

2.171 

2264 

1 

3414 

7 

22.80 

0093 

34 

2181 

2.169 

8850 

1 

3888 

8 

23.14 

2274 

34 

5112 

2.168 

4962 

1 

4356 

9 

23.48 

7386 

34 

8038 

2.167 

0606 

1 

4818 

0.440 

23.83 

5424 

35 

0958 

2.165 

5788 

-1 

5275 

1 

24.18 

6382 

35 

3874 

2.164 

0513 

1 

5727 

2 

24.54 

0256 

35 

6782 

2.162 

4786 

1 

6172 

3 

24.89 

7038 

35 

9686 

2.160 

8614 

1 

6613 

4 

25.25 

6724 

I  36 

2583 

2.159 

2001 

1 

7048 

0.445 

25.61 

9307 

1 

5472 

2.157 

4953 

-1 

7477 

6 

25.98 

4779 

1 

1  ^ 
36 

8355 

2.155 

7476 

1 

7902 

7 

26.35 

3134 

37 

1230 

2.153 

9574 

1 

8321 

8 

26.72 

4364 

37 

4097 

2.152 

1253 

1 

8734 

9 

27.09 

8461 

37 

6957 

2.150 

2519 

1 

9143 

0.450 

27.47 

5418 

37 

9808 

2.148 

3376 

-1 

9547 

1 

27.85 

5226 

38 

2651 

2.146 

3829 

1 

9944 

2 

28.23 

7877 

38 

5484 

2.144 

3885 

2 

0338 

3 

.  28.62 

3361 

38 

8308 

2.142 

3547 

2 

0725 

4 

29.01 

1669 

39 

1123 

2.140 

2822 

2 

1106 

151 


1  TABLE  Ml— Continued 

A'  (T  -  2842‘’r) 

B'  (T  -  7000‘’D 

X 

(micron) 

/(X) 

(watt  m"*  micron  *) 

AJ(X) 

/(X) 

(watt  m~*  micron"*) 

AJ(X) 

0.455 

29.40  2792 

.30  3928 

2.138  1714 

-2  1480 

6 

29.79  0720  ' 

39  0723 

2.130  0228 

2  1850 

7  i 

1 

30.19  3443  1 

39  9507 

2.133  8309 

2  2226 

8 

30.59  2060  1 

40  2282 

2. 131  0143 

2  2500 

9 

30.90  5232  ! 

40  5044 

2.129  3553 

2  2947 

0.400 

31.40  0270  1 

1 

40  7790 

2.127  0000 

-2  3300 

1 

31.80  8072 

41  0530 

2. 124  7300 

2  3049 

2 

32.21  8008 

41  3204 

2.122  .3067 

2  3902 

3 

32.03  1872 

41  5081 

2.110  9005 

2  4331 

4 

.33.04  7853 

41  8085 

2.117  .53.34 

2  4005 

0.405 

.33.40  0538 

42  1377 

2.115  0009 

-2  4994 

!  0 

1 

33.88  7015 

42  4055 

2.112  5075 

2  5319 

I-  7 

34.31  1070 

42  0721 

2.110  0350 

2  5638 

,  8 

34.73  8001 

42  9374 

2.107  4718 

2  5955 

i  9 

.35.10  8005 

■ 

43  2013 

2. 104  8703 

2  6265 

0.470 

.35.00  0078 

43  4038 

2.102  2498 

-2  0572 

1 

30.03  4710 

1 

43  7249 

2.090  5020 

2  0873 

2 

30.47  1905 

1  43  9840 

2.090  9053 

2  7171 

3 

1  30.01  1811 

44  2428 

2.094  1882 

2  7404 

4 

j  37.35  4239 

44  4990 

2.091  4418 

2  7763 

0.475 

1 

37.79  9235 

44  7648 

2.088  0005 

-2  8037 

0 

38.24  0783 

45  0060 

2.085  8028 

2  8317 

7 

38.00  0809 

45  2008 

2.083  0311 

2  8503 

8 

j  39.14  9477 

1 

1  45  5116 

2.080  1718  . 

2  8865 

9 

!  39.00  4502 

i 

1  45  7005 

2.077  2853 

i 

2  9132 
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TABLE  YU—Continu€d 


A'  (r  -  2Ml°K) 


B'  (T  -  7000*JC) 


(micron) 


/(X) 

(watt  m~*  micron"*) 


Ay(X) 


J(X) 

(watt  m~*  micron"') 


Ay(x) 


0.480 

1 

2 

3 

4 

0.485 

6 

7 

8 
9 

0.490 

1 

2 

3 

4 

0.495 

6 

7 

8 
9 

0.600 

1 

2 

3 

4 


IK) 


TABLE  \ll— Continued 


X 

A'  {T  -  2842°ii:) 

1  B'  (T  7000*JC) 

(micron) 

J(S) 

(watt  mr*  micron”*) 

AJCX) 

y(x) 

(watt  m”*  micron"*) 

Xf{\) 

0.505 

52.26 

1439 

! 

6177 

1.994 

0070 

-3 

4726 

6 

52.77 

7616 

51 

8171 

1.990 

5344 

.3 

4893 

7 

53.29 

5787 

52 

0145 

1.087 

0451 

3 

5057 

8 

53.81 

5032 

52 

2098 

1.983 

5394 

3 

5217 

9 

54.33 

8030 

52 

4029 

1.080 

0177 

1 

5376 

0.510 

54.86 

2059 

52 

5042 

1.976 

1 

4801 

-3 

5529 

1 

55.38 

8001 

52 

7831 

1.972 

1 

9272 

3 

5681 

2 

55.91 

5832 

52 

9702 

1.969 

3501 

3 

5829 

3 

56.44 

5534 

53 

1549 

1.965 

7762 

3 

5974 

4 

56.97 

1 

7083 

.53 

3376 

1.062 

1788 

3 

6116 

0.515 

57.51 

0459 

53 

1 

5182 

1.958 

.5672 

-3 

6255 

6 

58.04 

5641 

.53 

6966 

1.954 

9417 

3 

6391 

7 

58.58 

2807 

53 

8729 

1.951 

.3026 

3 

6524 

8 

59.12 

1336 

54 

0471 

1.947 

6502 

3 

6655 

9 

50.66 

1807 

.54 

2189  1 

1.943 

9847 

i 

3 

6782 

0.520 

60.20 

3996 

54 

3887  1 

1.940 

3065 

! 

-3 

6906 

1 

60.74 

7883 

1 

54 

.5564  1 

1.9,36 

6159 

1  3 

7028 

2 

61.29 

3447 

54 

7217 

1.032 

9131 

3 

7147 

3 

61.84 

0664 

54 

8849 

1.920 

1984 

3 

7264 

4 

62.38 

9513 

55 

0458 

1.925 

4720 

3 

7376 

0.525 

62.93 

9971 

55 

2047 

1.921 

7344 

-3 

7487 

6 

63.49 

2018 

55 

.3612 

1.917 

9857 

3 

7596 

7 

64.04 

5630 

55 

5156 

1.914 

2261 

3 

7700 

8 

64.60 

0786 

55 

6677 

1.910 

4561 

3 

7804 

9 

65.15 

7463 

55 

8175 

1.906 

6757 

3 

7903 

IM 


TABLE  Wl—CotUinwd 


X 

A'  (T  -  2842°J:) 

B'  (T  -  7000'’JO 

(micron) 

/(X) 

(watt  m“*  micron“‘) 

XJ(\) 

^(X) 

(watt  »r*  micron"*) 

AJ(X) 

65.71 

5638  ! 

55 

9652 

1.902 

8854 

-3 

8002 

1 

66.27 

5290 

56 

1106 

1.899 

0852 

3 

8096 

2 

66.83 

6396 

1 

56 

2537 

1.895 

2756 

3 

8189 

3 

67.39 

8933 

56 

3946 

1.801 

4567 

3 

8279 

4. 

67.96 

2879 

1 

56 

5333 

1.887 

6288 

3 

8366 

0.535 

68.52 

8212 

56 

6696 

1.883 

7922 

-3 

8452 

6 

69.09 

4908 

56 

8037 

1.879 

9470 

3 

8535 

7 

69.66 

2945 

i  » 

9356 

1.876 

0035 

! 

3 

8615 

8 

70.23 

2301 

1 

i 

0652 

1.872 

2320 

3 

8693 

0 

70.80 

295:1 

1 

57 

1925 

1.868 

3627 

3 

8768 

0.540 

71.37 

4878 

57 

3175 

1.864 

4859 

-3 

8843 

1 

71.94 

8053 

57 

4403 

1.860 

6016 

3 

8913 

2 

72.52 

2456 

57 

5607 

1.856 

7103 

3 

8983 

3 

73.09 

8063 

57 

6790 

1.852 

8120 

3 

9049 

4 

73.67 

4853 

57 

7949 

1.848 

9071 

3 

9114 

0:545 

74.25 

2802 

57 

9085 

1.844 

9057 

-3 

9176 

6 

74.83 

1887 

1 

1 

68 

0200 

1.841 

0781 

^  3 

9236 

7 

75.41 

2087 

58 

1200 

1.837 

1545 

3 

9294 

K 

75.99 

3377 

58 

2358 

1.833 

2251 

3 

9351 

9 

,  76.57 

5735 

58 

3403 

1.829 

2900 

3 

9404 

0.550 

77.15 

9138  1 

58 

4427 

1.825 

3496 

-3 

9457 

1 

77.74 

3565  ; 

58 

5425 

1.821 

4039 

3 

9506 

2 

78.32 

mo 

58 

6408 

1.817 

4533 

3 

9554 

3 

.  78.91 

5393  ! 

58 

7356 

1.813 

4979 

3 

9600 

4 

79.50 

2749  i 

1 

58 

8288 

1.809 

5379  1 

1 

1 

3 

9643 

TABLE  VII— CoiUmued 


A'  (f  -  2»42‘’jr)  B'  (T  -  TWK) 


\ 


(micron) 

^(X) 

(watt  m“*  micron"*) 

^(X) 

(watt  m"*  micron"*) 

Ay(X) 

0.565 

80.09 

1 

1037 

1 

58 

0107 

1.805 

5736 

-3 

9686 

6 

80.68 

0234 

59 

0083 

1.801 

6050 

3 

9726 

7 

81.27 

0317 

50 

0945 

1.797 

6324 

3 

9764 

8 

81.86 

1262 

50 

1787 

1.793 

6560 

3 

0801 

0 

82.45 

3049 

50 

2604 

1.789 

6750 

3 

9835 

0.560 

83.04 

5653 

50 

3390 

1.785 

6924 

-3 

9868 

1 

83.63 

9052 

50 

4172 

1.781 

7056 

3 

9898 

2 

84.23 

3224 

50 

4921 

1.777 

7168 

3 

9928 

.3 

84.82 

8145 

50 

6650 

1.773 

7230 

3 

9965 

4 

85.42 

.3795 

50 

6354 

1.769 

7275 

3 

9081 

0.565 

86.02 

0140 

59 

7037 

1.765 

7294 

-4 

0005 

6 

86.61 

7186  1 

1.761 

7280 

• 

59 

7696 

4 

0027 

7 

87.21 

4882  j 

50 

8335 

1.757 

7262 

4 

0047 

8 

87.81 

3217  1 

59 

8950 

1.753 

7215 

4 

0066 

9 

88.41 

2167  1 

50 

9542 

1.749 

7149 

4 

0084 

0.570 

80.01 

1709 

60 

0114 

1.745 

7065 

-4 

0009 

1 

80.61 

1823 

i 

60 

0662 

1.741 

6066 

4 

0114 

2 

90.21 

2485 

60 

1188 

1.737 

6852 

4 

0126 

3 

00.81 

3673 

60 

1603 

1.733 

6726 

4 

0137 

4 

01.41 

5366 

1.720 

6580 

60 

2175 

4* 

0146 

0.675 

92.01 

7641 

60 

2635 

1.725 

6443 

-4 

0155 

6 

92.62 

0176 

60 

3073 

1.721 

6288 

4 

0161 

7 

93.22 

3240 

60 

3400 

1.717 

6127 

4 

0165 

8 

93.82 

6739 

60 

3884 

1.713 

5062 

4 

0170 

9 

94.43 

0623 

60 

4258 

1.700 

6702 

4 

0171 

TABLE  VII— CoiUifiMerf 


A'  (T  -  2842°iC)  1 

B’  (T  ~  7000°iC) 

(micron) 

y(x) 

(watt  m~*  micron"*) 

AJ(X) 

JW 

(watt  w*  micron"') 

AJ(X) 

0.580 

96.03 

4881 

60 

4608 

[  1.706 

1 

5621 

-4 

0172 

1 

95.63 

9489 

60 

4938 

1.701 

5449 

4 

0172 

2 

06.24 

4427 

60 

5245 

1.697 

5277 

4 

0160 

3 

96.84 

9672 

1 

60 

5532 

1.693 

5108 

4 

0166 

4 

97.45 

5204 

60 

5798 

1.689 

4942  , 

4 

0161 

0.585 

98.06 

1002 

60 

6040 

1.685 

4781 

-4 

0155 

6 

98.66 

7042 

60 

6264 

1.681 

4626 

4 

0148 

7 

99.27 

3306 

60 

6464 

1.677 

4478 

4 

0138 

8 

99.87 

9770 

60 

6644 

1.673 

4.340 

4 

0129 

9 

100.4 

8641 

6 

0681 

1.669 

4211 

4 

0118 

0.500 

101.0 

0322 

6 

0694 

1.665 

1 

4093 

-4 

0105 

1  1 

101.7 

0016 

6 

0706 

1.661 

3988 

4 

0091 

2 

102.3 

0722 

• 

1.657 

3897 

6 

0715 

4 

0077 

3 

102.0 

1437 

6 

0723 

1.653 

3820 

4 

0060 

4 

103.6 

2160 

6 

0729 

1.649 

3760 

4 

0043 

0.505 

104.1 

2889 

6 

0732 

1.645 

3717 

-4 

0025 

6 

104.7 

3621 

6 

0733 

1.641 

3602 

4 

0005 

7 

106.3 

4354 

6 

0733 

1.637 

3687 

3 

9984 

8 

105.0 

5087  .  1 

6 

0730 

1.633 

3703 

3 

9963 

0 

106.5 

6817 

6 

0725 

1.629 

3740 

.3 

9939 

107.1 

6542 

6 

0719 

1.625 

3801 

-3 

9016 

1 

107.7 

7261 

6 

0710 

1.621 

.3885 

3 

9801 

2 

108.3 

7971 

1.617 

3994 

- 

6 

0609 

3 

9865 

3 

108.9 

8670 

6 

0687 

1.613 

4129 

3 

9837 

4 

100.5 

0357 

6 

0672 

1.609 

4202 

1 

3 

9800 

167 


TABLE  Vll—CoHtinusd 


B'  (T  -  TOWiC) 


A'  (f  -  2842°iC) 

X  - 

(micron)  /(X) 

(watt  m~*  micron"*) 


110.2 

0029 

110.8 

0684 

111.4 

1321 

116.2 

5514 

116.8 

5897 

117.4 

6243 

121.0  7425 

121.6  7450 

122.2  74.36 
122.8  7362 
123.4  7232 
124.0  7045 

124.6  6799 


6  0637 
6  0616 


118.6 

6814 

6 

0221 

119.2 

7035 

6 

0177 

119.8 

7212 

t  \ 

6 

0131 

120.4 

7343  ^ 

6  0031 
5  9980 

5  9926 
5  9870 
5  9813 
5  9754 
5  9694 


168 


^(X) 

(watt  m"*  micron"*) 


1.546  1372 
1.542  2141 
1.538  2953 
1.534  3809 
1.530  4710 

1.526  5656 
1.522  6649 
1.518  7689 
1.614  8777 
1.510  9914 


3 

3 

9316 

3 

9275 

-3 

9231 

3 

9188 

3 

9144 

3 

9099 

3 

9054 

-3 

9007 

3 

8960 

3 

8912 

3 

8863 

3 

8814 

TABLE  VII— Con«tnM«d 


X 

A'  (T  -  2842"Jr) 

B'  (T  -  7000“J:) 

(micron) 

j 

J0<) 

(watt  m~*  micron”*) 

Ay(X) 

^(X) 

(watt  m~*  micron”') 

AJ(X) 

0.630 

125.2 

6493 

5 

9631 

1.507 

1100 

-3 

8764 

1 

125.8 

6124 

5 

9567 

1.503 

2336 

3 

8714 

2 

126.4 

5691 

5 

9501 

1.499 

3622 

3 

8662 

3 

127.0 

5192 

5 

9434 

1.495 

4960 

! 

3 

8610 

4 

127.6 

4626 

5 

9365 

1.491 

6350 

3 

8558 

0.635 

128.2 

3991 

5 

9294 

1.487 

7792 

-3 

8504 

6 

128.8 

3285 

5 

9222 

1.483 

9288 

3 

8451 

7 

129.4 

2507 

5 

9148 

1.480 

0837 

3 

8396 

8 

130.0 

1655 

5 

9073 

1.476 

2441 

3 

8341 

9 

130.6 

0728 

5 

8995 

1.472 

4100 

3 

8285 

0.640 

131.1 

0723 

5 

8917 

1.468 

5815 

-3 

8230 

1 

131.7 

8640 

5 

8836 

1.464 

7585 

3 

8172 

2 

132.3 

7476 

1.460 

9413 

5 

8755 

3 

8115 

3 

132.9 

6231 

5 

8671 

1.457 

1298 

3 

8057 

4 

133.5 

4902 

5 

8586 

1.453 

3241 

3 

7998 

0.645 

134.1 

3488 

5 

8500 

1.449 

5243 

-3 

7940 

6 

134.7 

1968 

5 

8412 

1.445 

7303 

3 

7880 

7 

135.3 

0400 

5 

8322 

1.441 

9423 

3 

7820 

8 

135.8 

8722  • 

5 

8232 

1.438 

16a3 

3 

7760 

9 

136.4 

6954 

5 

8139 

1.434 

3843 

i 

3 

7698 

0.650 

137.0 

5093 

5 

8045 

1.430 

6145 

-3 

7637 

1 

137.6 

3138 

5 

7950 

1.426 

8508 

i 

3 

7575 

2 

138.2 

1068 

5 

7854 

1.423 

0933 

3 

7513 

3 

'  138.7 

8942 

5 

7755  1 

1.419 

3420 

3 

7449 

4 

139.3 

6697 

5 

i 

7655  1 

1.415 

5971 

3 

7386 

159 


TABLE  VII — Continued 


(T  -  7000“JC) 


A’  (T  -  2842"ir) 


(micron) 

^(X) 

(watt  in”*  micTMi"*) 

^(X) 

/(X) 

(watt  mr*  mieron~*) 

^(X) 

0.6S5 

139.9 

4352 

5 

7665 

1.411 

8685 

-3 

7323 

6 

140.5 

1907 

5 

7452 

1.408 

1262 

3 

7258 

7 

141.0 

9^ 

5 

7348 

1.404 

4004 

3 

7194 

8 

141.6 

6707 

5 

7244 

1.400 

6810 

3 

7128 

9 

142.2 

3951 

i 

5 

7136 

1.396 

9682 

3 

•7063 

0.660 

142.8 

1087 

5 

7029 

1.393 

2619 

-3 

6997 

1 

143.3 

8116 

5 

6920 

1.389 

5622 

3 

6931 

2 

143.9 

5036 

5 

6810 

1.385 

8691 

3 

6864 

3 

144.5 

1846 

5 

6697 

1.382 

1827 

3 

6797 

4 

145.0 

8543 

5 

6685 

1.378 

5030 

3 

6730 

0.665 

145.6 

5128 

5 

6470 

1.374 

8300 

-3 

6662 

6 

146.2 

1508 

5 

6356 

1.371 

1688 

3 

6693 

7 

146.7 

7953 

5 

6238 

1.367 

5045 

3 

6626 

K 

147.3 

4191 

5 

6119 

1.363 

8519 

3 

6466 

9 

147.9 

0310 

5 

6001 

1.360 

2063 

3 

6387 

0.670 

148.4 

6311 

5 

5880 

1.356 

5676 

-3 

6318 

1 

149.0 

2191 

5 

5758 

1.352 

9358 

3 

6248 

2 

149.5 

7949 

5 

5635 

1.349 

3110 

3 

6178 

3 

150.1 

3584 

5 

5511 

1.345 

6932 

3 

6107 

4 

! 

160.6 

1 

9096 

5 

5385 

1.342 

0825 

3 

6037 

0.675 

161.2 

4480 

5 

5269 

1.338 

4788 

-3 

5966 

6 

161.7 

! 

9739 

5 

5132 

1.334 

8822 

3 

5894 

7 

162.3 

i 

4871 

5 

5003 

1.331 

2928 

3 

8 

152.8 

9874 

5 

4873 

1.327 

7106 

! 

3 

5751 

9 

153.4 

4747 

5 

4742 

1.324 

1364 

3 

5679 

160 


TABLE  VII— ConItnMd 


A'  (T  -  2®42®JO 

X  - 

(micron)  /(X) 

(watt  m“*  micron"*) 


A'  (r  -  •nooTK) 


154.5 

156.0 

8675 

165.6 

2918 

166.1 

7125 

156.7 

1106 

157.2 

5120 

167.7 

158.3 

8923 

2570 

158.8 

6094 

150.3 

9467 

150.0 

2608 

160.4 

5786 

160.9 

8729 

161.6 

1527 

63. 


163.6  1247 

164.1  .3304 

164.6  5211 

165.1  6966 

165.6  K560 

166.2  0018 

166.7  1313 


5 

4610 

5 

4476 

5 

4343 

5 

4207 

5 

4070 

5  3934 

5 

3794 

5 

3656 

6 

3515 

5 

3373 

5 

3231 

JW 

(watt  nr*  micron"*) 


5675 
.3 


1.313  4534 
1.300  9073 


5  2057 
5  1007 

5  1756 
5  1603 
5  1449 
5  1295 
5  1140 


1.290 

3129 

1.295 

7962 

1.292 

2868 

1.288 

7849 

1.247  3476 
1.243  9438 


-3  5607 
3  5634 
3  5461 
3  5388 
3  5315 

-3  5241  , 

3  5167 
3  5094 
3  5010 
3  4945 

-3  4870 
3  4796 
3  4721 
3  4645 
3  4570 

-3  4404 
3  4418 
3  4343 
3  4267 
3  4191 

-3  4114 
3 

3  3961 
3  3886  . 

3 


TABLE  Wl— Continued 


TABLE  VII — Continued 


X 

A'  (T  -  2842“JC) 

B’  (T  -  7000“^) 

(micron) 

J(X) 

(watt  m“*  micron”*) 

A/(X) 

^(X) 

(watt  m“*  microD”*) 

0.730 

170.4 

8397 

4 

6857 

1.151 

7848 

-3 

1779 

1 

179.9 

5254 

4 

6684 

1.148 

6069 

3 

1701 

2 

180.4 

1938 

4 

6510 

1.145 

4368 

3 

1622 

3 

180.8 

8448 

4 

6336 

1.142 

2746 

3 

1543 

4 

181.3 

4784 

4 

6161 

1.130 

1203 

3 

1464 

0.735 

181.8 

0945 

4 

5985 

1.135 

9739 

-3 

1386 

6 

182.2 

6930 

4 

5811 

1.132 

8353 

3 

1307 

7 

182.7 

2741 

4 

5634 

1.120 

7046 

3 

1228 

8 

183.1 

8375 

4 

5457 

1.126 

5818 

3 

1149 

9 

183.6 

4 

5280 

1.123 

4669 

3 

1071 

0.740 

■1 

4 

5103 

1.120 

3598 

-3 

0902 

1 

184.5 

4 

4924 

1.117 

2606 

3 

0013 

2 

184.9 

. 

1.114 

1603 

4 

4747 

3 

0634 

3 

185.4 

4 

4567 

1.111 

0850 

3 

0756 

4 

185.8 

4 

4388 

1.108 

0103 

3 

0677 

0.745 

186.3 

4 

4208 

1.104 

9426 

-3 

0598 

6 

186.7 

4 

4020 

1.101 

8828 

3 

0520 

7 

187.2 

1078 

4 

3847 

1.008 

8308 

3 

0441 

8 

187.6 

4925 

4 

3667 

1.005 

7867 

3 

0363 

9 

188.0 

8502 

3486 

1.002 

7504 

3 

0284 

0.750  ! 

188.5 

2078 

1.089 

7220 

1  /• 

4 

3304 

-3 

0205 

1 

188.9 

5382 

4 

3123 

1.086 

7015 

3 

0127 

2 

189.3 

8505 

4 

2940 

1.083 

6888 

3 

0049 

3 

,  189.8 

1445 

4 

2757 

1.080 

6830 

2 

9970 

4 

190.2 

4202 

4 

2575 

i.on 

6860 

2 

9892 

TABLE  VII — CorUinued 


A'  (T  -  2«42“JC) 

B’  (T  -  7000°r) 

X 

(micron) 

JW 

(watt  m"*  micron~‘) 

A/(X) 

J(\) 

(watt  m~*  micron“‘) 

A/(X) 

0.765 

190.6 

6777 

4 

2391 

1.074 

6977 

-2 

9813 

6 

191.0 

9168 

4 

2208 

1.071 

7164 

2 

9736 

7 

191.6 

1376 

4 

2024 

1.068 

7428 

2 

9657 

8 

191.9 

3400 

4 

1839 

1.066 

7771 

2 

9678 

0 

192.3 

5239 

* 

1666 

1.062 

8193 

2 

9601 

0.760 

192.7 

6896 

4 

1470 

1.069 

8692 

-2 

9423 

1 

193.1 

8366 

4 

1286 

1.066 

9269 

2 

9346 

2 

193.6 

9661 

4 

1100 

1.063 

9924 

2 

9266 

3 

194.0 

0761 

4 

0915 

1.051 

0658 

2 

9189 

4 

194.4 

1666 

4 

0720 

1.048 

1469 

2 

9111 

0.766 

194.8 

2396 

4 

0643 

1.046 

2368 

-2 

90:i4 

6 

195.2 

2939 

4 

0367 

1.042 

3324 

2 

8956 

7 

195.6 

3296 

4 

0171 

1.039 

4368 

2 

8878 

8 

196.0 

3467 

3 

9984 

1.036 

6490 

2 

8800 

9 

196.4 

3461 

3 

9798 

1.033 

6690 

1 

2 

8724 

0.770 

196.8 

3249 

3 

9610 

1.030 

7966 

2 

8646 

1 

197.2 

2889 

> 

3 

9424 

1.027 

9320 

2 

8668 

2 

197.6 

2283 

3 

9236 

1.026 

0762 

2 

8492 

3 

198.0 

1619  . 

3 

9048 

1.022 

2260 

2 

8414 

4 

198.4 

0667 

3 

8861 

1.019 

3846 

2 

8337 

o.n8 

198.7 

9428 

3 

8678 

1.016 

5609 

-2 

8260 

6 

199.1 

8101 

3 

8486 

1.013 

7249 

2 

8184 

7 

199.6 

6686 

3 

8297 

1.010 

9066 

2 

8106 

8 

199.9 

4883 

3 

8108 

1.008 

0969 

2 

8030 

9 

200.8 

2991 

3 

7921 

1.006 

2929 

2 

7964 

1«4 
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TABLE  \ll— Concluded 


X 

A’  (T  -  2«42°JC) 

JT  (T  -  7000°^:) 

(micron) 

JW 

(watt  m~*  micron"*) 

XK\) 

^(X) 

(watt  m“*  micron"*) 

^(X) 

0.780 

200.7 

0912 

3 

7731 

1.002 

4976 

-27 

8769 

1 

201.0 

8643 

3 

7644 

0.9997 

0983 

27 

8006 

2 

201.4 

6187 

3 

7364 

0.9969 

2977 

27 

7242 

3 

201.8 

3641 

3 

7166 

0.9941 

6736  . 

27 

6480 

4 

'202.2 

0707 

3 

6977 

0.9913 

9266 

27 

6720 

0.786 

202.6 

7684 

3 

6787 

0.9886 

3636 

-27 

4969 

6 

202.9 

4471 

3 

6699 

0.9868 

8676 

27 

4200 

7 

203.3 

1070 

3 

6410 

0.9831 

4376 

27 

3443 

8 

‘203.6 

7480 

3 

6220 

0.9804 

0933 

27 

2686 

9 

204.0 

3700 

3 

6032 

0.9776 

8247 

27 

1930 

0.790 

204.3 

9732 

3 

6842 

0.9749 

6317 

-27 

1176 

1 

204.7 

6674 

3 

6662 

0.9722 

6141 

27 

0422 

2 

206.1 

1226 

3 

6464 

0.9696 

4719 

26 

9670 

3 

206.'4 

6690 

3 

6273 

0.9668 

6049 

26 

8918 

4 

206.8 

1963 

3 

6066 

0.9641 

6131 

26 

8168 

0.796 

206.1 

7048 

3 

4896 

0.9614 

7963 

-26 

7419 

6 

206.6 

1943 

3 

4706 

0.9688 

0644 

26 

6672 

7 

206.8 

6649 

3 

4616 

0.9661 

3872 

26 

5026 

8 

207.2 

1166 

3 

4327 

0.9634 

7947 

26 

6179 

9 

207.6 

6492 

3 

4137 

0.9608 

2768 

26 

4436 

r 


« 


0.800 


207.8  9629 


0.9481  8333 
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PARRY  MOON  AND  DOMINA  EBBRLE  SPENCBR 


Thus, 


2.1882  81837 
X 


3.94996  72148  ' 


10(i.iMi  iu«)A  H 
3.6970  X  10»/X»  - 
70843  6.0076 


y(x)  - 


8910.8  3660S 


8911.8  36696 
>  70843  6.0076 

-  79.602  74931 


(watt  m~*  micron"*). 


5.  COLOR-QUALITT  DIAGRAM 


In  many  applications  of  cdorimetry,  the  absolute  magnitude  is  unimportant 
and  interest  centers  in  the  color  quality.  This  characteristic  is  specified  by  the 
homogeneous  coordinates  x,  y,  and  z: 


X 

^  “  X  +  r  +  z’ 
Y 

^  X  +Y  +  Z' 
Z 

^  *  X  +  K  +  Z' 


(21) 


The  spectral  locus  in  the  color  2-space  is  computed  by  substituting  the  trichro¬ 
matic  coordinates  of  homogeneous  radiation  (X  »  2,  K  =  j),  Z  »  2)  in  £q.  (21). 
The  results  are  given  in  Table  VIII.  Only  x  and  y  are  listed,  since  z  is  dependent 
on  the  other  two  homogeneous  coordinates: 

X  +  y  z  ^  1.  (22) 


A  plot  of  X  vs  y  gives  the  spectral  locus  of  Fig.  5.  Also  given  is  the  spectral 
locus  plotted  from  the  present  C.I.E.  data.  The  saturated  purples  are  repre¬ 
sented  by  the  straight  line  joining  the  extreme  ends  of  the  spectrum: 


X  =  0.1796  3321, 

=  0. 


X  =  0.7316  4691, 
y  -  0.2683  6409. 


The  Planckian  locus  is  also  shown  in  Fig.  6.  It  was  obtained  from  Eq.  (21) 
by  substitution  of  values  from  Table  V.  Data  for  the  Planckian  locus  are  listed 
in  Table  IX. 


Example. 

Determine  the  hoinuKeneuua  courdiimteii  for  homuseneous  radiation  at  X  —  U.664m. 
From  Table  II, 

t  -  0.50306  52161 
g  -  1.03963  87260 
i  -  0.00141  09972 


S  -  1.64401  49.393 
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TABLE  VIII 


The  spectral  locus 


X 

(micron) 

X 

Ax 

y 

Ay 

0 

*1795 

3321 

0 

0.360 

•1796 

2638 

-23 

*3444 

4372 

453 

7154 

1 

1796 

2616 

26 

3498 

1526 

59 

24m 

2 

1795 

2689 

31 

3567 

3930 

64 

9495 

3 

1796 

2658 

34 

3622 

3426 

70 

8840 

4 

1795 

2524 

40 

3693 

2266 

77 

0621 

0.366 

•1796 

2484  1 

1 

-46 

*3770 

2886 

83 

5219 

6 

1796 

2438 

62 

3863 

8106 

90 

2726 

7 

1796 

2386 

60 

3944 

0831 

97 

3662 

8 

1796 

2326 

69 

4041 

4393 

104 

8005 

9 

1796 

2267 

78 

4146 

2398 

112 

6394 

0.370 

•1796 

2179 

-90 

*4268 

8792 

120 

9061 

1 

1796 

2089 

102 

4379 

7863 

129 

6418 

2 

1796 

1987 

117 

4509 

4271 

138 

8847  ' 

3 

1796 

1870 

133 

4648 

3118 

148 

0761 

4 

1796 

1737 

152 

4796 

9869 

169 

0758 

0.375 

•1796 

1585 

-173 

*4966 

0627 

170 

1130 

6 

1796 

1412 

198 

5126 

1757 

181 

8674 

7 

1796 

1214 

226 

5308 

0331 

194 

3636 

8 

1796 

0989 

266 

6602 

3966 

207 

6946 

0 

1796 

0733 

290 

6710 

0911 

231 

9192 

TABLE  Vlll—CofUinu»d 


X 

(micron) 

X 

Ax 

V 

Ay 

0.380 

•1796 

0443 

-331 

•6032 

0103  ^ 

237 

nil 

1 

1795 

0112 

374 

6160 

1214 

253 

3526 

2 

1794 

9738 

425 

6422 

4739 

270 

7277 

3 

! 

1794 

9313 

480 

6693 

2016 

289 

3330 

4 

1794 

8833 

544 

6082 

1 

5346 

309 

2707 

0.385 

•1794 

8289 

-614 

•7291 

8053 

330 

6621 

«  i 

1794 

7676 

693 

7622 

4574 

353 

6062 

7 

1794 

6982 

781 

7976 

0566 

378 

2411 

8 

1794 

6201  ’ 

879 

8354 

2067 

404 

7239 

0 

1794 

5322 

968 

8759 

0206 

433 

2028 

0.3UU 

•1794 

4334 

-1100 

•9192 

2234 

463 

8470 

1 

1794 

3225 

1245 

9656 

0713 

496 

8458 

2 

1794 

1980 

1394 

•1015 

2916 

53 

2394 

3 

1794 

0586 

1560 

1068 

6310 

57 

0719 

4 

1793 

9027 

1741 

1125 

6029 

61 

2068 

,  0.396 

•1793 

7286 

•1186 

8087 

-1944 

65 

6674  • 

6 

1793 

5342 

j 

2165  ! 

1252 

I 

4761 

70 

4855 

7 

1793 

3177 

t  i 

{ 

2409 

1322 

0616 

1 

76 

6915 

8 

1793 

0768 

2678 

1398 

6531 

81 

3197 

9 

1792 

8090 

2072 

1479 

! 

9728 

87 

4074 

0.400 

•1792 

5118 

-3296 

•1567 

3802 

93 

9960 

I 

1792 

1823 

3647 

1661 

3762 

101 

1305 

2 

1791 

8176  i 

1 

4031 

1762 

5067 

108 

8508 

3 

1791 

4145  1 

1871 

3665 

4462 

117 

23ki 

4 

1790 

9693 

4909 

1988 

6048 

1 

126 

3260 
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TABLE  VIII— CofUinued 


(micron) 


•1790  4784 


1780  9378 


1789  3433 


1788  6902 


1787  9737 


•2114  9298 
2261  1146 


2398  0036 


‘2666  6101 


2727  6699 


136  1848 


146  8889 
168  6166 


171  1608 


184  8886 


•1787  1887 
1786  3206 
1786  3908 
1784  3660 


1783  2487 


•2912  6686 
3112  3914 
3328  4880 
3662  2067 


3816  3086 


199  8320 


216  0075 
233  8078 
263  1018 
274  1311 


•1782  0321 


1780  7090 


1779  2717 


1777  7123 


1776  0226 


-1  3231 


•4080  6206 
4386  5920 
4706  6760 


6068  0660 


6437  2703 


297  0633 


322  0621 
340  3910 
370  2133 
411  7962 


•1774  1933 
1772  2167 


1770  0801 


1767  7766 


1766  2944 


-1  9776 


•6840  0766 
6296  4872 
6782  8480 
7311  8229 


7887  4437 


447  4117 


486  3608 


628  9740 


676  6206 


626  7036 


•1762  6230 


1760  7611 


1766  6669 


-2  8719 
3  0642 


•8614  1472 
0196  8177 


9940  8347 


1763  3684 


•1076  2126 


1749  8130 


1163  7221 


TABLE  Wll—CotUinutd 


X 

(micron) 

X 

Ax 

y 

Ay 

0.430 

•1746 

0177 

-4 

0584 

•1260 

3326 

105 

5058 

1 

1741 

0503 

4 

3354 

1366 

8384 

115 

2778 

2 

1787 

6230 

4 

6266 

1481 

1162 

126 

0175 

3 

1732 

0073 

4 

0324 

1607 

1337 

137 

8250 

4 

1728 

0640 

5 

2532 

1744 

0606 

150 

8144 

0.435 

•1722 

8117 

-5 

5804 

*1805 

7740 

166 

1073 

6 

1717 

2223 

5 

0414 

8813 

180 

8417 

7 

1711 

2800 

6 

3006 

2241 

7230 

108 

1700 

S 

1704 

0713 

6 

6042 

2430 

8030 

217 

2614 

0 

1608 

i 

2771 

7 

0060 

2657 

1544 

238 

3028 

0.440 

•1601 

1811 

-7 

5148 

•2805 

4572 

261 

5027 

1 

1683 

6663 

7 

0614 

3166 

0600 

287 

0012 

2 

1675 

7140 

8 

4060 

3444 

0511 

315 

3247 

3 

1667 

3080 

8 

8788 

3760 

3768 

346 

4866 

4 

1658 

4301 

0 

3704 

4105 

8624 

380 

8023 

0.445 

•1649 

0507 

-0 

8808 

•4486 

7547 

418 

8012 

6 

1630 

1780 

10 

4106 

4005 

6450 

460 

8706 

7 

1628 

7683 

i 

10 

0508 

5366 

5165 

507 

2604 

8 

1617 

8085 

11 

5201 

5873 

7760 

558 

5368 

0 

1606 

2704 

12 

1184 

6432 

3137 

615 

2270 

0.450 

•1504 

1610 

-12 

7282 

*7047 

6416 

677 

9182 

1 

1581 

4328 

13 

3585 

7725 

4508 

747 

2652 

2 

1568 

0743 

14 

0008 

8472 

7150 

823 

9549 

3 

1554 

0645 

14 

6822 

0206 

6600 

008 

8088 

4 

1530 

3823 

15 

3760 

>1020 

5470 

1 

}  100 

2691 

170 


TABLE  VIU— CoMltfiued 


X 

(micron) 

i 

^  1 

1  ^ 

0.4&5 

*1624 

0064 

-16 

0909 

>1120 

8170 

110 

6667 

6 

1607 

9166 

16 

8277 

1231 

4737 

122 

1498 

7 

1491 

0878 

17 

5850 

1363 

6235 

134 

8664 

8 

1473 

6019 

18 

3669 

1488 

4889 

!  148 

9319 

9 

1466 

1360 

19 

1675 

1637 

4208 

i 

1  164 

4900 

0.4«0 

*1436 

9686 

-19 

9904 

>1801 

9108 

I  181 

6937 

1 

1416 

9781 

20 

8345 

1983 

6045 

1 

200 

7110 

2 

1396 

1436 

21 

6094 

2184 

3156 

221 

7243 

3 

1373 

4442 

22 

6846 

2406 

0398 

244 

9316 

4 

1360 

8606 

23 

4890 

2660 

9714 

270 

6466 

0.466 

•1327 

3706 

-24 

4110 

>2921 

6179 

1 

'  298 

7980 

6 

1302 

0687 

26 

3619 

3220 

3169 

1 

329 

9314 

7 

1277 

6068 

26 

3073 

3560 

2473 

.364 

2062 

8 

1261 

2996  ' 

27 

2758 

3914 

4636 

401 

8968 

1224 

0237 

28 

2660 

4316 

3493 

443 

2864 

0.470 

•1196 

7687 

-29 

2416 

>4769 

i 

6347 

488 

6683 

1 

1166 

5271 

.30 

2316 

5248 

3030 

538 

.3428  . 

2 

1136 

2066 

31 

2203 

1  5786 

6468 

592 

6063 

3 

1106 

0762 

.32 

2020 

6379 

2621 

661 

7484 

4 

1072 

8732 

33 

1700 

7031 

0006 

f  716 

0417 

0.476  j 

•1039 

7032 

-34 

1164 

>7747 

0422 

786 

7320 

*  1 

1006 

5868 

360 

.3183 

8632 

7742 

861 

0240 

7  j 

1 

'9706 

5497 

369 

0680 

9393 

7982 

942 

0670 

8 

9346 

4017 

367 

2604 

*1033 

5866 

102 

8937 

9  ’ 

8979 

2313 

374 

7876 

1136 

4802 

112 

1613 

171 


X 

(micron) 


TABLE  Vin— ConteiUMd 


0.480 

1 

2 

3 


0.486 


6 

7 

8 

0 

0.490 

1 

2 


4 

0.496 

6 

7 

8 
9 


0.600 


1 

2 

3 

4 


X 

Ax 

y 

Ay 

*8004 

4438 

-381 

4864 

*1248 

6416 

121 

9964 

8222 

9584 

387 

1836 

1370 

6379 

132 

3717 

7836 

7748 

391 

6970 

143 

2434 

7444 

0778 

394 

8271 

1646 

164 

6494 

7049 

2607 

396 

3666 

8024 

166 

2070 

*6662 

8861 

-396 

0979 

•1967 

178 

nil 

6266 

7872 

393 

8098 

2145 

1206 

190 

1336 

6862 

9774 

389 

] 

2925  < 

2336 

2640 

1 

202 

1226 

5473 

6849 

382 

3629 

1  2637 

3706 

213 

9(M9 

8091 

3320 

372 

8201 

2751 

2816 

226 

2871 

*4718 

5119 

-360 

6669 

•2976 

6686 

236 

4357 

346 

4^ 

3212 

6292 

246 

4012 

4870 

327 

6068 

3468 

6366 

264 

9029 

3684 

9782 

306 

6035 

3713 

5386 

262 

5336 

3378 

2847 

283 

0988 

3976 

0721 

268 

6962 

*3095 

1869 

-266 

8670 

*4244 

7683 

273 

2126 

2838 

3189 

228 

4617 

9809 

275 

9368 

197 

3746 

4793 

9177 

276 

7636 

2412 

164 

6936 

6812 

276 

6333 

2248 

130 

6144 

5346 

3146 

272 

5373 

*2117 

-96 

2147 

•6618 

1 

8618 

267 

5166 

-69 

1808 

5886 

3683 

260 

6616 

1963 

1370 

-22 

7926 

6147 

0298 

i 

262 

1064 

1940 

3446 

4-13 

6914 

6399 

1362 

1 

242 

0231 

1963 

9359 

+49 

6464 

6641 

1693  1 

i 

6120 

TABLE  VIII-CoiKtiiiM^ 


X 

(micron) 

X 

Ax 

y 

Ay 

0.305 

>2003 

5823 

+85 

0015 

•6871 

7713 

218 

0930 

6 

2068 

6738 

110 

6050 

7069 

8643 

204 

6056 

7 

2206 

3607 

153 

2825 

7204 

5509 

190 

6500 

K 

2361 

6522 

185 

7281 

7485 

2099 

176 

1786 

9 

2547 

3803 

216 

9602 

7661 

3685 

161 

4896 

0.510 

>2764 

3405 

246 

9529 

•7822 

8781 

146 

7715 

1 

1  3011 

2934 

275 

7198 

7960 

6496 

132 

1904 

2 

1  3287 

1 

0132 

303 

3075 

8101 

8400 

117 

8870 

3 

3500 

3207 

320 

7877 

8219 

7270 

103 

9770 

4 

3920 

1064 

355 

2491 

8323 

1 

7040 

90 

5520 

0.515 

>4275 

3575 

1 

j  379 

7917 

1  •8414 

2560 

77 

6798 

6 

4655 

1402 

!  403 

5198 

8401 

9358 

65 

4062 

7 

5058 

6690 

1 

426 

5372 

8557 

3440 

53 

7661 

8 

5485 

2062  ' 

448 

9426 

8611 

1101 

42 

7673 

0 

5934 

1488 

• 

865:1 

8774 

470 

8273 

32 

4126 

0.520 

•6404 

9761 

492 

i 

2713  1 

•8686 

2900 

22 

6923 

1 

6897 

2474 

513 

3431 

8708 

9823 

13 

5893 

2 

7410 

5005 

534 

0079 

8722 

5716 

+5 

0799 

3 

7944 

6884 

554 

5781 

8727 

6515 

-2 

8630 

4 

'8409 

2665 

1 

574 

8122 

8724 

7885 

10 

2693 

0.525  j 

>9074 

0787  ! 

1 

504 

8166 

•8714 

5192 

-17 

1609 

6 

9668 

8953 

1 

614 

5057 

8607 

3493 

23 

5063 

7 

•1028 

3401 

63 

4142 

8673 

7530 

29 

5791 

8 

1001 

7633 

65 

3439 

8644 

1739 

35 

1480 

9  ’ 

«1167 

1072 

67 

2462  j 

8609 

0259  j 

40 

3310 

173 


TABLE  VIII— Continued 


X 

1 

Sy 

(micron) 

X 

CkX 

y 

0.530 

•1224 

.3534 

\ 

69 

1176 

i  •8568 

i 

6949 

-46 

1544 

1 

1293 

4710 

70 

9544 

8523 

5405 

49 

6424 

2 

1364 

4254 

72 

7518 

8473 

8981 

53 

8172 

3 

1437 

1772  ! 

74 

1 

5051 

8420 

0809 

57 

6992 

4 

1511 

6823 

1 

1 

76 

2091 

1 

8362 

3817 

61 

3062 

0.535 

•1587 

8914 

77 

i 

j 

8583 

•8301 

0755 

-64 

6548 

6 

1665 

7497 

79 

i 

4475  1 

8236 

4207 

67 

7592 

7 

1745 

1972 

80 

9710  1 

8168 

6615 

70 

6326 

8 

1826 

1682 

82 

4235 

8098 

0290 

73 

2861 

9 

1908 

5917 

i 

83 

7998 

8024 

7429 

76 

7300 

0.540 

•1992 

3915 

85 

0952 

•7949 

0129 

1  -77 

9733 

1 

2077 

4867 

86 

i 

3047 

7871 

0396 

80 

0239 

2 

2163 

7914 

87 

1 

4243  j 

7791 

0157 

81 

8888 

3 

2251 

2157 
6657  1 

88 

4^ 

7709 

1269 

83 

5749 

4 

2339 

! 

89 

.3786 

7625 

5520 

85 

0876 

0.545 

•2429 

0443 

90 

2070 

•7540 

4645 

-86 

4324 

6 

2519 

2513 

90 

9328  ! 

7454 

0321 

87 

6146 

7 

2610 

1841 

$ 

91 

5544  1 

7366 

4176 

88 

6395 

8 

2701 

7385 

.92 

1 

0697  ! 

7277 

7780 

89 

5093 

9 

2793 

8082 

92 

4790 

7188 

2687 

90 

2323 

0.550 

•2886 

2872 

92 

7811  j 

•7098 

0364 

-90 

8105 

1 

2979 

0683 

92 

9768 

7007 

2269 

1 

91 

2491 

2 

i 

:1072 

0451 

93 

1 

0664 

6915 

9768 

91 

5526 

3 

3165 

1115 

93 

0514 

6824 

1 

4242 

91 

7256 

4 

3258 

1629 

1 

j  92 

9334 

6732 

1 

6986 

91 

7728 

174 


TABLE  VIII— CoiUtnued 


X 

(micron) 

X 

Az 

y 

0.565 

•3361 

0963 

92 

7146 

•6640 

9258 

-91 

6989 

6 

3443 

8108 

92 

3973 

6549 

2269 

91 

6091 

7 

3536 

2081 

91 

9846 

6467 

7178 

91 

2080 

8 

3628 

1926 

91 

4793 

6366 

5098 

90 

8007 

0 

3719 

6719 

90 

8863 

6275 

7091 

90 

2926 

0.560 

•3810 

5672 

90 

2062 

•6186 

4166 

-89 

6886 

I 

3000 

7634 

•  89 

4459 

6095 

7279 

88 

9941 

2 

3990 

2093 

88 

6084 

6006 

7338 

88 

2142 

3 

4078 

8177 

*  87 

6982 

5918 

6196 

87 

3542 

4 

4166 

6169 

7194 

5831 

1654 

86 

4194 

0.565 

•4263 

2363 

86 

6766 

•6744 

7458 

-86 

4151 

6 

4338 

9119 

84 

5741 

6669 

3307 

84 

3463 

7 

4423 

4860 

83 

4166 

5674 

9844 

83 

2180 

8 

4606 

9026  • 

82 

2082 

6491 

7664 

82 

0363 

9 

4689 

1107 

• 

80 

9536 

6409 

7311 

80 

8029 

0.670 

•4670 

0642 

79 

6669 

•5328 

9282 

-79 

5258 

1 

4749 

7211 

78 

3224 

6249 

4024 

78 

2083 

2 

4828 

0436 

76 

9642 

5171 

1941 

76 

8648 

3 

4904 

9977 

76 

6663 

5094 

3393 

75 

4700 

4 

4980 

6640 

74 

1327 

5018 

8693 

74 

0675 

0.676 

•5064 

6867 

72 

6860 

•4944 

8118 

-72 

6215 

6 

6127 

3736 

71 

2225 

4872 

1903 

71 

1656 

7 

5198 

5061 

69 

7429 

4801 

0247 

69 

6933 

8 

5268 

3390 

68 

2511 

4731 

3314 

68 

2082 

9  ’ 

6336 

5901 

66 

7506 

4663 

1232 

66 

7131 

176 


TABLE  VIII— Con/tnW 


•5403 

3406 

1 

j  65 

2437 

•4596 

4101 

-65 

2112 

5468 

5843 

63 

7334 

4531 

1989 

63 

7051 

5532 

3177 

62 

2221 

4467 

4938 

62 

1975 

5594 

5398 

i 

1  60 

7121 

4405 

1 

2963 

60 

6907 

5655 

2519 

1  56 

2055 

j  4344 

6056 

59 

1870 

•5714 

4574 

i 

57 

7045 

!  •4285 

4186 

-57 

6883 

5772 

1619 

56 

2107' 

4227 

7303 

56 

1966 

5828 

3726 

54 

7257 

4171 

5337 

54 

7135 

5883 

0983 

53 

2512 

4116 

8202 

53 

2406 

5936 

3495 

1 

1 

7884 

4063 

5796 

51 

7792 

•5668 

1379 

1  50 

3386 

•4011 

8004 

-50 

3306 

6038 

4765 

48 

9028 

i  3961 

1 

4698 

48 

8959 

6087 

3793 

47 

4821 

1  3912 

5739 

i 

1  47 

4760 

6134 

8614 

46 

1^72 

!  3865 

0979 

46 

0718 

6180 

9386 

1  3819 

0261 

44 

6887 

^  44 

6842 

•6225 

6273 

43 

3175 

•3774 

3419 

-43 

3135 

6268 

9448 

41 

9639  1 

i  3731 

0284 

41 

9604 

6310 

9087 

< 

40 

6284  1 

3689 

0680 

40 

6254 

6351 

5371 

39 

3112 

3648 

4426 

39 

3086 

6390 

8483 

38 

0127 

3609 

1340 

1 

38 

0104 

•6428 

8610 

36 

7331 

•3571 

1236 

-36 

7311 

6465 

5941 

35 

4723 

3534 

3925 

35 

,4706 

6501 

0664 

34 

2305 

3498 

9219 

34 

2290 

6535 

2969 

33 

1 

0076  j 

3464 

6929  1 

i 

33 

6568 

3045 

3431 

6866  1 

1 

1 

31  8024 

TABLE  VIII— CorUtntMd 


X' 

(micron) 

X 

Sx 

1  » 

Av 

0.605 

1  *6600 

1080 

1 

30 

6182 

!  •3399 

8842 

-30 

6172 

6 

6630 

7262 

29 

4514 

1  3369 

2670 

‘29 

4505 

7 

1  6660 

1776 

28 

3029 

;  3339 

8165 

28 

3022 

8 

6688 

4805 

27 

1726 

.  3311 

5143 

27 

1718 

9 

6715 

6531 

26 

0599 

3284 

3425 

-26 

0594 

0.610 

•6741 

7130 

24 

9648 

j  "3258 

2831 

-24 

9643 

1 

6766 

6778 

23 

8868 

I  3233 

3188 

23 

8864 

2 

6790 

5646 

22 

8157 

3209 

4324 

22 

8253 

3 

6813 

3903 

21 

7906 

3186 

6071 

21 

7805 

4 

6835 

1711 

20 

7520 

3164 

8266 

1 

20 

7517 

0.615 

•6855 

9231 

19 

7387 

•3144 

0749 

-19 

7384 

6 

6875 

6618 

18 

7406 

3124 

3365 

18 

74a5 

7 

6894 

4024 

17 

7573 

3105 

5960 

17 

7570 

8 

6912 

1597 

16 

7880 

1 

8390 

16 

7879 

9 

6928 

9477 

15 

8327 

3071 

0511 

15 

8326 

0.620 

•6944 

7804 

14 

1 

8907  1 

•3055 

2185 

-14 

8695 

1 

6959 

6711 

13 

i 

9615 

3040 

3280 

13 

9823 

2 

6973 

6326 

13 

0446 

3026 

3667 

13 

0446 

3 

6986 

6772 

12 

1398 

3013 

3221 

12 

1397 

4 

6998 

8170 

11 

2463 

3001 

1824 

11 

‘2463 

0.625 

•7010 

0633 

10 

3644 

•2989 

9361 

-10 

3643 

6 

7020 

4277 

9 

4986 

2979 

5718 

9 

4985 

7 

7029 

9263 

8 

6712 

‘2970 

0733 

8 

6712 

8 

7038 

5975  1 

7 

9336  j 

2961 

4021 

7 

9335 

9 

7046 

5311  i 

7 

3574  1 

2953 

4686  1 

7 

3574 

177 


TABLE  VIII — Continued 


X 

(micron) 

1 

Ax 

y 

Ay 

0.630 

•7053 

8885 

7 

0071 

•2946 

1112 

-7 

0071 

1 

7080 

8966 

6 

9145 

2939 

1041 

6 

9144 

2 

7067 

8101 

7 

0693 

‘2932 

1897 

7 

0693 

3 

7074 

8794 

7 

4271 

2925 

1204 

7 

4271 

4 

7082 

3065 

7 

9236 

2917 

6933 

7 

9236 

0.635 

•7090 

2301 

8 

4902 

•*2909 

7697 

-8 

4901 

6 

7098 

7203 

9 

0638 

2901 

‘2706 

9 

0638 

7 

7107 

7841 

9 

5943 

‘2892 

2168 

9 

5943 

8 

7117 

3784 

10 

0446 

2882 

6215 

10 

0446 

9 

7127 

4230 

10 

3918 

2872 

5769 

10 

3918 

0.640 

•7137 

8148 

10 

6242 

•2862 

1861 

-10 

6‘242 

1 

7148 

4390 

10 

7389 

2851 

5609 

10 

7389 

2 

7150 

1779 

10 

7399 

2840 

8220 

10 

7398 

3 

7169 

9178 

10 

6353 

2830 

0822 

10 

6363 

4 

7180 

.5531 

10 

4363 

2819 

4469 

10 

4363 

0.645 

•7190 

9894 

10 

1552 

•‘2809 

0106 

-10 

1552 

6 

7201 

1446 

9 

8049 

2798 

8554 

9 

8049 

7 

7210 

94^95 

9 

3080 

2789 

0505 

9 

3980' 

8 

7220 

3475 

8 

9467 

2779 

6625 

8 

9467 

0 

7229 

2942 

8 

4621 

2770 

7057 

8 

4620 

0.650 

•7237 

7563 

7 

9543 

•2762 

2437 

-7 

9543 

1 

7245 

7106 

7 

4325 

2754 

2894 

7 

4325 

2 

7253 

1431 

6 

9050 

2746 

8569 

i 

6 

9050 

3 

7260 

0481  1 

6 

3787 

2739 

9519 

6 

3787 

4  I 

i 

•  7266 

4268 

1 

5 

8603  . 

2733 

5732  1 

1 

5 

8603 

178 
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TABLE  yill— Concluded 


X 

(micron) 

X 

j  Ax 

1 

!  y 

\  i 

0.655 

•7272 

2871 

5 

3551 

j  *2727 

j 

7120 

-5 

3552 

6 

7277 

6422 

4 

8684 

2722 

3578 

4 

8684 

7 

7282 

5106 

4 

4044 

2717 

4804 

4 

4044 

8 

7286 

0150 

3 

0668 

2713 

0850 

3 

0668 

0 

7200 

8818 

3 

5507 

2700 

1182 

3 

5507 

0.660 

•7204 

4415 

3 

1850 

•2705 

5585 

1 

1 

-3 

1850 

1 

7207 

6274 

2 

8487 

2702 

3726 

2 

8487 

2 

7300 

4761 

2 

5510 

2699 

5230 

1 

1  2 

5510 

3 

7303 

0271 

2 

2054 

2606 

1 

0720 

2 

2054 

4 

7305 

3225 

2 

1 

0851 

1 

2604 

6775 

2 

0851 

0.665 

•7307 

4076 

1 

9226 

•2602 

5024 

i  -1 

0226 

6 

7309 

3302 

1 

8100 

2690 

1 

6608 

1 

8100 

7 

7311 

1411 

1 

7531 

2688 

8580 

1 

7531 

8 

7312 

8042 

1 

7525 

2687 

1058 

1 

7525 

0 

7314 

6467 

1 

j 

8124 

2685 

3533 

1 

8124 

0.670 

•7316 

4501 

•2683 

5400 

Thun 


Similarly, 


z 


0.50306  52161 
1.54401  40303 


0.32581  62880. 


y  -  0.67328  08627, 
z  -  0.00001  38403. 


The  limiting  point  (T 
equation,' 


— »  ao)  on  the  Planckian  locus  is  obtained  from  the 


L  = 


ACiTr(p-\-3) 

C, 


'Flo.  6.  Ck>lor  diagram, 

O  Standard  C.I.E.  values 
#  .\nalytic  approximation. 


When  equations  of  this  form  are  substituted  in  Eq.  (21),  the  T  cancels  and  very 
simple  expressions  are  obtained: 


z 


^.r(p.  +  3) 

gP.+» 

AT(p  +  3) 


(23) 


where  the  summation  is  for  the  five  sets  of  values  corresponding  to  S,  ,  xb  , 
ic ,  ,  Vd  •  A.  similar  expression  is  written  for  x  and  y. 


TABLE  IX 
The  Planekian  locue 


T 

cx) 

l/T 

(mireds) 

Z 

y 

1000 

1000 

•6614 

4365 

•3461 

2262 

1023 

977 

1  6486 

4731 

i  3486 

3626 

1126 

888 

!  6353 

7467 

1  3596 

1156 

1143 

875 

1  6330 

3568 

1  3614 

1 

7677 

1200 

833 

6265 

2378 

'  3672 

7682 

1286 

777 

6142 

4396 

1  3764 

1709 

1333 

760 

6080 

0040 

j  3796 

1351 

1400 

714 

i  6974 

9893 

!  3834 

0429 

1421 

704 

5966 

9344 

3866 

8306 

1600 

667 

5864 

4502 

,  3923 

0450 

1666 

643 

6793 

9886 

1  3968 

3034 

1600 

626 

5738 

2128 

3984 

0090 

1760 

571 

5554 

3733 

4054 

9296 

1800 

556 

5494 

7157 

4073 

4352 

2000 

500 

5266 

2762 

4124 

3322 

2046 

488 

i  5214 

6680 

4131 

3289 

2222 

460 

^  6028 

6116  , 

4144 

4647 

2260 

446 

5000 

3223 

4144 

7243 

2333 

429 

4917 

9424 

4142 

7714 

2600 

400 

4761 

3765 

4129 

1564 

2667 

376  • 

4616 

0806 

4104 

8264 

2800 

367 

4607 

6797 

4079 

5339 

2842 

362 

4474 

9332 

4070 

7118 

2867 

350 

4463 

2962 

4067 

4590 

3000 

333 

4357 

6018 

4034 

6041 

3333 

300 

4137 

5732 

3948 

4000 

3500 

286 

4040 

4111 

3902 

6666 

4000 

1  260 

3792 

1666 

3764 

5414 

4600 

'  222 

3596 

5697 

3633 

8633 

4667 

214 

3540 

7445 

3592 

9598 

6000 

200 

3440 

7836 

3615 

5938 

6000 

167 

3213 

4917 

3318 

2047 

6667 

160 

3103 

1582 

3213 

2026 

7000 

143 

3057 

4332 

3167, 

0569 

8000 

125 

2947 

0149 

3060 

0625 

9000 

i 

111 

2866 

5387  1 

2958 

5285 

10,000 

100 

2803 

5364 

2885 

7010 

14,000 

71.4 

2668 

8076  1 

2704 

4116 

20,000 

50.0 

2666 

6398  ! 

2678 

7790 

oe 

0 

2402 

6941 

2341 

4167 

182 
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Example. 

What  are  the  homogeneoua  coordinatea  for  Planckian  radiation  at  7’  — ♦  «>  ? 
For  i(X), 


Similarly, 


log  A  -  32.75260  000 

log  r(p  +  3)  -  784.39706  934 

-(p  +  3)  log  q  -  -816.73747  455 


0.41219  479 

Ar(p  +  3) 

qP^ 

2.58.34  186 

,  .  4r(p  4-  3) 

•or  tA  ,  ^ 

qP** 

-  0.56529  947 

ttc. 

0.72525  263 

ia. 

0.10956  003 

Sa, 

1.15454  573 

9d, 

0.00867  370. 

X  -  4.91530  883. 


Thus. 


0.56529  947  +  0.72525  263  -  0.10956  008 
4.91530  883 


-  0.24026  81S 

1.15067  203 
"  4.91530  883 


0.2S414  0666 


6.  Power  Functions 

Many  reflectance  and  transmittance  curves  can  be  approximated  by  a  power 
function  or  by  a  few  terms  of  a  power  series,  For  example,  most  woods 
have  spectral  reflectance  curves*  that  are  almost  straight  lines,  as  shown  in  Fig. 
6.  Most  white  surfaces  are  represented  by  an  equation*  of  the  form, 

p(X)  •A  -  fix". 

An  example  is  shown  in  Fig.  7.  Similar  results  can  be  obtained  for  the  spectral 
transmittance  r(X)  of  transparent  and  translucent  materials. 

According  to  Table  III,  the  colorimetric  integrations  for  Wien  radiation  re¬ 
flected  from  a  surface  whose  reflectance  is  expressed  by  a  power  function  are  of 
the  form: 


L/A„  =  .ICi 


r(p  -f  4  -  m) 

(g  -I-  nCt/T)^*^  ’ 


(24) 


For  a  given  function  (2,  ia  ,  ic  ,  ,  Va  ,  or  ^o),  all  the  quantitus  on  the  right  side 

of  Eg.  (24)  are  known  constants.  Thus  the  quantity  {ZIKJ)  can  be  tabulated 
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as  a  function  of  tn,  and  these  tabulated  values  can  be  used  in  obtaining  Z  for  any 
value  of  Km  : 

Z  =  {Z/Km)Km  .  (26) 


Fia.  6.  Ke6ectsnce  curves  for  woods. 

Sample  No.  193 — Prima  vera,  varnished  but  unstained.  Solid  curve  experimental, 
dotted  curve  plotted  from  the  equation, 

-  -  0.717  4-  2.043  X. 

195 — White  oak,  varnished  hut  unstained. 

386 — White  oak,  stained. 

203 — Oriental  wood,  varnished  but  unstained. 

The  same  procedure  applies  to  the  determination  of  (X/Km)  and  (Y/KJ),  ex¬ 
cept  for  the  slight  additional  complication: 

Y/Km  =  Y^/Km  -  Yu/ Km  , 

X/Km  =  XJKm  +  Xc/Km  "  X  n/ Km  •  (26) 

If  instead  of  Wien  radiation  one  has  Planckian  radiation,  the  same  method 
applies  but  more  terms  must  be  calculated  in  accordance  with  the  formulas  of 


184 


PARRY  MOON  AND  DOMINA  EBERLE  SPENCER 


Table  Ill.  Calculated  values  of  X/Km ,  Y/Km ,  and  Z/Km  are  listed  in  Table  X 
for  m  from  — 10  to  + 10.  The  recurrence  formulas, 


(L/A'w,  =  {l/kuJjL^iUL 

(p  +  4  -  m) 
q  +  nC,/T  ’ 


(37) 


(L/A)-»  =  (L/K)^ 


Fio.  7.  Reflectance  curves  for  white  msterials.  Solid  curves  are  experimental,  dotted 
curves  are  approximations: 

\o.  420 — Matt  white  paint, 

0/ftt  -  0.9266  -  3.2196  X  lO-VX*. 

426 — Semi-luster  white  paint, 

p/po  -  0.9137  -  2.9842  X  IQ-'/X*. 

49 — Acoustical  tile, 

p/po  -  0.9229  -  8.3612  X  10-*A‘. 


were  employed,  checked  whenever  necessary  by  direct  calculations  with  the 
integrals  of  Table  III.  The  results  api^y  to  incident  Planckian  radiation  at 
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2842°  and  7000°/iC.  Calculations  can  be  made  if  needed,  however,  for  other 
illuminants. 

For  example,  consider  a  white  paint  (No.  419,  Reference  10).  The  reflectance  is  repre¬ 
sented  by  the  equation, 

p(X)/^  -  0.9116  -  8.3488  X  10-VX‘*. 

TABLE  X-A 


CoifficieiUii  for  aneUytic  repreaentaiion  by  power  functions,  iUuminant  A'  (T 


m 

X/K„ 

-  (O'*). 

YIK„ 

-  (G-), 

Z/K^ 

-  (0-). 

0 

97871. 

15758 

89030. 

43140 

31808. 

15913 

1 

58213. 

74203 

50837. 

46164 

*14679. 

55636 

2 

34829. 

43400 

29177. 

27551 

1  6793.0 

99876 

3 

20947. 

43173 

16831. 

41425 

3152.1 

50622 

4 

12857. 

68727 

9750.1 

27328 

i  1466.6 

72173 

5 

7681.4 

56236 

5687.4 

24315 

684.30 

47043 

6 

4680.2 

08759 

3331.4 

62027 

320.15 

45319 

7 

2862.3 

19093 

1961.4 

16866 

150.19 

88013 

s 

1756.8 

13078 

1160.7 

08641 

70.660 

06836 

9 

1082.0 

08061 

1 

690.39 

1 

71133 

33.333 

81020 

10 

668.63 

69908 

412.76 

56677 

15.768 

95051 

-1 

16565 

1.6324 

16671 

4.4008 

69110. 

11449 

-2 

‘28255 

1.4794’ 

27726 

5.0264 

15066 

3.2492 

-3 

48630 

2.7495 

>  49305 

6.2803 

32890 

2.7208 

-4 

84580 

6.4444 

88127 

6.0923 

72041 

6.9499 

-5 

14891 

32.966 

15832 

14.636 

15822 

13.994 

-6 

28689 

54.108 

28587 

58.385 

34842 

41.456 

-7 

48244 

93.973 

51882 

60.618 

76932 

50.787 

-8 

89119 

85.292 

94638 

73.336 

17032 

066.03 

-9 

16787 

571.28 

17350 

502.23 

37807 

393.57 

-10 

32285 

503.57 

31970 

1 

742.95 

84146 

464.83 

From  Table  X-A, 

X/K,  -  97,871.158, 

X/K.xs  -  32,285,694. 

Thus  (A7A'()  0.9116  -  89,221.305 

(X/A'_,b)  8..3488  X  10-*  -  269.546 

X  -  88,951.750 

Similarly,  Y  -  80,893,  X  -  ‘28,294.432. 

Also,  X  4-  K  -f-  Z  -  198,141.196  and 


X  -  0.44893,  y  -  0.40827. 
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The  total  reflectance  of  the  sample  for  Planckian  radiation  at  2842‘/C  is 


p/po 


Y 

89030.4 


0.9086 


where  the  denominator  is  the  K-value  for  the  incident  radiation  (Table  V),  The  values  of 
X,  Y,  Z  would  be  in  absolute  units  (kOnigs/m*,  youngs/m*,  and  priests/m*)  if  the  reflect¬ 
ance  curve  gave  true  reflectances.  Unfortunately,  the  curves  obtained  with  recording 


TABLK  X-B 


CoefficienU  for  analytic  representation  by  povoer  functions,  illuminant  B'  (T  —  7000°K) 


m 

-  (G-). 

Y/K„ 

-  (O), 

Z/K„ 

—  (f7"). 

0 

18412 

947.38 

19073 

137.52 

22737 

457.. 35 

1 

10366 

452.66 

10600 

694.17 

10310 

063.44 

2 

59183 

99.463 

59226 

11.023 

46877 

25.665 

3 

34198 

54.940 

1  33263 

89.454 

21372 

12.357 

4 

19965 

89.838 

18780 

67.280 

97705 

9. 58.^3 

5 

11759 

82.397 

10659 

28.458 

44790 

4.6469 

6 

69791 

7.3894 

60816 

8.6704  i 

20589 

4.3912 

7 

41692 

6.4500 

34881 

8.0869 

94907. 

64391 

8 

25050 

5.2082 

20111 

8.7997 

I  4.3869. 

11915 

9 

15128 

6.6549 

11656 

9.4955 

20333. 

1 

91569 

10 

91790. 

40904 

67919. 

7.3482 

9451.2 

85022 

-1 

;t3232 

976.53  j 

34497 

.397.90 

50280 

623.83 

-2 

61071 

574.79 

62721 

927.71 

11148 

9617.3 

-3 

11447 

4305.3  ! 

11463 

4984.9 

24787 

9164.2 

-4 

21916 

1863.9  j 

21060 

7976.6 

.55260 

4.344.9 

1 

-5  j 

42887 

7903.1  j 

38894 

3716.8 

12352 

47828. 

-6 

85787 

5a31.2 

72201 

5985.7 

27685 

76112. 

-7  ! 

17527 

87105. 

13472 

49964. 

62218 

25423. 

-8 

36531 

57127. 

25268 

73644. 

14019 

59734' 

-9 

77628 

mi, 7. 

47637 

06843. 

.31674 

25385' 

-10 

16719 

72348' 

90266 

04971. 

71750 

89482' 

Note:  The  superscripts  refer  to  the  number  of  zeros  before  the  decimal  point.  For 
example,  14019  59734'— 14,019,697.340. 


spectrophotometers  give  relative  reflectance  ^(X)/po,  where  po  is  the  true  reflectance  of  the 
magnesium -oxide  comparison  surface  used  in  the  spectrophotometer.  The  distinction  is  a 
minor  one,  however,  and  is  usually  neglected. 


7.  Polynomial  Representation 


When  a  reflectance  or  transmittance  curve  has  no  obvious  similarity  to  any 
one  of  the  power  functions,  there  is  an  advantage  in  having  a  general  method  of 
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approximating  the  curve  by  a  polynomial.  Such  a  method  wae  developed  by 
Rutledge. “  The  reflectance  curve  is  represented  by 

p(X)/po  -  iCo  +  XxX  +  /C*X*  +  •  •  •  +  (28) 


TABLE  XI 

Factors  for  7-term  polynomial  representation 


o 

(1 

ct 

c{ 

ct 

d 

Ct 

Ct 

K 

'<.S 

s 

(Factor  for 
Ks) 

(for  X.) 

(for  A',) 

(for  K,) 

(for  X,) 

(for  X») 

(for  X.) 

0 

0.40 

+3003  .  0000 

-3205  4.333 

+  1419  02.22 

-3336  60.00 

+4388  88.88 

-.3066  66.66 

+8888  8.888 

1 

0.45 

-1601  6.000 

+  1754  05.33 

-7944  13.33 

+  1906  633.3 

-2553  333.3 

+1813  333.3 

-5333  33.33  . 

2 

0.50 

+3603  6.000 

-4026  70.00 

+  1859  116.6 

-4542  783.3 

+6190  000.0 

-4466  666.6 

+  1333  333.3  * 

3 

0.55 

-4368  0.000 

+4960  26.66 

-2327  777.7 

+6778  666.6 

-8004  444.4 

+5866  666.6 

-1777  777.7 

4 

0.60 

+3003  0.000 

-3455  68.33 

+  1644  433.3 

-4139  883.3 

+5823  333.3 

-4333  333.3 

+  1333  333.3 

5 

0.65 

-1108  8.000 

+  1290  16.00 

-6213  46.66 

+1584  133.3 

-2260  000.0 

+  1706  666.6 

-5333  33.33 

6 

0.70 

+  1716  .  0000 

-2015  5.333 

+9808  5.666 

-2630  16.66 

+3655  55.55 

-2800  00.00 

+8888  8.888 

Note:  When  the  same  intcKer  appears  two  or  more  times  at  the  end  of  a  number,  a  repeating 
decimal  is  indicated. 


TABLE  XII 

Polynomial  approximation  for  wall  board  no.  itl 


(See  reference  10) 


X 

T>ble  (XI) 

Product 

0.40a. 

0.225 

+3003 

+675.675 

0.45 

0.260 

-1601  6 

-4164.160 

0.50 

0.313 

+3603  6 

+11279.268 

0.55 

0.405 

-4368  0 

-17690.400 

0.60 

0.555 

+3003  0 

+16666.650 

0.65 

0.752 

-1108  8 

-8338.176 

0.70 

0.970 

+1716 

+1664.520 

X,  -  +93.3770 

and  the  coefficients  Km  are  evaluated  by  taking  7  equally  spaced  ordinates  of 
the  curve.  If  X©  »  0.40m,  *  0.46,  •  •  •  X*  «  0.70,  then 

/<:«  -  Ct  p(X*),  (m,  k  -  0,  1,  2,  •  •  •  6)  (29) 

where  the  Einstein  summation  convention  is  employed.  The  ctmstants  Ct  are 
obtained  “  from  Table  XI.  An  example  of  calculation  of  A'o  is  given  in  Table 
XII,  the  other  coefficients  being  obtained  in  a  similar  manner. 

The  next  step  is  to  obtain  the  trichromatic  specification  (X,  Y,  Z)  for  the 
reflected  radiation  by  means  of  E)q.  (17).  The  values  of  Table  X  are  used  and 
summations  of  seven  terms  are  made.  Let 


X/Km  =  (G"). , 


Y/Km  -  (G"),, 


Z/Km  =  (G"). . 


TABLE  XIII 

Example  of  iniegration,  no.  161  green  tile,  Planekian  radiation,  T  ■■  $846  K 


[ 


m 

X. 

i  ^ 

Y 

1  ^ 

0 

-468  .  71400 

i  -46873  681.76 

\  -41729  809.62 

1  -149«8  929.60 

1 

+6647  .  26033 

.32292  6782.0 

i  28200  8634.4 

!  81431  .320.70 

2 

-27077  .  24666 

-94.308  6176.4 

-79004  0286.9 

1  -18J93  8440.9 

3 

+69884  .  60000 

14697  11306. 

11728  88686. 

i  21966  6040.0 

4 

-99603  .  33333 

-12607  47844. 

-97204  1612.3 

-14608  5437.3 

6 

+74946  .  66666  i 

67669  9640.0  j 

42626  3494.3 

61286  366.67 

6 

-23200  .  00000 

-10868  0843.2  j 

-77289  919. a3 

-74275  85.140 

1 

X  -  60184  ' 
kOnigs/m*  j 

Y  -  49187 
youngs/m* 

Z  -  13324.6 
priests/m* 

T 


X  +  Y  +  z  ^  112696.6 
0.44631,  y  -  0.43646,  z  - 
49187 


0.11823 


By  selected  ordinates, 

X  -  0.4466,  y  ~  0.4364,  p/p.  -  0.662 
TABLE  XIV 


Direct  integration  method,  values  of  F*,  to  be  used  in  Eg.  (SI) 


k 

X 

For  X 

For  Y 

For  Z 

0 

0.4Qp 

273.96 

1  1 

0.45 

3994.1 

2  1 

0.50 

537.14 

11,173.9 

8887.2 

3  1 

0.56 

16853. 

1  37,303.6 

-123.04 

4  1 

0.60  i 

56,501 . 

.34,274.6 

-181.43 

5 

0.66 

18,630. 

[  5685.9 

+96.956 

6  ! 

0.70  1 

1161.6 

834.68 

-16.608 

TABLE  XV 


Example  of  direct  computation  of  X,  Y,  Z,  no.  151  green  ceramic  tile,  Planekian  radiation 

(T  -  t84$'‘K) 


it 

p(X»)/p, 

p(Xj)FVp, 

For  X 

P(^.)XVP, 

For  Y 

p(X*)XVp. 

For  Z 

0 

0.40m 

0.220 

1  60. 

16. 

242. 

1 

0.46 

0.381 

1621. 

-127. 

8394. 

2 

0.60 

0.542 

291. 

6066. 

4816. 

3 

0.56 

0.601 

10128. 

22419. 

-73. 

4 

0.60 

29776. 

18062. 

-96. 

5 

0.65 

mSSm 

7967. 

2444. 

+41. 

6 

0.70 

m 

429. 

308. 

-6. 

X  -  60175. 

Y  -  49181. 

Z  -  13320. 

kOnigs/m* 

youngs/m* 

priests/m* 

X  +  y  +  Z  -  112676 
X  -  0.44630,  y  -  0.43648,  z  -  0.11822 


By  selected  ordinates. 


X  -  0.4466,  y  -  0.4364,  p/p*  -  0.662 
188 


ANALYTIC  EXPRESSIONS  IN  PHOTOMETRY  AND  COLORIMETRY  189 

Then  each  coordinate  of  Eq.  (17)  is  of  the  form: 

L  =  (7-(Clp(X*))  (30) 

Thus  the  integrals  are  easily  evaluated  after  the  coefficients  Km  have  been 
found.  An  example  is  given  in  Table  XIII. 

An  alternative  method  of  evaluating  the  integrals  is  by  performing  the  two 
summations  of  Eq.  (30)  in  the  reverse  order: 

L  =  p(X*)  (Ct(?")  =  p(X*)  F*.  (31) 

The  new  constants, 

r  =  CtG'^  (32) 

are  listed  in  Table  XIV  for  incident  Planckian  radiation  at  2842° A'.  By  this 
direct  method  of  integration,  seven  values  of  reflectance  are  read  from  the  experi¬ 
mental  curve.  Each  of  these  values  is  multiplied  by  the  corresponding  values  of 
F*  and  the  products  are  added,  Ek).  (31).  A  sample  computation  is  given  in 
Tkble  XV. 

8.  Summary 

The  purpose  of  the  paper  has  been  to  present,  in  as  convenient  a  form  as  pos¬ 
sible,  the  equations  and  tables  needed  in  the  practical  application  of  analytic 
methods  to  photometry  and  colorimetry.  The  new'  method  replaces  the  cus¬ 
tomary  numerical  tables  of  trichromatic  weighting  factors  by  weighting /tinc^tons 
defined  by  mathematical  expressions.  In  this  way,  ambiguities  in  interpolation 
and  extrapdation  are  eliminated,  integrations  can  be  performed  analytically, 
and  advantage  can  be  taken  of  the  compactness  and  simplicity  of  analytic 
methods  in  comparison  with  the  purely  numerical  procedures  that  have  been 
required  in  the  past. 

The  use  of  gamma  functions  allows  all  necessary  integrations  to  be  per¬ 
formed  very  simply.  Though  the  spectral  locus  specfied  by  the  analytic  method 
differs  from  that  specified  by  the  standard  C.I.E.  data,  the  integrations  obtained 
by  the  new  method  differ  generally  by  less  than  a  minimum-perceptible  step 
from  those  obtained  in  the  conventional  manner.  This  conclusion  applies  also 
to  colorimetric  integrations  involving  reflectance  and  transmittance  functions, 
which  we  also  represent  by  mathematical  expressions.  Thus  in  the  great 
majority  of  practical  cases,  the  new  method  and  the  standard  C.I.E.  method 
can  be  used  interchangeably.  The  two  are  supplementary  and  the  one  to  be 
employed  in  a  specific  case  depends  on  the  relative  advantages  of  the  two  for 
that  particular  case. 

In  conclusion,  we  are  happy  to  express  our  thanks  to  Messrs.  J.  M.  Margol- 
skee,  A.  L.  Keller,  and  R.  Kramer  for  their  painstaking  care  in  computing  the 
tables. 
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ON  THE  TRANSFORMATION  OF  THE  EQUATIONS 
OF  DYNAMICS 

By  T.  Y.  Thomas 


1.  Introduction 

Due  to  the  present  interest  in  non-linear  mechanics  we  have  been  led  to  treat 
again  the  problem  of  the  transformation  of  dynamical  systems  which  was  studied, 
without  complete  success,  by  Levi-Civita,  Painlev6,  Staeckel  and  others,  around 
the  beginning  of  the  present  century.*  The  problem  can  be  formulated  briefly 
as  follows: 

Consider  two  Lagrangian  systems  D  and  E  referred  to  generalized  coordinates 
X* ,  •  •  •  ,  x"  and  !/*,•••  ,  y"  respectively.  Under  what  conditions  will  there  exist 
a  (1, 1)  correspondence  x*-*y  between  the  coordinates  of  these  systems  by  means 
of  which  all  trajectories  of  D  will  be  mapped  into  trajectories  of  E  and  conversely  ? 
Assuming  the  existence  of  such  a  correspondence  we  can  refer  the  system  E  to  the 
coordinates  x.  When  this  is  done,  D  and  E  will  admit  identical  trajectories 
(considered  without  regard  to  their  time  pwirameterizations).  We  are  thus  led 
to  consider  the  conditions  under  which  two  dynamical  systems  will  have  identi¬ 
cal  trajectories  when  these  systems  are  referred  to  the  same  set  of  generalized 
coordinates. 

To  state  the  problem  more  explicitly  let  the  I^agrangian  systems  D  and  E 
be  represented  by 


(1.1) 

?/*x“  ,  a  dx^  dx’  ,.a 

(Q  ^  »), 

(1.2) 

„  0,  X  ,  «  dx**  dx  po 

d7  +  ^  ^  ’ 

(K  ^  Q), 

where  Q  and  R  are  the  generalized  force  vectors  which  are  assumed  to  depend 
on  the  coordinates  x  alone,  and  the  F’s  and  A’s  are  Christoffel  symbols  derived 
respectively  from  the  coefficients  gafix)  and  h^fiix)  in  the  expressions  for  the 
kinetic  energies  of  the  two  systems.  The  kinetic  energies  are  assumed  to  be  of 
the  form 


.  dx“  dx^  , 


. ,  dx"  dx^ 


It  is  assumed  implicitly,  when  not  provided  for  by  expressed  conditions  in  the 
following  discussion,  that  these  expresaons  for  the  kinetic  energies  are  positive 
definite  forms  as  required  in  the  dynamical  problem. 

>  T.  Levi-Civita,  SxMt  Iraafortnaaoni  delle  equazioni  dinamiche,  .\nnali  di  Matematica, 
Ser.  2, 24, 1896.  P.  Painlev6,  Sur  la  traruformation  de*  tqtialiona  de  la  dynamique,  Journal  de 
Math^matiquea,  Ser.  4,  10,  1894.  See  G.  Ricci  and  T.  Levi-Civita,  Mtthodea  de  caleul  dif- 
ftrentiel  abeolu,  Mathematiachen  Annalen,  64, 1901 ,  p.  180  for  a  discuaeion  of  inveatigationa 
of  thia  problem  and  additional  references. 
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It  is  easy  to  show  that  if  one  of  the  force  vectors  vanishes  at  a  point,  the  other 
must  also  vanish  at  this  point,  if  the  trajectories  of  the  two  systems  are  the  same. 
In  the  follo^ving  it  will  be  assumed  that  neither  of  the  vectors  Q  and  R  vanishes 
at  any  point  of  the  region  under  consideration  as  indicated  in  the  above  equa¬ 
tions.* 

In  our  approach  to  the  problem  we  have  thought  of  the  system  D  as  given 
and  the  system  E  as  any  other  dynamical  system  (with  non-vanishing  force 
vector)  all  of  whose  trajectories  are  trajectorKs  of  D;  the  condition  that  all 
trajectories  of  D  are  also  trajectories  of  E  is  later  imposed  as  a  separate  require¬ 
ment.  On  accoimt  of  the  similarity  between  this  problem  and  the  projective 
theory  of  the  affinely  connected  space,  it  is  natural  that  we  should  attempt  to 
find  the  relation  between  the  above  quantities  F  and  A,  analogous  to  the  relation 
between  the  connections  of  two  affinely  connected  spaces  whose  paths  are  in 
IH'ojective  correspondence.  This  has  been  done  (§3)  and  the  relation  so  deter¬ 
mined  forms  the  basis  of  our  develppment.*  Differential  conditions  which  are 
both  necessary  and  sufficient  for  all  trajectories  of  the  system  Etohe  trajectories 
of  the  system  D  arc  determined.  These  conditions,  together  with  similar  condi¬ 
tions  for  all  trajectories  of  D  to  be  trajectories  of  E,  give  the  requirements  for 
the  trajectories  of  D  and  to  be  identical;  it  turns  out  that  this  wrill  be  the  case 
only  if  the  geodesics  of  the  two  systems  correspond  and  the  force  vectors  are 
proportional,  the  factor  of  proportionality  being  a  simple  function  of  the  ratio 
of  the  determinants  of  the  coefficients  in  the  expressions  for  the  kinetic  energies 
of  the  two  systems  (§7).  This  djrnamical  problem  is  thus  reduced  to  the  geo- 
nretrical  problem  of  the  correspondence  of  geodesics  of  Riemann  spaces,  for 
which  specific  results  have  been  obtained  by  Levi-dlivita  (foe.  cit.  1). 

When  the  systems  D  and  E  are  conservative,  so  that  the  force  vectors  Q  and 
R  are  derivable  from  potential  functions  F(z)  and  W{x),  we  have  deduced  the 
general  form  of  the  functions  and  W  in  terms  of  the  functions  and  V 
under  the  assumption  that  all  trajectories  of  E  are  trajectories  of  D\  these  rela¬ 
tions  involve  the  coefficients  in  a  basis  of  quadratic  integrals  of  energy  type* 
for  the  system  D.  In  case  the  basis  contains  only  the  ordinary  energy  integral 
(general  case)  the  relations  reduce  to  those  of  the  type  given  by  Painlev4‘  (toe. 

*  If  the  vectors  Q  and  R  vanish  identically  the  problem  would  revert  to  the  purely  geo¬ 
metrical  problem  of  the  determination  of  Riemann  spaces  with  corresponding  geodesics. 

*  The  lack  of  this  fundamental  relation  would  seem  to  account  for  the  widely  divergent 
and  rather  unsystematic  procedures  employed  by  the  earlier  writers  in  treating  this  prob¬ 
lem. 

*  T.  Y.  Thomas,  The  fundamental  theorem  on  quadratic  integraU,  Froc.  N.  A.  8.,  vol.  32, 
1»46,  pp.  10-15. 

*  No  direct  derivation  of  the  relationship  between  the  quantities  ha$  ,  W  and  ,  V  has 

been  given  by  Painlev6  under  the  assumption  that  the  system  D  admits  only  a  single  quad¬ 
ratic  first  integral  (energy  integral).  In  this  connection  we  note  the  following  result, 
attributed  to  Painlev5  by  E.  T.  Whittaker,  Analytical  Dynamics,  4^  ed.,  1937,  p.  261:  If 
in  two  dynamical  systems  in  which  the  kinetic  energies  are  respectively  and 

qi  4k  ond  the  potential  energies  are  respectively  U  and  V,  the  trajectories  are  the  same 
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oil.  1)  for  the  correspondence  of  all  trajectories  of  the  systems  D  and  E  (§9); 
but  under  this  more  stringent  condition  our  relations  are  further  specialised 
(§11).  The  reason  for  this  discrepancy  appears  to  lie  in  the  fact  that  Painlev^ 
has  allowed  imaginary  values  of  the  parameters  t  and  r  while  we  have  restricted 
these  parameters  to  real  values  in  conformity  with  the  proper  interpretation  of 
the  dynamical  equations. 

Dynamical  systems  of  two  degrees  of  freedom  are  excluded  since  such  systems 
require  a  special  treatment  in  certain  stages  of  the  theory.  However  our  inves¬ 
tigation  indicates  that  even  stronger  results  can  be  obtained  for  systems  of  two 
degrees  of  freedom  than  are  given  in  the  present  paper  for  systems  of  more  than 
two  degrees  of  freedom.  It  is  our  intention  to  publish  these  results  separately. 

2.  Parameter  traniformations 


Assume  all  trajectories  of  £  to  be  trajectories  of  D.  Let  C  be  any  trajectory 
of  so  that  (1.2)  is  satisfied  when  C  is  referred  to  the  parameter  r  and  (1.1) 
is  satisfied  when  C  is  referred  to  the  parameter  t.  We  assume  that  the  param¬ 
eters  t  and  r  are  real  and  that  the  transformations  t  —*  r  and  t  —*  t  are  con¬ 
tinuous  and  have  continuous  first  and  second  derivatives.  Making  the  trans¬ 
formation  T  —*  t  the  equations  (1.2)  become 


(2.1) 


,  «  dxf^  dx'  / dr^  _ 

-I- 


Subtracting  corresponding  members  of  (1.1)  and  (2.1)  we  have 


(2.2) 


-«  cb^  dx* 


tl 

di  ’ 


when*, 


*“  as  A*  —  r“ 

^  *  ||ji  • 


curve*  though  deacrib^  with  different  velocitiea,  eo  that  the  relatione  between  the  eoordinatee 
(91  >  >  ’  *  *  f  9*)  O’**  ^  same  in  the  two  problems,  show  that 

yU  +  t’ 


where  a,  fi,  y,  <  are  constants,  and  that 

^^adqidqt  —  (yU  4-  i)'^aikdqidqk 


This  ia  not  correct.  For  example;  let  f.*  -•  >m0 ,  V  ^  determine  the  system  D 

and  h^,e  —  the  system  E,  where  the  c’s  are  any  constants  subject  to 

the  condition  that  det.  |c^|  ^  0.  Then 


D: 


K: 


d*** 

di* 

d^j* 

dr* 


-Kh.  -  2*-, 

-  -  2c*»‘cas*^  -  2**  . 


Hence  systems  D  and  E  have  identical  trajectories  but  the  above  relations  do  not  neces 
sarily  hold. 
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Now  multiply  (2.2)  by  ds^/dt  and  then  interchange  a  and  jS  and  subtract  to 
obtain 

V  dt  dtj  dl  dt 

‘  f  -  -  («■  f  f )  • 

Next  multiply  (2.3)  by  the  quantity  Q'*dx*/dt  —  Q*dxVdiand  from  the  resulting 
equations  subtract  those  obtained  by  simultaneous  interchange  of  the  indices 
a,  7  and  /3,  5.  This  gives  a  system  of  equations  which  can  be  written 

-  io'’^  -  —V —^1  —  — 

(2.4)  \C  dr  ^  dr/V^dr  '‘'dr/Jdrdr 

Now  the  left  member  of  this  equation  is  a  form  of  the  fourth  degree  in  the  dx“/dr 
while  the  right  member  is  a  form  of  the  second  degree  in  these  quantities;  also 
the  dx“/dT  can  be  assigned  arbitrary  initial  values.  It  follows  that,  the  two 
members  of  this  equation  must  vanish  separately.  We  thus  have  the  following 
two  systems  of  equations 

(2-5)  -1  ,  „  ,  , 

-  +  R^Q'*6:6*  -  =  0. 

and 

(2.6)  -1  ,  -  j  » j  •  j  » 

+  +  Q^Ki:st  -  Q^<«r «;  ]  57  * 

3.  Algebraic  relations 

When  the  bracket  expression  in  (2.5)  is  made  symmetric  in  the  indices  n  and 
r  it  must  vanish.  This  gives  the  following  set  of  algebraic  relations  between  the 
quantities  Q*  and  R",  namely 

+  R^Q’iX  - 

-R*Q"iX  -  R*Q"6X  +  «W«?  +  R*(fsX 

-R^Q^sflfii  -  R“Q^S^X  +  R^QW  + 

+  R^QXit  +  Rf'QXil  -  R^Q*sx  -  r^qXs:  =  0. 


(3.1) 
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Now  put  /9  "  M  and  o  =  r  in  these  equations  and  sum  are  the  repeated  indices. 
Under  the  assumption  that  the  dynamical  systems  D  and  E  have  n  >  2  degrees 
of  freedom  we  thus  obtain  the  following  relations:  In  other 

words  the  quantities  /?“  and  are  proportional*  so  that  we  can  write 

(3.2)  ff*  = 


Since  neither  of  the  vectors  Q  and  R  vanishes  by  assumption  it  follows  that  the 
fimction  ^  does  not  vanish.  The  right  member  of  (2.4)  is  immediately  seen  to 
vanish  as  a  result  of  the  substitution  R“  —  4^“;  hence  (3.2)  gives  all  conditions 
obtainable  from  (2.5). 

We  now  treat  (2.6)  in  a  similar  manner.  This  leads  to  a  set  of  algebraic 
relations,  corresponding  to  (3.1),  which  we  shall  merely  represent  by  writing 

(3.3)  +  •  •  •  =  0. 

Putting  0  =  c  and  2  i;  in  (3.3),  and  summing  on  the  repeated  indices,  we  are 
led  to  the  following  conditions 

n(Q“*;,  -  Q'^K) + -  q“«7) + *%{qx  -  qx) 

+  (^(o;  -  -  o. 


The  expression  in  the  left  member  of  (3.4)  is  clearly  symmetric  in  i*  and  skew- 
symmetric  in  a,  y.  Now  multiply  these  equations  by  g„(^\  then  dividing  by 
the  quantity  we  have  a  system  of  the  form 

(3.5)  X*  “  "b  4-  T^tQ^  +  s^Qr  +  , 

where  we  have  put  We  do  not  make  use  of  the  exfdicit  expressions 

for  p„  and  r„, .  The  expression  for  is 


(3.6) 


Now  multiply  (3.5)  by  Q’  and  use  (3.6)  to  obtain 

(3.7)  (n  -  1)Q,QV  =  «;p.Q'  +  (ft  +  • 


Multiplying  this  by  we  are  led  to  an  equation  of  the  form  mak¬ 

ing  this  substitution  in  the  right  member  of  (3.7)  the  resulting  equation  has  the 
form 

*  To  deduce  A"  «■  formally  from  R^QT  ~  multiply  this  equation  through  by 
Q"’’  and  sum  on  the  repeated  index  y.  This  gives  (/.(P(P')lt“  “  (23®^^) 

A*  —  where 

“  T.q'Q'  ’ 

since  ^  O  by  hypothesis. 
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When  these  expressions  for  the  sj  are  substituted  into  the  right  member  of  (3.5) 
we  find  that  the  ^’s  are  given  by  a  set  of  equations  of  the  form 

(3.8)  ' 

in  which  the  functions  are  symmetric  in  the  indices  m  and  v.  Substituting 
these  values  of  the  4>’s  into  the  left  member  of  (2.4)  the  resulting  expression 
vanishes  identically.  Hence  (2.6)  cannot  lead  to  conditions  on  the  4>’s  beyond 
those  given  by  (3.8)  in  which  the  and  the  i4„,(=  A^)  are  arbitrary  functions. 


4.  Parameter  transformations  (continued) 

The  above  algebraic  relations  (3.2)  and  (3.8)  lead  to  certain  explicit  conditions 
on  the  parameter  transformation  t  t  which  we  shall  now  determine.  Sub¬ 
stituting  from  (3.2)  and  (3.8)  into  (2.2)  the  resulting  equation  can  be  written 


(4.1) 


dt  dtj^ 


+  20, 


'  dt\ 


dx" 

It  ' 


If  the  initial  values  of  the  dx^ldr,  and  hence  of  dx^/dt,  do  not  all  vanish  and  if 
these  initial  values  are  not  proportional  to  the  Q”,  then  (4.1)  breaks  up  into  the 
following  two  equations 


(4.2) 

(4.3) 


1  +  A 


+  20. 


dx' 

H 


0. 


For,  if  neither  (4.2)  nor  (4.3)  is  satisfied  Q"  proportional  to  dx“/(U\  if  (4.2)  is 
satisfied  but  (4.3)  is  not,  all  dbc^/dt  vanish;  if  (4.2)  is  not  satisfied  but  (4.3)  is 
satisfied,  then  all  Q"  vanish  contrary  to  our  assumption.  Equations  equivalent 
to  (4.2)  and  (4.3)  are 


(4.4) 


(4.6) 


dx^  dx' 

*  d7’ 


d£_ 

dt 


dx 

dt 


It  will  be  shown  in  the  following  section  that  0,  is  the  gradient  of  a  scalar 
function  0.  We  can  put  40  »  log  u.  Anticipating  this  result,  equation  (4.6) 
can  be  integrated,  giving 


(4.6) 


dr 

di 


Be'* 


where  the  constant  of  integration  B  may  depend  on  the  trajectory. 
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5.  Differential  relations 

Let  us  now  differentiate  (4.4)  with  respect  to  t  and  then  eliminate  the  second 
derivatives  from  the  resulting  equations  by  means  of  (1.2).  When  we 

furthermore  eliminate  the  derivative  d*</dT*  by  (4.3)  and  the  quantity  (dt/dr) 
by  (4.4)  the  following  equation  is  obtained 

(A^;y  +  ^  ^  ^  =  0. 


where  the  ’’semi-colon”  denotes  covariant  differentiation  based  on  the  A.  Hence 
making  the  substitution  we  have^ 

(5.1)  2A„,^  ^  (log  ^)..  +  4<^.  , 

(5.2)  Aafi\y  +  Apyia  +  AyaJ  +  4(Aafitl)y  +  Afiyd>a  +  Ay^g)  —  0* 

^  _ 

Now  put  7  ■=  F  in  (3.8)  and  sum  on  the  repeated  indices.  This  gives 

»  (n  4-  1)^  +  A^,Q*, 


or. 


4^»i  = 


44>! 


4A,a  Q“ 


n  -b  1  n  -f-  1 
when  use  is  made  of  (5.1).  Hence 


2A„a  Q"  -  (log  ^), 


(5.3) 

But, 

where  h  =  det. 

(5.4) 


ha0  I  and  g  —  det.  |  ^.^  |.  Hence  (5.3)  becomes 


A,,  or 


^  r _ ^ 

_H  -f-  3 


J*l* 


In  other  words  the  quantities  A^^Q"  are  the  partial  derivatives  of  the  above 
expression  in  brackets.  It  now  follows  from  (5.1)  and  (5.4)  that  is  the  gradient 
of  a  function  This  fact  was  used  in  §4  in  the  derivation  of  equation  (4.6). 
We  find 


(5.5) 


1 


loR  I  4 


-h  const. 


2n  -b  6 

It  is  clearly  permissible  to  take  the  additive  constant  to  be  zero  in  this  equation. 
Doing  this,  and  making  the  substitution  4^  log  »,  as  in  §4,  we  have 


(5.6) 


’  In'plsce  of  log  ^  in  (6.1)  we  could  equally  well  have  written  log  (— ^).  Hence  no 
assumption  is  here  implied  concerning  the  algebraic  sign  of  the  function 
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When  the  quantity  w  is  introduced  into  (5.1)  and  (5.2)  these  equations  become 

(5.7)  2.4^  =  (log  <^)..,  and 

(5.8)  iuAafi):r  +  iuApy),»  +  («i4„);fl  =  0. 


6.  The  quadratic  firat  integral 
()n  account  of  (4.6)  tlie  equation  (4.4)  becomes 


(6.1) 


dx  _ 


1 


B*' 


Hence  (6.1)  is  satisfied  along  any  trajectory  of  E  which  is  subject  to  the  condi¬ 
tion  under  which  (4.2)  and  (4.3)  were  derived,  i.e.  that  not  all  dx“/dT  vanisli 
and  the  values  of  dx^/dr  are  not  proportional  to  Q“.  Subject  to  this  restriction 
we  can  select  the  values  of  the  dx^/dr  arbitrarily  small^  then,  since  «  >  0, 
and  the  right  member  of  (6.1)  is  negative,  it  follows  that  >  0.  Also  toe  must 
have  ^  0  for  arbitrary  (real)  values  of  the  {’s.  For,  suppose  >  0. 

We  can  then  find  a  set  of  values  of  ^  ^  such  that  (a)  the  (S  will  not  all  vanish, 

(b)  the  ^  will  not  be  proportional  to  the  and  (c)  the  condition  >  0 

will  be  satished.  Hence  if  we  take  dz'/dr  =  k^o  initially  the  equation  (6.1) 
will  hold  along  the  trajectory.  But  by  choosing  k  sufficiently  large  the  first 
term  of  (6.1)  will  be  positive  and  numerically  larger  than  the  second  term 
in  the  left  member  of  this  equation ;  this  will  be  in  contradiction  with  the  fact 
that  the  right  memlier  of  (6.1)  is  negative. 

We  now  show  that  (6.1)  is  a  first  integral  of  the  system  E.  This  implies  that 
for  a  suitable  selection  of  the  (real)  constant  B,  the  equation  (6.1)  holds  along 
any  trajectory  of  E  w'hhout  regard  to  the  above  restriction  on  the  derivatives 
dx^/dr.  In  this  connection  w'e  note  the  conditions  for 


(6.2) 


const. 


to  be  a  first  integral  of  E.  To  obtain  tliese  conditions  we  differentiate  (6.2) 
with  respect  to  r  and  eliminate  the  second  derivatives  d^x'/dr*  by  the  substitu¬ 
tion  (1.2) ;  when  we  then  impose  the  condition  that  the  initial  values  of  the  dx'/dr 
are  arbitrary  we  obtain  the  required  equations.  These  are 

(6.3)  -H  =»  0, 

(6.4)  -H  -  0. 

The  conditions  (6.3)  and  (6.4)  are  both  necessary  and  sufficient  for  (6.2)  to  be  a 
first  integral  of  E.  Now  taking  H^,  »  and  U  ^  —u^it  follows  immedi¬ 
ately  from  (5.7)  and  (5.8)  that  (6.3)  and  (6.4)  are  satisfied.  Hence 

.  dx^  dx'  ,  . 

«-4„,  =  const.  ■ 

dr  dr 


(6.5) 
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is  an  integral  of  the  system  E.  Then  since  w  >  0,  ^  >  0  and  ^  0  for 

arbitrary  {’s,  it  follows  that  the  constant  in  the  right  member  of  (6.5)  is  neces¬ 
sarily  negative.  Hence  (6.1)  is  a  first  integral  of  E. 

Introducing  the  parameter  t  in  (6.1)  by  means  of  the  substitution  (4.6)  the 
resulting  equation  can  be  written. 


(6.6)  • 


^  .  J_  „ 

\w^/  dt  dt  ■  ufp 


This  suggests  that 


(6.7) 


dt  dt  uni/ 


const. 


is  an  integral  of  the  system  D.  Corresponding  to  (6.3)  and  (6.4)  the  required 
conditions  for  this  are 


where  the  “comma”  denotes  covariant  differentiation  based  on  F.  But  (6.8) 
is  satisfied  in  consequence  of  (5.7)  and  (6.9)  is  seen  to  be  satisfied  on  account  of 
(5.8)  combined  with  (3.8)  and  (5.7).  Hence  (6.7)  is  a  first  integral  of  the  system 
D.  We  observe  that  the  constant  in  the  right  member  of  (6.7)  can  be  negative 
provided  the  condition  <  0  can  be  realized;  in  such  a  case  the  integral 

(6.7)  is  not  equivalent  to  (6.6). 


7.  General  correspondence  theorems 


We  now  prove  the  following  result.  AU  trajectories  of  the  dynamical  system  E 
will  be  trajectories  of  the  dynamical  system  D  if,  and  only  if,  the  following  conditions 
are  satisfied: 

(a)  4»J,  =  4^0,  +■  4“^  +  A^fQ", 


(b) 

(c) 


dxT  dx"  ,  _1_ 
uni/  dt  di  uni/ 


^  >  0, 
=  const. 


is  a  first  integral  of  D  tohere  u  =  {h/gi/)*‘*^*  and  ^  0  for  all 

The  necessity  of  these  conditions  has  been  proved.  It  remains  therefore  to 
show  their  sufficiency.  First,  since  (c)  is  an  integral  of  D  we  have  (6.8)  and 
(6.9).  Hence  (5.7)  holds  since  this  is  equivalent  to  (6.8).  Now  contract  the 
indices  a  and  v  in  (a)  and  then  eliminate  the  quantity  h/g  from  the  resulting 
equations  by  means  of  the  above  equation  for  ut;  this  leads  to  the  relation  4^  = 
(log  u)^ .  Expand  the  terms  in  (6.9)  and  then  eliminate  the  components  F 
by  means  of  (a);  then  making  use  of  (5.7)  and  the  equation  4^  »  (log  w).^ 
we  can  deduce  (5.8).  But  from  (5.7)  and  (5.8)  it  follows  that  (6.5)  is  a  first 
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integral  of  E.  From  the  conditions  w  >  0,  ^  >  0  and  ^  0  we  then  de¬ 

duce  that  (6.1)  is  a  first  integral  of  £  as  in  §6. 

Now  let  C  be  any  trajectory  of  E,  defined  as  a  solution  of  (1.2).  Then  (6.1) 
holds  along  C  for  a  suitable  selection  of  the  constant  B.  Using  this  value  of  B 
we  define  the  parameter  transformation  t  ^  <  by  means  of  (4.6).  From  (1.2) 
we  now  deduce  (2.1)  along  C  and  from  these  equations  we  eliminate  the  A’s 
by  means  of  (a)  and  the  R"  by  (b).  By  recourse  to  (4.6),  (6.1)  and  the  substitu¬ 
tion  4^  »  (log  ci>).„  it  now  readily  follows  that  these  equations  reduce  to  (1.1) 
along  C*  Hence  C  is  a  trajectory  of  the  system  D  and  the  proof  is  complete. 

The  conditions  for  all  trajectories  of  />  to  be  trajectories  of  E  can  readily  be 
inferred  from  the  above  result  by  making  the  proper  changes  in  the  function.s 
involved.  Corresponding  to  the  interchange  in  the  roles  of  the  functions  F  and 
A  let  us  now  write  (a)  in  the  form 


r“  —  V“ 


(-«.)  +  fir  (-^j 


Also  write  =  (l/^)/2“  in  place  of  (b)  and  note  that  4(— ^)  =  (log  l/«).„  . 
It  is  clear,  therefore,  that  if  we  make  the  substitutions  &>  —*  l/w,  ^  —*  1/^  and 
Ap,  —*  — in  the  first  integral  (c)  and  the  condition  ^  0,  we  shall 

obtain  the  new  form  of  these  requirements  corresponding  to  the  problem  under 
consideration.  Rut  this  gives 

dx’ 

—wA„  — ; — -T-  "h  *=  const. 
dr  dr 

as  a  first  integral  of  the  system  E  and  ^  0  for  all 

Now  suppose  that  all  trajectories  of  E  are  trajectories  of  D  and  conversely. 
Then  ^  0  and  ^  0  for  all  (  which  implies  A^,  =  0.  Hence 

from  (c)  we  have  ^  »  cVw  where  c  is  an  absolute  constant.  But  since  u  e** 
we  can  also  write  ^  *  c'e~**  where  now  2(n  +  1)^  ”  log  ih/g);  this  latter  rela¬ 
tion  is  obtained  by  contracting  the  indices  a  and  p  in  (c)  ^vith  A,,  =«  0.  We  thus 
have  the  following  result. 

All  trajectories  of  E  will  be  trajectories  of  I)  and  conversely  if,  and  only  if, 


•(a)  4>; 
(d)  R" 


, 

fg\mn+l) 

ihj 


where  c  is  a  constant,  y  —  det.  |  |  and  h  det.  |  had  j.  Condition  (a)  is  the 

well  known  condition  for  the  geodesics  of  D  and  £  to  be  the  same  curves  in  space. 
The  determination  of  all  dynamical  systems  E  having  the  same  trajectories  as  a 
given  system  D  is  thus  reduced  to  the  solution  of  the  geometrical  problem  of 
finding  all  Riemann  spaces  whose  geodesics  are  the  same  as  those  of  a  given  Rie- 


*  It  is  thus  shown  that  under  the  above  conditions  (a),  (b),  and  (c)  we  can  pass  from 
(1.2)  to  (1.1)  by  the  transformation  (4.6)  without  the  restriction  on  the  curve  C  which  was 
introduced  in  {4  in  deriving  this  transformation. 
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mann  space.  Corresponding  to  any  solution  of  this  geometrical  problem  there  ‘ 
wiU  be  a  dynamical  system  E,  with  force  vector  given  by  (0),  such  that  the  sys¬ 
tems  D  and  E  have  identical  trajectories. 

8.  Conservative  systems 

Suppose  that  the  systems  D  and  E  are  conservative  and  denote  the  potential 
functions  of  these  systems  by  F(x)  and  ir(x)  respectively.  We  can  then 
write 

Now  D  and  E  admit  respectively  the  following  first,  integrals 

(8.1)  ^  ^  “  const., 

(8.2)  khafi  -\-W  =  const., 

dr  dr 

expressing  the  condition  that  the  total  energy  along  any  trajectory  is  const^int. 
We  now  treat  the  problem  of  finding  all  quantities  hat  and  W,  by  which  the  sys¬ 
tem  E  is  determined,  so  that  all  trajectories  of  E  will  be  trajectories  of  the  given 
system  D. 

In  treating  this  problem  all  results  can  be  applied  which  were  previously 
obtained  in  dealing  with  the  corresponding  problem  without  the  conservative 
condition.  First,  let  us  note  the  following  relations,  which  will  be  needed  in 
our  discussion,  namely 

(8.3)  hat(/  - 

^  ^  ^ 

Now  transpose  (3.8)  to  normal  coordinates  based  on  the  F’s  and  evaluate  at 
the  origin;  the  resulting  equations  can  be  solved  for  the  quantities  to  3deld 

(8.4)  ha,,m  =  2ha^a  +  ha^,  +  h,^  +  (haaQ^)A,a  +  (h„Qr)Aaa  • 

Permute  the  indices  n,  v,  a  cycically  in  (8.4)  and  add  the  resulting  equations; 
then  making  the  substitution  4^  »  log  <•>  and  using  (8.3)  and  (6.9)  we  readily 
find  that 


(8.5)  +  (-  +  “  0 

\u  /.a  \  «  onf'  /.^  \  «  /.w 


Also 

(8.6) 


(bs:  +  Aa.  Q' 

\  0>  /  «  Wv 

^  - (log  U^).a  *  I  -T  J  > 
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where  use  has  been  made  of  (5.7)  and  (8.3).  Comparing  with  (6.3)  and  (6.4) 
we  see  that  (8.5)  and  (8.6)  are  the  conditions  for 


(8.7) 


\  ,2WA^\djr  dx^  .  W 


to  be  a  first  integral  of  the  conservative  system  D. 
Now  let 


(8.8) 


const., 


(*'  “  1>  ’ "  ‘  I  *)i 


be  a  basis  of  quadratic  integrals  of  energy  type  for  the  system  D  {loc.  cit.  4). 
Then  from  (6.7)  and  (8.7)  we  have 


(8.9) 


-i  -  m,  +  e  , 

(Olff 

I  .  (o 

—  H - Y  A,,  •  ctg^,  , 

<a  (o^ 

1^  irU)  1  j 

—  =  c<  V  +  a, 

(Of 

where  the  c< ,  ,  d  and  e  are  constants  and  the  summation  on  the  index  i  is 

over  the  range  !,•••,«.  The  relations  (8.9)  imply  that  (6.7)  and  (8.7)  are  first  * 
integrals  of  D.  From  (8.9)  we  deduce  ♦ 

(8.10)  K>  **  «(c<  -  yVrni)g^V  , 


(8.11) 


(8.12) 


W 


A^, 


Ci  +  d 

m,  F<*>  +  « 
1  mi  g^t^ 


2  m*  F**’  +  e 


From  the  second  equation  (8.9)  we  see  that  the  constants  and  e  must  be  chosen 
so  that  +  e  >  0,  sihce  «  >  0  and  ^  >  0.  The  relation  (8.11)  gives  W 

interms  of  the  quantities  associated  with  the  system  D.  Eliminating '  IF 
from  the  right  member  of  (8.10)  by  (8.11)  we  have  the  /«„,  expressed  in  terms  of 
fa)  and  the  invariants  and  g^^  of  the  system  D. 

We  now  show  that  the  quantity  u  can  likewise  be  expressed  in  terms  of  the 
above  invariants.  Taking  the  determinant  of  both  members  of  (8.10)  we  have 

(8.13)  /i  =  fa."  I  (ci  —  Wmi)gl*J  |. 

Use  (8.13)  to  eliminate  the  h  in  the  right  member  of  (5.6)  and  then  eliminate 
the  ^  by  means  of  the  second  equation  (8.9).  Solving  the  resulting  equation 
for  fa)  we  have 

r  g 

(8.14)  fa)  -  ^  I  (c,  1  WmM^  ij 
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The  condition  R*  »  is  equivalent  to 
(8.16)  or 

But  these  conditions  are  satisfied  automatically  on  account  of  (8.9). 
For  we  have 


=  ^(c,  -  Wmi)gl^^g'^V,, 
_  (c,  -  Wnu)gi.Wv,. 

(m*  F<*>  +  e) 

_  (c,  -  }Fm,)ri*> 

(m*  F**’  +  e) 


when  use  is  made  of  the  conditions  expressing  the  fact,  that  (8.8)  are  first  inte¬ 
grals  of  D.  On  the  other  hand 


IF 


/  c  F**’  +  d  \ 
\m*  F^>  +  f  /.». 


c,  F.<;>  _  (c,  F»>  -f  d)mtFi*> 

m*  F^’  +  c  {mi  +  «)* 

(c,  -  lFm<)F^*> 
m»  F^^  +  e 


Hence  the  relation  R“  »  is  automatically  satisfied  as  above  stated.  Specifi¬ 
cally  this  means  that  the  quantities  R“  and  Q"‘  are  proportional;  to  insure  that 
the  factor  of  proportionality  is  positive  the  condition  ^  >  0  must  be  imposed. 

The  results  now  obtained,  combined  with  the  first  italicized  result  in  §7, 
lead  to  the  following  conclusion:  All  trajectories  of  the  conservative  system  E  toill 
be  trajectories  of  the  conservative  system  D  if,  and  only  if,  the  quantities  h^,  and  W 
are  given  by  (8.10)  and  (8.11)  where  a  is  given  by  (8.14),  and  where  the  constants 
d  ,  mi,  d  and  e  in  these  relations  are  such  that  ^  >  0  and 


(a) 


(V>) 


_  1  mi  gl, 

2  m*F^*’  -f  € 


ffi*  g  >  0^ 


(c)  SOforaUi, 

(d)  i»  positive  definite. 


9.  The  energy  hypothesis 

Suppose  s  »  1  i.e.  the  basis  of  first  integrals  (8.8)  of  the  system  D  contains 
only  a  single  member.  In  this  case  the  ordinary  energy  integral  (8.1)  can  be 
taken  as  a  basis  of  these  first  integrals.  A  system  D  of  this  type  will  be  said  to 
satisfy  the  energy  hypothesis  for  convenience  in  terminology. 
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Under  the  above  hypothesia  the  relatione  (8.10),  (8.11)  and  (8.14)  become 
h^,  =  «(c  -  Wm)a„ , 

mV  +  e’ 

«  -  (mU  +  e)"*'‘’-“(c  -  IFm)"*"'^""*'. 

When  we  substitute  the  above  value  of  W  in  the  expressions  for  and  w  these 
assume  the  forms 

(9.1)  K,  »  k{mV  +  e)g^, , 

(9.2)  «  =  l{mV  +  e)\ 

where  k  and  I  are  constants.  From  condition  (b)  in  the  italicized  result  at  the 
end  of  §8  we  have  mV  +  e  >  0;  hence  A;  >  0  since  g^,  and  h^,  must  be  the  coeffi¬ 
cients  of  positive  definite  quadratic  forms.  Furthermore  condition  (b)  gives 

(9-3)  2  mF  +  c ' 

Hence  w  ^  0  by  condition  (c).  By  calculation  we  find 


Hence, 

,  _  ce  —  md 
*  “  k{mV  4-  c)*  ■ 

Hence  ^  >  0  if,  and  only  if,  ce  —  md  >  0.  There  remains  only  condition  (a) 
to  be  considered.  But  this  condition,  in  which  Q“  =  — (/“'F.,  and  4^  =  log  w, 
is  satisfied  automatically  on  account  of  (9.1),  (9.2)  and  (9.3)  as  can  easily  be  seen 
by  direct  substitution. 

The  above  constant  k  can  be  absorbed  in  the  other  constants  so  that  we  have 
for  /ip,  and  TF  expressions  df  the  form 

V=(«l'  +  6)»„, 


Taking  account  of  this  change  of  notation  the  italicized  result  at  the  end  of  §8 
now  leads  to  the  following  conclusion.  AU  trajectories  of  the  conservative  system 
E  will  be  trajectories  of  the  conservative  system  D,  assumed  to  satisfy  the  energy 
hypothesis,  if,  and  only  if. 


Ap,  =■  (oF  +  b)^, ,  aF  -h  6  >  0, 


aV  +  d 
aF  -1-  6’ 


a  ^  0. 
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It  is  recalled  that  we  have  limited  our  attention  to  dynamical  systems  for 
which  the  force  vectors  do  not  vanish  at  points  of  the  region  under  consideration. 
The  above  requirements  (a)  and  ($)  insure  this  condition  for  the  system  E  if  it 
holds  for  the  system  D. 


10.  Invariance  of  energy  hypothesis  under  transformations 

Starting  with  a  conservative  system*  D,  defined  by  the  quantities  and 
V{x),  let  us  determine  quantities  h^,ix)  and  ITCx)  by  one  of  the  transformations 
of  the  group 


(10.1) 


=  (aV  -I-  b)g^, ,  aV  +  6  0, 


aV  + 
aV  +b’- 


A 


0/8 

ab 


^0, 


where  a,  b,  a,  (i  are  constants.  The  quantities  h^,  and  W  then  determine  a 
conservative  system  E.  We  now  prove  the  following  result:  If  the  system  D 
satisfies  the  energy  hypothesis,  the  system  E  likewise  satisfies  this  hypothesis. 

This  result  will  be  proved  if  we  show  that  any  first  integral 

(10.2)  -^W*  =  const. 

ar  dr 


of  the  system  E  can  be  expressed  linearly  in  terms  of  the  ordinary  energy  integral 
(8.2)  of  this  system.  In  the  demonstration  it  will  be  helpful  to  have  the  explicit 
conditions  pn  the  quantities  h*,  and  W*  for  (10.2)  to  be  a  first  integral  of  E. 
From  (6.3)  and  (6.4)  it  follows  that  these  conditions  are 

(10.3)  w*  =  h*hrw,. , 

(10.4)  C:-  +  +  C>  =  0, 

where,  we  recall,  the  “semi-colon”  denotes  covariant  differentiation  based  on 
the  A’s.  Now 


(10.6)  a;,  -  C  +  -I-  -  g"g,x , 

where. 


1  d<T 


V  =  oK  -b  (> . 


Expanding  the  terms  in  (10.4)  and  eliminating  the  A’s  which  thus  appear  by 
means  of  (10.5)  it  is  easy  to  show  that  the  resulting  equations  can  be  given  the 
form 


(10.6) 


*  In  this  section  we  speak  of  a  conservative  system  as  any  system  whose  trajectories  are 
determined  by  equations  of  the  type  (1.1)  in  which  the  F’s  are  Christoffel  symbols  based  on 
sjrmmetric  quantities  and  Q"  This  implies  that  the  det.  |  g^  \  does  not 

vanish  but  does  not  require  the  assumption  that  the  g^,  are  the  coefficients  of  a  positive 
definite  (|uadratic  form. 
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where  the  covariant  differentiation  is  now  based  on  the  P’s.  Also  it  is  easy  to 
show  that 


(10.7) 

Now  put 

(10.8) 


(10.9) 


aW* 
A  ' 


Then  from  (10.6)  and  (10.7)  it  follows  that 
1  *  dxf'dx' 


dt 


-I-  F*  =*  ccmst. 


is  a  first  integral  of  the  system  D.  But  since  D  satisfies  the  energy  hypothesis 
this  means  that  g*,  »  eg,,,  and  F*  »  cF  +  d  where  c  and  d  are  constants.  Sub¬ 
stituting  these  values  of  g*,  and  F*  for  the  left  members  of  (10.8)  and  (10.9) 
respectively  it  turns  out  that  the  resulting  equations  can  be  put  in  the  form 


C 


ab  .  aff 
cd  cd 


Hence  the  energy  integral  (8.2)  constitutes  a  basis  of  integrals  for  the  system  E; 
in  other  words  the  system  E  satisfies  the  energy  hypothesis  as  above  stated. 


11.  Conservative  systems  witii  corresponding  trajectories 

On  account  of  the  result  of  §10  the  system  E  in  the  italicized  statement  at  the 
end  of  §9  will  satisfy  the  energy  hypothesis.  Hence  conditions  similar  to  con¬ 
ditions  (a)  and  (/9)  of  this  statement  are  necessary  and  sufficient  for  all  trajec¬ 
tories  of  the  system  Z)  to  be  trajectories  of  E.  These  conditions  are  of  the  form 


(y) 

(«) 


ft,,  =*  (clF  +  d)hp, , 
V  = 

cW  +  d' 


clF  -f  d  >  0, 


>  0, 


c  ^  0. 


Determining  the  values  of  the  above  constants  c,  d,  7,  6  in  terms  of  the  constants 
o,  b,  a,  P  previously  used  in  expressing  the  relationship  between  the  systems  D 
and  E,  we  find 


(11.1) 


The  inequality  clF  +  d  >  0  in  (7)  and  the  determinant  inequality  in  (j)  are 
satisfied  on  account  of  the  corresponding  inequalities  in  the  conditions  (a) 
and  (0)  in  §9.  But,  since  A  >  0,  the  inequality  c  $  0  implies  —a  ^  0  by  the 
first  equation  (11.1).  Hence  a  =  0  since  a  ^  0  by  condition  (0).  Hence  the 
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relations  (a)  and  (0)  between  the  quantities  g^,,  V'  and  tV  take  the  form 
ac  bg^, ,  b  >  0  and  W  =  {aV  +  0)/b,  ab  >  0.  Hence,  if  the  conservative 
system  D  satisfies  the  energy  hypothesis,  the  trajectories  of  the  conservative  system  E 
will  be  the  same  as  those  of  D  if,  and  only  if,  constants  p,  q  and  r  can  be  found  such 
that 


hut  *=  pgitt ,  p  >  0, 

W  =qV  +  r,  q>0. 

12.  Transformation  of  the  Hamiltonian  function 

Denote  by  H  the  Hamiltonian  function  for  the  conservative  system  D.  Since 
the  kinetic  potential  of  D  does  not  involve  the  time  t  explicitly  the  function  H 
\vill  not  involve  t  explicitly  and  under  this  condition  H  will  be  equal  to  the  sum 
of  the  kinetic  and  potential  energies  of  D.  Similar  remarks  apply  to  the  con¬ 
servative  system  E  for  which  the  Hamiltonian  function  will  be  denoted  by  L. 
Hence  we  can  write 


(12.1) 

(12.2) 


J  dx^ dx’,  „ 

It  dx/‘ dx  I  n'  _  / 
2*'*  *  +  ”  - 


In  a  similar  manner,  using  the  basis  of  first  integrals  (8.8)  of  the  system  D  we 
can  define  a  set  of  extended  Hamiltonian  functions  •  •  •  ,  with  values 
such  that 

(12.3)  id"’ +  y"'  -  ff"’.  (*  =  1,  ■  ■  ■, «). 

We  shall  now  derive  the  lelation  between  the  function  L  of  the  system  E  and 
these  extended  functions  associated  with  the  system  I),  under  the  assump¬ 
tion  that  all  trajectories  of  E  are.  trajectories  of  D. 

Consider  the  relation  (12.2)  along  any  trajectory  C  of  the  system  E.  Elimi¬ 
nate  the  h^,  from  (12.2)  by  means  of  (8.10)  and  introduce  the  parameter  t  by 
(4.6).*  We  thus  obtain 


L  = 


-f  W, 


_  (c*  - 


+  W, 


when  use  is  made  of  (12.3).  Now  (6.6)  holds  along  C  and  in  this  relation  we 
substitute  for  the  quantities  1/w^  and  in  accordance  with  (8.9)  and  then 

again  apply  (12.3).  We  thus  find  B*  =  -|-  e  >  0.  Making  this  substitu¬ 

tion  for  the  constant  B  and  then  eliminating  the  quantity  W  by  means  of  (8.11) 
we  are  led  to  the  followang  relation 


(12.4) 


cM^*^  +  d 
-b  e " 
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Hence,  if  aU  Irajecloriea  of  the  conservative  system  E  are  trajeclories  of  the  conserva¬ 
tive  system  D,  the  Hamiltonian  function  L  of  E  is  related  to  the  extended  Hamil¬ 
tonian  functions  H^^\  •  •  •  ,  H^’^  of  the  system  D  by  the  equation  (12.4)  where  the 
conditions  on  the  constants  d  ,  mi ,  d  and  e  are  contained  in  the  italicized  result  at 
the  end  of  §8. 

From  (12.4)  it  is  seen  that  the  relationship  between  L  and  H'‘^\  -  •  •  , 
can  be  obtained  by  the  substitutions  IF  — ►  L  and  ►  H^^  in  the  expression 
(8.11)  for  the  potential  of  the  system  E.  Hence,  using  our  previous  notation,  it 
follows  that  if  the  systems  D  and  E  arc  consen>attve  and  satisfy  the  energy  hypoth¬ 
esis,  we  must  have'^ 

(12.5)  o//  +  fr>0, 

when  all  trajectories  of  E  are  trajectories  of  D,  and 

(12.6)  L  ^  qll  -{■  r,  q  >  0, 

when  the  trajectories  of  D  and  E  are  identical.  The  transformations  of  the  quan¬ 
tities  and  V  corresponding  to  (12.5)  and  (12.6)  are  contained  in  the  italicised 
results  at  the  ends  of  §§9  and  1 1  respectively. 

Indiana  Umvemitt. 

>•  The  condition  oH  -i-  6  >  0.  proved  above,  implies  aV  +  6  >  0  on  account  of  a  ^  0 
and  (12.1). 


MATHIEU  FUNCTIONS  AND  THEIR  CLASSIHCATION 

Bt  N.  W.  McLachlan 

1.  Introductioii.  In  a  recent  paper  [1],  series  representations  of  certain  solu¬ 
tions  of  the  following  differential  equations  were  given: 

y"  -f-  (a  T  2g  cos  2z)y  »  0,  (1,  2) 

y"  —  (o  T  29  cosh  2z)y  «  0.  (3,  4) 

(1),  (2)  are  Mathieu  equations,  while  (3),  (4)  are  modified  Mathieu  equations 
derived  from  the  former  by  writing  iz  for  z.  All  solutions  of  the  four  equations 
in  the  form  given  herein,  with  their  appropriate  multipliers  where  necessary,  are 
regarded  as  Mathieu  functions.  In  this  paper  we  shall:  (a)  extend  the  repre¬ 
sentations  of  the  solutions  given  in  reference  1,  (b)  define  second  solutions  of  (1)- 
(4),  (c)  introduce  a  number  of  new  forms  of  solution  of  integral  order,  and  of 
fractional  order  in  the  stable  and  unstable  regions  of  the  (a,  q)  plane,  (d)  classify 
the  various  solutions.  The  number  of  representations  in  the  guise  of  series, 
integral  relations,  etc.,  exceeds  300.  Of  these  about  200  have  not  been  pub¬ 
lished  hitherto.  Additional  representations  may  be  derived  as  explained  in 
certain  sections.  The  results  already  known  were  taken  from  references  1,  la,  2, 
3, 6, 7, 9, 9a,  10.  No  attempt  is  made  to  show  the  derivation  of  the  new  formulae, 
as  this  paper  would  then  be  much  too  long.  It  is  hoped  that  the  requisite  anal¬ 
ysis  will  be  published  during  the  next  12  months. 

Convergence  of  series.  In  the  Y-,  and  A-Bessel  series  with  arguments  2k  cosh  2, 
2k  sinh  z,  we  must  have  |  cosh  z  |  >  1,  and  |  sinh  z  |  >  1,  respectively.  These 
series  become  non-uniformly  convergent  as  |  cosh  z  |  or  |  sinh  z  |  — »  1.  The  ex¬ 
pansions  of  the  Y-  and  /C-Bessel  functions  have  logarithmic  terms,  and  since 
sinh  z  is  odd  in  z,  if  z  is  real,  the  restriction  2  >  0  is  needed  on  2k  sinh  z  for  the 
fimction  to  be  real.*  The  Mathieu  functions  represented  by  the  Y-  and  /C-Bessel 
series  are  continuous,  since  their  developments  in  Bessel  function  product  series 
are  absolutely  and  uniformly  convergent  in  any  finite  region  of  the  z  plane. 
Moreover,  the  product  type  series  are  the  analytical  continuations  of  the  other 
series  in  .the  (finite)  part  of  the  z  plane  where  the  latter  cease  to  apply.  All 
series  in  circular  and  hyperbolic  functions,  and  their  derivatives,  are  abso¬ 
lutely  and  uniformly  convergent  in  any  finite  region  of  the  z  plane,  so  the  func¬ 
tions  they  represent  are  continuous.  For  large  values  of  z,  the  Bessel  function 
product  series  behave  computationally  like  a83nnptotic  series  and  they  are  best 
suited  for  computing  the  functions.  In  integral  relations  with  nuclei  involv¬ 
ing  F,(zi),  Kp(zi) — Zi  defined  below — ^to  avoid  a  singularity  we  must  have 
I  cosh  2z  I  >  1. 

.  *  If  <  is  complex,  Re(.x)  >  0. 
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Abbreviations.  It  is  expedient  to  use  the  following:  Ui  =  2k  cos  z,  Ot  2k 
^  z,  vi  =  ke~‘,  vt  *=  ke*,  v[  —  ke",  vt  =  ke~**,  u?i  =  cosh  z,  Wt  ^  2k  sinh  z, 
k  >  0. 

=cet,iO,q)/Ao  (5) 

Un+i  “  “  <xtn+i(,0,  q)/kAi  (6) 

mt,+i  «  (-l)*Tni,+i  »  se't^+i{0,  q)/kBi  (7) 

mtn+t  “  (~l)"wi*i,+j  =*  Ms»-t-i(0,  q)/k*Bt  (8) 

(9) 

li»+x  “  (“l)*I»»+i  ■■  q)/kAi  (10) 

“  (“l)"^*»+i  “  «c*i»+i(|»’.  q)/kBi  (11) 

ifk»+t  (“1)"^1*M-*  “  “•®»n+i(i*’}  9)/^*^*  (12) 

Pfc.  -  (“l)"pt»  -  ce„(0,  9)ce„(§ir,  ?)/ilo  (13) 

jjfc+i  -  (-l)"pi,+i  -  -«*,+i(0,  9)ceJ,H-i(§».  9)A-Ai  (14) 

•fc»+i  *  (~1) "«*»+!  "  •Ci*+i(0,  9)«cj,+i(|T,  5)/fcBi  -(16) 

Sta+j  »  ( - 1)  -  «cj,+j(0,  q)»etn+,(^T,  q)/k*Bt  (16) 


2  means  ^ ^  means  ^  (—1)';  Re  means  the  ‘real’  part,  and  Im  the  ‘im- 

aginary’  part;  m,  n  »  0,  1,2,  *  •  * ,  positive  integers,  a,  q  are  real  \inless  stated 
otherwise;  I:  =  +  9*  —  \kih‘,  h  is  the  semi-interfocal  distance  for  the  fxmdamental 
ellipse;  Zi  =  A:(2(co8h  2?  +  cos  2u)]*'  ='  kiix*  +  y*)*  >■  kir,  r  being  the  radius 
vector  of  the  point  z,  u.  In  elliptical  coordinates  x  ^  h  cosh  z  cos  u,  y 
h  sinh  s  sin  ii,  X  and  y  being  the  cartesian  coordinates  of  a  point  P,  on  a  confocal 
ellipse,  distant  r  from  the  centre,  y/x  tan  a  »  tanh  z  tan  u. 

In  formulae  on  the  right  hand  side  of  the  sign  in  succeeding  sections,  and  in 
(l)-(4)  above,  k,  q  are  positive,  unless  the  contrary  is  indicated,  k,  9  are  positive 
in  the  multipliers  (5)-(16). 

The  characteristic  numbers  are  indicated  in  parentheses  on  the  right  side  of 
the  page,  e.g.  (a*,),  (6j,+i),  ((i*«+^),  (t*»+,.)  referraioe  being  to  that  for  «  >  0. 


2.  cemiz,  9),  scmiz,  9),  first  (periodic)  solutions  of  (1)  §1. 
cet«(r,  9)  =  2i4*,  cos  2rz  (o*,)  (1) 

■*  Un^AtrJtriMl)  (2) 

-  knfiAtrIM  (3) 

-  ijhn/Ao)2AMvi)Mv;)  (4) 
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=  (w*  cej,(u,  g)  du 

(6) 

ce»,+i(«,  g)  =  2i4fr+i  cos  (2r  +  l)z 

{(hn+O 

(7) 

=  i»»+l2i4jr+lJjr+l(Ml) 

(8) 

*  cot  Z  2(2r  +  l)^*r+l/*r+l(U|) 

(9) 

*  (p*»+l/-4l)Si4tr+l[«/r(fl)«/r+l(f*)  +  •/r+l(fl)«/r(Fj)] 

(10) 

=  2(ptn+i/A\)  Re[Jr{vi)  J,+i{vt) } ,  z  real 

(11) 

=  (ltm+i/r)J^  8in(Mi  cos  u)ce*»+i(u,  q)du 

(12) 

~  (Itn^i/r)  Uij^  cosh  (ut  sin  u)  cos  u  cet^i  (z,  q)  du 

(13) 

-  —  (Itm+i/r)  cot  zj^  sinh  (ti*  sin  u)  c^i(u,  q)du 

(14) 

»etn+iiz,  g)  -*  2B*r+i  sin  (2r  +  1)* 

(6»»+l) 

(15) 

■»  tan  z  2(2r  +  l)Bsr-t.i</*H-i(t<i) 

(16) 

“  mtn+l^Bir+t  ^*r+l(u*) 

(17) 

■*  t  *(S»»+l/.Bl)2.B|,+l[«/r(Pl)«/f+l(F*)  •^H-l(Fl)»/^r(Pt)] 

(18) 

«  2{a,^i/Bi)tB^iIm{Jr(v[)Jf+iiv^],  areal 

(19) 

“  (rntn+i/r)  sinh  (u*  sin  u)8eu+i(M,  q)du 

(20) 

“  cos  (mi  cos  u)  sin  u  q)du 

(21) 

=  (^*+j/x)  tan  zj^  sin  (ui  cos  u)  «ei,H-i(w,'9)du 

(22) 

»e*«+*(*i  9)  “  2B,,4,  sin  (2r  +  2)z 

(bln+i) 

(23) 

*  »Hj»+jtan  z  2(2r  +  2)^jH4yir+s(ui) 

(24) 

=  iw»ii+»  cot  z  2(2r  +  2)£srfsItH4(i^) 

(26) 

(26) 

=  areal 

(27) 

=  (nis»+i/r)ui  sinh  (rj  sin  u)  cos  u  sei»^s(u,  q)du 

(28) 

='  (^Wj/x)u*  f  sin  (mi  cos  u)  sin  u  set^iiu,  q)du 

(29) 

Coyre-c,*- ie»-»  s 

V.X..  ,,  ,^ir. 
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”  —  {rnt^i/x)  cot  coeh  (td  sin  u)8etn+t(‘i*>  9)^“  (30) 

—  —  (rntn+t/r)  tan  cos  (ui  cos  q)du  (31) 

If  2  is  real,  the  functions  of  even  order  have  period  w,  while  those  of  odd  order 
have  period  2t.  As  9  — »  0,  —*  1,  but  the  other  A,  J5  — ►  0.  Hence 

as  g  — ►  0,  ce«(2, 9)  — ♦  +  cos  mz,  and  «e»(2, 9)  — >  +  sin  mz,  these  being  solutions  of 
(1)  §1  with  9  =  0,  a  =  m*.  The  positive  sign  is  conventional,  ^ile  the  super¬ 
script  (m)  indicates  the  order  of  the  function. 

Additional  developments  and  integral  relations  may  be  derived  from  (4), 
(5),  (7),  etc.,  §6,  by  applying  the  relations  between  ce»  and  Czm,  and  <Se« 
which  are  given  in  §6. 

3.  /em(z,  q),  gem(,z,  q),  second  (non-periodic)  solutions  of  (1)  $1. 


feuiz,  9) 

-  ^1,(9)  [2  oe„(2,  9)  +  sin  (2r  +  2)z] 

(0.,) 

(1) 

“  CtniPin/A»)  lAtr  Im  { Jr(v()  Yr{Vt)  } ,  2  leal 

(2) 

/ei,+i(2,  9) 

-  C't,+i(9)[2ceiM-i(2,  9)  +  S/iJ+i"*’  sin  (2r  -|-  1)2] 

“  C’ti.+l(p»«»+l/Al)2Ajr+l/m{t7r(Vl)l^r+l(Wl)  + 

(flfu+l) 

(3) 

^r+i(r;)n(id)},  2  real  (4) 

9et-+i(s,  9)  “  <Sfc.+i(9)[*  «e»»+i(*,  9)  +  S  cos  (2r  +  l)z]  (6*,+i)  (5) 

-  S;.+i(s„+i/Bi)2B„+,Re{/,(t;;)r,+i(v;)  - 

/r+i(t;;)r,(t»;)|,  2  real  (6) 

gZin+iit,  9)  ”  5i,+»(9)1*  ««»«+i(*,  9)  +  cos  2r2]  (bi^+i)  (7) 

■=  Stn+iiZtn-n/B^2iBu+tRz{JriVi)Yr^{Vt)  “ 

Jr+.(v()n(r;)|,  2  real  (8) 

Normalitation.  W.  G.  Bickley  has  suggested  the  rule  that 

Ci(«)  Z/i  -  Z  fU  =  SU(9)  [29!  +  Z »!.]  -  1.  (0) 

The  /,  g  may  be  computed  in  terms  of  the  known  parameters  o,  9  and  the  tabu¬ 
lated  coefficients  \  Bj,"*^[6].  Then  we  obtain 

C-(9)  -  (10) 

^"+1(9)  “  l/l2^+il*t  (11) 

and 
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Sin+i{q)  =  1  +  2  flfjrJ  .  (12) 

Cm ,  Sm  vary  with  q.  As  q  0,  Coiq)  — ►  +  If  this  being  conventional;  Ci{q) 
and  iSi(g)  —*  q;  Ct{q)  and  S,iq)  -+  i?*;  C«(g)  and  S«(9)  — »  q" /l^~'{rn  —  1)!  ml 
Also  Cm{q)S^p^  and  Sm{q)g^p^  — ►  0  as  g  — ►  0,  unless  p  —  m,  when  they  tend 
to  +  1.  Since  C«(g)  and  Sm{q)  —*  0  when  g  — »  0  and  m  >  0,  it  follows  that 
/ir^  1/C«(g)  -+  -f  00,  gi,"^  — »  1/S*(g)  -+4-00,  but  this  is  inconsequential. 
Hence  as  g  — +  0 

/e»(z,  g)  -*  sin  mz,  and  ge«(z,  g)  cos  mz,  (13) 

these  being  solutions  of  (1)  §1  with  g  =  0,  a  =  m*. 

Having  normalised  the  above  fimctions,  Cm,  Sm  may  be  calculated  by  aid  of 
the  relations  (see  also  (8),  (9)  in  the  Appendix): 

c;,  -  -WeUO,g)/Pfc.i„  (14) 

Ci»+i  *  “i»/ej»+i(0,  g)/pj«+il*»+i  (15) 

5i»+i  *  —  iFge»»+i(0,  g)/a*i*+ii^»+i  (16) 

StK+t  *  iFg®*»+»(0,  g)/sji,+iiWi»+» .  (17) 

Excepting  /eo(z,  g),  the  above  functions  alternate*  with  linearly  increasing 
amplitude  when  z  (large)  increases;  and  they  tend  to4:aoasz— >+<*•  In  the 
range  0  ^  g  <  « ,  ceo(2,  q)  >  0.  Thus  in  (1)  as  z  -+  +  oo ,  S/ir+t  sin  (2r  +  2)z  is 
negligible  compared  with  z<x^{z,  q),  so  /eo(z,  g)  «  with  z.  Its  graph  for  z 
large  is  the  line  y  C,(g)z,  with  a  peturbation  due  to  ceo(z,  q)  superimposed. 


4.  cem(z,  — g),  sem(z,  —q),  first  (periodic)  solutions  of  (£)  §J. 
oesn(z,  -q)  -  (-l)"ce„(iT  -  r,  g)  -  (-1)"2A„  cos  2rz  (o*,)  (1) 

-  linSAMu,)  (2) 

-  liSAMuO  (3) 

-  (pu/Ao)SAMvl)/r(vi)  (4) 

ce,n+i(z,  -g)  «  (-l)"«e*»+i(iir  -  *,?)  =  (-l)"2fi*.+icos(2r  +  l)z 

(5h+i)  (5) 

«  rnin+i  cot  z  2(2r  +  l)Bir+iJtr+i(ui)  (6) 

“  »nj,+i2fijr+l/»r+l(Ul)  (7) 

-  +  /r+l(l»lVr(ri)]  (8) 

»  -2(zu-n/Bi)SBtr+iBelIr(v'i)/r+i(vi)},  zreal  (9) 


*  It  is  convenient  to  regard  an  alternating  function  as  one  which  changes  sign  repeatedly 
as  s  (real)  increases.  The  function  may  be  continuous,  finitely  discontinuous  (piecewise 
continuous),  periodic  or  otherwise,  while  its  amplitude  may  vary  boundedly. 
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•ei,+i(2,  -q)  =  (-l)"c€j,+i(§T  -  z,q)  ^  (-l)"2:i4ft.+t  sin  (2r  +  \)z 

(Ofn+l)  (10) 

=  (11) 

=  /f»+i  tan  z  2(2r  +  l)i4ir+i/»,+i(t*i)  (12) 

=  i{p^.+l/Al)2Au+l[Ir(.v{)Ir+liVt)  -  Ir+l(v[)Iriv,)]  (13) 

=  -2(pi,+i/i4i)2Aft.+i/m{/r(t>I)/,+i(t>J)),  zreal  (14) 

ztin+tiz,  —q)  *  (-l)"«e*,+,(iT  -  2,  9)  *  (-l)"2B^.4,  sin  (2r  +  2)2 

(15) 

-  cot  2  2(2r  +  2)Btr+i^fr+*(tii)  (16) 

-  tan  2  S(2r  +  2)B„4t/tr+*(Mi)  (17) 

»  t-\zinWBt)lB^^[Ir{v[)Ir^{v,)  -  Ir+t(v[)I,{v,)]  (18) 

=  2i4n+t/Bi)  tBu+ilm  { Ir(.Vi)Ir+t(vt) } ,  2  rcal.  (19) 


I  I  I  T  I 

If  2  is  real,  the  functions  of  <  >  order  have  period  •  When  9  -+  0  the 

tehaviour  of  A,  B  stated  after  (31)  §  2,  is  such  that  «eM(2,  —9)  — »  +  cos  tm, 
and  «ei»(2,  —  9  — ►  +  sin  mz.  The  multiplier  (  —  1)"  ensures  the  conventional 
+  sign.  Additional  representations  may  be  derived  from  §2,  by  applying  (1), 
(5),  (10),  (15)  above. 


6<  /e«(2,  —9),  9em(2,  —9),  second  (non-periodic)  solutions  of  (S)  §/. 

/ct,(2,  -9)  =  (-l)"^WiT  -  z,  9)  (O  (1) 

*  -C',«(9)[(iT  -  z)cetn(z,  -9)  +  (-l)"2/„+,  sin  (2r  +  2)2]  (2) 
=  C'J,[oe,,(2,  -9)  -  2fektniz,  -9)],  2  real  (3) 

/ef+i(2,  -9)  *  (-l)"9«*«'+i(i*-  -  9)  (^>f+i)  (4) 

=  5j,+i(9)[(Jir  -  z)cein+iiz,  -9)  -j-  ( - 1)"2  9,r+i  sin  (2r  +  l)z]  (5) 
“  Si»+ilce,,+i(2,  -9)  -  2/efct»+i(2,  —9)],  2  real  (6) 


9Cj,+i(2,  -9)  =  (-l)7«*«+i(iv  -  z,q)  (a*»+i)  (7) 

*■  C„+i(9)[(iir  -  2)«e„+i(2,  -9)  -f  (- l)"2/„+i cos  (2r  +  1)2]  (8) 
*  C'U+i[»ej,+i(2,  -9)  -  2gektn+i{z,  -9)],  2  real  (9) 

9e*«+i(2,  -9)  =  (-l)V*»+*(i»-  -  *.  9)  (i>»«-w)  (10) 
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=  <St*+j(9)[(jT  -  z)setn+tiz,  -q)  +  (-1)"S  {jf*.  cos  2rz  (11) 

=  Si»+i[«e*»+j(*,  -9)  —  2gektn+t(z,  —9)],  z  real.  (12) 

For  z  real  and  9  >  0, 

fek,^iz,  -q)  -  ipU/irAo)tA^Im{Iriv[)Krivt))  (13) 

fektn^x(z,  -q)  -  (8^nWrBi)ZBtr+iIm{Iriv'i)Kr+i{v',)  -  W«;()/Cr(t;;)}  (14) 

gektn+iiz,  -q)  =  (pJ,+x/Ti402ilfc.+xi?e{7,(vO/iCH-i(»*)  +  7r+i(»i)A^r(vJ)}  (16) 

gektn^,iz,  -g)  -  is^WTBt)2:B,r^tRe{Ir{v[)Kr^iv,)  -  7,+,(t;()/i:,(Fi) }  (16) 

Asz— oo  the  behaviour  of  (2),  (5),  (8),  (11)  is  similar  to  that  of  the  correspond¬ 

ing  functions  in  §3.  When  9  — ►0,/e»(z,  —q)  -+  -f  sin  mz,  and  ge^iz,  —q)  —*•  -f  cos 

n 

mz,  these  being  solutions  of  (2)  §  1,  with  g  »  0,  a  *»  m*.  The  multipliers  (—1) 
ensure  the  conventional  positive  signs. 


6.  Czmiz,  g),  Szmiz,  q)  first  (periodic)  solutions  of  (3)  §i. 


Cet»(z,  q)  »  cetniiz,  g)  “  2.4*.  cosh  2rz 

(1) 

=  IhJ^AtrJ 

(2) 

=  ft«24tr«7tr(t<^) 

(3) 

-  [pt*/cei,(t4,  g)]2i4i,  cos  2raJi,{z^ 

(4) 

=  (Pi«/fAo)  Jo(zi)ce*,(i4,  g)  du 

(5) 

=  iptm/Ao)^AirJrivOJriVi) 

(6) 

=  (2ltn/r)  1  sin  (tPi  cosh  u)Ce*.(u,  g)  du 

(7) 

Ce*,+i(z,  g)  »  ce»»+i(w,  g)  »  2A*.+i  cosh  (2r  -|-  l)z 

(OfM^l) 

(8) 

=  lu+l^Atr+lJir+lCvfj) 

(9) 

“  1»,+1  coth  z  2(2r  -f  l)4jr+i/*.+i(wi) 

(10) 

=  lptn+i/ce,n+i(u,  g)]2A*.+i  cos  (2r  -|-  l)ayj,+i(20 

(11) 

=  (p*,m-i/f^i)  •fi(zi)  cos  a  cei„+iiu,  g)  du 

(12) 

(Pli»+l/-4l)2'^lr+l[«7r(l>l)/r+l(W|)  +  •7r+l(Vl) •^r(*'*)  1 

(13) 

=  —  (2ii,/T)  COS  (tPi  cosh  m)Ccj,+i(u,  g)  du 

(14) 

Setm+i(z,  q)  -  t”*«ej,+i(«,  9)  “  2Btr+i  sinh  (2r  -f  l)z 

(J>l»+l) 

(15) 
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fn*,+i  tanh  z  S(2r  +  l)Bjr+i./*,+i(tPi) 

[«»«+i/«ei,4i(M,  q)]lBtr+i  sin  (2r  +  l)oJ,,+i(2i) 
(st^i/rBi)  Ji(zi)  sin  a  «c,*+.i(u,  q)  du 

(^n-n/Bi)2Btr+llJr(Vl)Jr+l(Vt)  —  Jr+l(Vl)Jr(Vt)] 

—  (2fRj»+i/T)iPj  sin  (tTi  cosh  u)  sinh  u  5e*»+i(M,  5)  du 

—  (2Min+i/ir)  tanh  z  cos  (tui  cosh  u)  (SeU+i(w,  q)  du 


(16) 

(17) 

(18) 

(19) 

(20) 
(21) 

(22) 


-Sei,-»t(*,  g)  “  r‘«e,«-rt(«,  9)  -  SBjr+j  sinh  (2r  +  2)z  (6,,+i) 

»  ^,+1  tanh  z  l(2r  +  2)B*,+jJj,+*(u>i) 

“  mtn+i  coth  z  I(2r  +  2)B*,+*7j,+*(w,) 

«  -  [•»M-*/»ef»+*(tt.  9)]2Bj,+»  sin  (2r  +  2)«y*,+,(*j) 

*  (st^i/wBi)  Jt(ti)  sin  2a  se»^t(u,  q)  du 

=  ~  (9tn-n/Bi)iBi,^t[Jr(Vi)Jr+t(Vt)  “*  «/r+l(*>l) «7r(l>*) ] 

»  (2fRs,^.i/ir)ti^  cos  (toi  cosh  ix)  sinh  u  Sei^tiu,  q)  du 
»  —  {2ffiin+i/r)  tanh  z  [  sin  (tci  cosh  u)  Se»M-*(w>  9)  du 


(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 


If  z  is  real,  these  functions  have  period  or  2irt,  according  as  the  order  is  even 
or  odd.  As  g  — »  0,  Ce«(z,  g)  — *  +  cosh  mz,  and  Se«(z,  g)  — ►  +  sinh  mz,  these 
being  solutions  of  (3)  §1,  with  g  »  0,  o  —  m*. 

Additional  integral  relations  may  be  obtained  from  (5),  (6),  etc.  in  §2,  by 
applying  (1),  (8),  (15),  (23)  above.  In  (7),  (14),  (21),  (22),  (29),  (30),  k,  z, 
real  >  0. 


7.  Fcmiz,  q),  (re«(z,  g),  alternative  second  (non-periodic)  solutions  of  (5)  i§. 
Fcinit,  q)  -  C%n{iz,  g)  “  c*,(g)[z  Cetniz,  g)  +  sinh  (2r  +  2)z]  (a,,)  (1) 

f’et,+i(z,  q)  -  r^fetm^iiiz,  q)  »  Ct.+i(g)[z  Cetn+i{z,  g) 

+  sinh  (2r  -1-  l)z]  (a,,+i)  (2) 

Ge»»^i{z,  q)  -  gej,+i(tz,  q)  -  --Si,+i(g)[z  5eta+i(«,  g) 

-  cosh  (2r  +  D*]  (6i»+i)  (3) 
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q)  =  geu+i(iz,  q)  =  -Sin+iiq)[z  Se»,+j(2,  q) 

—  cosh  2rz]  (4) 

By  virtue  of  the  relationships  in§9,  as2-+  +  «  the  behaviour  of  these  functions 
may  be  inferred  from  that  of  Ce^iz,  q),  Feym{z,  q),  etc,  which  is  indicated  in  §28. 

As  g  — >  0  it  may  be  deduced  from  §  3  that  Fcmiz,  g)  +  sinh  mz,  and  Gemiz,  q) 

— *  +oo8h  mz,  these  being  solutions  of  (3)§1  when  q  =  0,  a  —  m*. 

8.  FeyJiz,  q),  Geym(,z,  q),  second  (non-periodk)  solutions  of  (5)§i. 

Feytniz,  g)  »  i,.2A„y„(tn)  (o..)  (D  ' 

=  Un^AirYtr(Vh)  (2) 

-  (ptn/rAo)  yo(*i)ccj,(u,  q)du  (3) 

=  (jh./At)lAMvi)YrM  ...  (4) 

»  —  (2!j,/ir)  f  cos  (tCi  cosh  u)  Ccj*(tt,  g)  du  (5) 


Feyu^iiz,  q) 


U»+l^A  *r+i  Y lr+l(tr|) 

lt»+i  coth  z  2(2r  +  l)Av4-iyir+i(toO 
iPi^i/rAi)  Yi(zi)  008  a  cej*4^i(tt,  g)  du 


(oni-n)  (6) 
(7) 

. (8) 


(Pln+l/Ai)2Aj,4.i[«7r(Sl)yr+l(*’*)  "t*  «/r+l(®l)  (9) 

-(2i,*,i/ir)  r  sin  (tDi  cosh  u)  Cet^i(u,  q)du  ^  (10) 


Geptn+i(z,  q)  “  i^hn+i  tanh  z  S(2r  +  l)Bjr+jy*r+i(t»i)  (H) 

“  mt».t.lZBtr4.iySr4l(^)  (^2) 

“  i»t^i/wBi)  Fi(zi)  sin  a  «ej*4i(u,  g)  du  (13) 

»  (Sl^l/Bi)lBirAJr{Vl)Yr+l{Vt)  -  JrMYriv,)]  (14) 

*  (2^»fl/T)lO*  I  cos  (tTi  cosh  u)  sinh  u  Set»4.i(u,  g)  du  (15) 

—  —  (2fflt^i/T)  tanh  z  [  sin  (tri  cosh  u)  Sein+i(u,  q)  du  (16) 


Geiftn+t{z,  q)  *  tanh  z  2(2r  -}-  2)Btr-i^Y3r-niv>i) 

••  coth  z  2(2r  -|-  2)Btr+tY»,+ti‘Uh) 


(6^-w)  (17) 

(18) 
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»  Ytizi)  sin  2a  «c*,+f(u,  q)  du  (19) 

“  ~  (Sli»+l/'Bt)Sfilr+t[«/^r(Vl)  J^r+l(Wi)  “  «^r+l(Wl)  ]  (20) 

=  (2^.+t/r)u^  sin  (tffi  cosh  u)  sinh  u  5ei»+t(n,  q)  du  (21) 

=  (2^»4.s/r)  tanh  z  cos  (toi  cosh  u)  Set«-f4(t<,  q)  du.  (22) 


These  functions  are  non-periodic  by  virtue  of  the  logarithmic  term  in  the  expan¬ 
sion  of  the  K-Bessel  function.  In  (5),  (10),  (15),  (16),  (21),  (22),  cosh  z  >  1 
in  iTi ,  sinh  z  >  0  in  ;  A;,  z,  real  >  0. 


9.  Relationship  between  FeyJji,  q),  Fem(z,  q);  GeyJj,  q),  QeJjt,  q). 

Feym  and  Fzm  are  second  solutions  of  (3)§1,  which  correspond  to  the  first 
solution  Czm.  Since  the  equation  is  linear  of  the  second  order  we  may  write, 


Feymiz,  q  =  ACe^iz,  q)  +  BFe»{z,  q),  (1) 


where  A,  Bare  constants.  Now  FtmiO,  q)  *  ^^^(O,  q)  —  0,  but  neither  Fey m(0,  q) 
nor  FeymiQ,  q)  are  zero,  so  we  find  that 


Feymiz,  q) 
Similarly  we  get 

Geymiz,  q) 


FeymjO,  q) 
CemiO,  q) 


Czmiz,  q) 


FeyUO,  9) 

FeLiO,  q) 


Fzmiz,  q). 


OeyLiOf  q) 
SeUO,  q) 


Szmiz,  q) 


+ 


GeymjO,  q) 
GemiO,  q) 


Gtmiz,  q). 


(2) 

(3) 


Note  that  Ce«(0,  q)  *  oe»(0,  q),  and  Se«(0,  q)  “  8el(0,  q).  The  following  re¬ 
sults  were  deduced  by  aid  of  the  expansions  in  Bessel  function  products: 


Fey'tniO,  q)  =  i2/r)ptnltn  • 

(4) 

Feytn+ti0,q)  =  (2/*-)pi,+iI»,+i) 

(5) 

Geiftn^iiO,  q)  «  —i2/v)$n+iffitn+i 

(6) 

G'cy*«+i(0,  q)  =  (2/ «’)sin4.ti?hn4t .  (7) 

^’cyiii(0,  q)  and  (rcy«(0,  q)  may  be  obtained  by  aid  of  the  B.F.  product  repre¬ 
sentations. 

The  relationships  for  equation  (4)§1  are  the  same  as  those  at  (2),  (3)  with 
—q  for  q,  but  (4) -(7)  are  then  inapplicable. 


10.  Fekmiz,  q),  Gek^iz,  q),  second  (non-periodic)  solutions  of  (3)§/. 

Fektniz,  q)  -  (W*-)  2ilir^C*,(-ttt>i)  (oi,)  (1) 

-  (Wir)  2i4„K„(-tw»).  (2) 
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=  t‘(pi,/2TAo)  Ho\zi)ce,n(u,  q)  du 
>=  (pi,/Ti4o) 

-  (Wt)  j["  Ce„(u,  9)  du 

=  J»Af«iV(z.9). 

FektM+iiz,  q)  =  (i*ii4i/F)2i4*r+i/Cir4i(“*w>i)  (<**i»+i) 

®=  (^In+l/*’)  Z  2(2r  +  l)i4i,+l/iCtr+l(  — XR^) 

r*' 

-  -  (p**4i/2Fi4i)  jf  cos  a  CeiM-i(w,  ?)  dix 

«  (pi,4i/»^i)2A*,+i[/,(xi;i)/ir,+i(-Wf)  +  /f4-l(Wl)^^r(-W*)] 

»  ( W»)  j["  q)  du 

Gekt»+ii^,  q)  *  (<Wti*4-i/F)  tanh  z  2(2r  +  l)ftr+i/iCtr4-i(~Wi)  (btH+O 
“  (xn»»4.i/r)2Bi,4.i/iC*r4-i(~*^) 

»  -(«j»4i/2irBi)  jp  Bi‘’(zi)  los  a  «ei«4-i(w,  9)  du 

■*  (*l»4-l/*'Bl)2Blr4l[^r(xVl)^r4-l(“*V»)  ~  lT+l(iVi)Kr(  —  iVt)J 


(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 


-  x"‘(^»4.i/T)t£>i  u  Setn+i(u,  q)  du  (17) 

-  -iNeiiUz,q)  (18) 

Geib|,4i(z,  9)  *  —  (^ii4i/*’)  tanh  z  2(2r  +  2)Btr-nKir+t(—itPi)  (5*»4-x)  (19) 

*  ~~(Tntn+t/T)  coth  z  2(2r  +  2)Btr+tKtr+)(—iwi)  (20) 

-  i(9u^t/2vBt)  Hi‘’(zi)  sin  2a  «e»*4j(M,  9)  du  (21) 

“  (•ta4s/FBj)2Bjr+|[/r(Wi)/iCr+l(~xVj)  —  /r4-t(**’l)B^r(~^)J  (22) 

»  i(ifk»+i/ir)wt  sinh  u  Setn+t{u,  q)  du  (23) 

-  ixAreiV4x(*,9).  (24) 


In  (6),  (11),  (17),  (23),  cosh  z  >  1  in  iPi ,  sinh  z  >  0  in  u>j  ;  fc,  z,  real  >  0.  Since 
the  above  functions  are  second  solutions  of  (3)  §1,  the  relationships  in  §9  are 
valid  if  ifc  is  written  for  y.  See  §15  for  the  values  of  the  functions  at  the  origin. 
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11.  Mem^’^\z,  q),  Ncm^’  ^*\z,  q),  combiiutioii  solutions  of  (S)  §1. 

Mci."’  “’(z,  q)  -  Cc«(z,  q)  ±  i  Fey^{z,  q)  (1,  2) 

Nem^'^'\z,  q)  «=  Se«.(z,  q)  ±  i  Gey^iz,  q)  (3,  4) 

The  developments,  etc.,  of  these  functions,  which  are  useful  in  wave  propagation 
problems,  e.g.  diffraction,  may  be  derived  from  §§6,  8,  by  applying  (1)  —  (4). 
For  example 

q)  «  (5) 

-  (6) 

«  (jhn/vAt)  Ho^'^*\zi)ce,n(u,  q)  du  (7) 

-  (8) 

12.  Ctmiz,  -q),  Sc«(z,  -q),  first  (periodic)  solutions  of  (4)  §f . 

The  representations  of  these  functions  may  be  derived  from  §6  by  applying 
the  relationships: 


Cetniz,  -9)  -  (-l)*CeH(i«  +  9) 

(ou) 

(1) 

Cetn+iiz,  -9)  -  (-l)*"^’*  5efc.+i(§»*  +  *,  9) 

(i>*.+i) 

(2) 

Seto+i(z,  -9)  -  (-l)"'^S'C«*,+i(iirt  +  *,  9) 

(o>i»-t-i) 

(3) 

Setn+,iz,  -9)  -  (-l)“'^‘-Seft,+*(iiri  +  *,  9)- 

Ghn+t) 

(4) 

As  9  -+  0,  Czmiz,  -?)-?  +  cosh  mz,  and  <Se„(*,  q)  — ►  sinh  mz,  these  being  solu- 

ft 

tions  of  (4)  §1,  with  9  »  0,  o  —  m*.  The  multipliers  ( —  1)  ensure  the  conven¬ 
tional  positive  signs.  The  above  relations  do  not  apply  to  the  infinite  integrals 
in  56- 

13.  Fcmiz,  —q),  GeJjz,  —9),  altemative  second  (non-periodic)  solutions  of 

(4) 

Fetniz,  —q)  =  (  — l)"i2e{/^eh,(iirt  +  z,  g)}  (oj,)  (1) 

-  Ctniq)[z  Ce,»(z,  -q)  +  (-  l)*-'‘2/,r+,  sinh  (2r  +  2)z]  (2) 

Fetn+i{z,  —q)  *  (— l)"/m{Crej,+i(J»t  +  z,  9)}  (f>»*+i)  (3) 

“  -S,,4i(9)I*C<Wi(*,  -9)  +  (-D’-^’Spir+isinh  (2r  +  l)z]  (4) 

Getn+iiz,  —  9)  =  (  — l)"/m{Fe*,+i(|Tt  +  z,  9))  (oin-fi)  (5) 

=  C„4,(9)lr  Se,»+i(r,  -9)  +  (-l)"2/,.4t  cosh  (2r  -f  l)z]  (6) 
Gttn-^iiz,  ”9)  “  (  — l)"^’i2c{Gej„+i(i*t  +  z,  9)  j  (bi»+*)  (7) 

*  -  iS»,+i(9)  I*  Se*,+j(z,  -  9)  +  ( - 1)  "igtr  cosh  2rz].  (8) 
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By  virtue  of  the  relationships  in  $9,  the  behaviour  of  these  functions  as  z  —* 
+  00  may  be  inferred  from  that  of  Fey«(z,  —q),  Gej/m(z,  —q),  etc.  in  §28.  As 
q  —*  0,  Fem{z,  —q)  —*■  +  sinh  mz,  and. Oem(z,  —q)  — ♦  +  cosh  mz,  these  being 

n 

solutions  of  (4)  §1,  with  g  =  0,  a  =  m*.  The  multipliers  (— ensure  the 
conventional  -f  signs. 

14.  Feymiz,  —q),  Gey^iz,  —q),  second  (non-periodic)  solutions  of  (4)  §f. 
The  representations  of  these  fimctions  may  be  derived  from  §8  by  applying 
the  relations: 

Feyt^iz,  -q)  =  {-lyFey^ih^  +  z,  q)  (a,,)  (1) 

Feytn^tiz,  -g)  -  (-l)""^**  +  z,  q)  {bm+i)  (2) 

Geyu+iiz,  -g)  »  (-l)""^**  Feytn+ii^n  +  z,  q)  (a^+i)  (3) 

Geyt;+t(z,  -g)  «  (-l)"‘^‘G^+t(§*t  +  z,  g)  (6i,+i)  (4) 

The  above  relations  do  not  apply  to  the  infinite  integrals  in  §8. 

16.  Fekmiz,  — g),  Gekm{z,  —q),  second  (non-periodic)  solutions  of  (4)  §f. 


Fektniz, -q)  •  (-l)*Fek,n(.iin  +  z,  q)  (ot,)  (1) 

-  iC/ir)ZAtrKu{w,)  (2) 

-  ilL/r)lA,JCuM  (3) 

-  {p'u/TAt)2AMv{)Kriv,)  (4) 

-  (Wt)  r  Ceuiu,  -q)  du  (5) 

-  §t  MelViz,  -g).  (6) 

Fektn+iiz,  -g)  -  (-l)"G'efc„+i(§irt  +  z,  q)  (ft„+i)  (7) 

-  (i?it«+i/F)  coth  z  2(2r  -|-  l)B,r+iKt,+i(wt)  (8) 

(n»*»+i/*’)2B*r+iiiCjr+i(iri)  (9) 

-  -  /r+.(Vl)A:r(t^)]  (10) 

-  (mt^i/r)  j["  Ce„+i(u,  -  g)  du  (11) 

=  -  §t  Mei\Uz,  -9).  (12) 

Gekt^+i(z,  — g)  «  i-l)*Fektn+i{h'^  +  z,  q)  (a*»+i)  (13) 

*  (Utt+i/ v)2A»r+l^^*r+l(u>l)  (14) 

“  (Ito+i/x)  tanh  z  2(2r  +  l)A„+iiiLjr+i(wi)  (15) 
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=  (p*i»+l/*'-^l)2^*r+l[/r(Vl)^r+l(l^)  +  /r+l(w0^r(w»)]  (16) 

=  (lt»+i/T)wt  jf  e“"'***“  sinh  u  Setn+iiu,  -q)  du  (17) 

=  -  -9).  (18) 

Gektn+tiz,  -q)  =  (-l)"'^*Gefe,+i(Jirt  +  z,q)  (btn+i)  (19) 

“  (f»i,+»/ir)  coth  *  2(2r  +  2)Bjr+*/C»,+i(to*)  (20) 

*  (mi,^x)  tanh  z  £(2r  +  2)J?fc.4*/Cir+i(tri)  (21) 

-  -  IrMKriVt)]  (22) 

=  (m,,+t/ir)tci  ginh  u  Sc»»+*(w,  -g)  du  (23) 

~  ^  Nei\!^iz, -q).  (24) 

In  (5),  (11),  (17),  (23)  cosh  z  >  1  in  wi ,  sinh  z  >  0  in  t0i ;  A:,  z,  real  >  0. 
The  following  were  deduced  from  Bessel  fimction  product  representations: 

FekUO,  -g)'=  -pMt,  (26) 

^«A:*»+i(0,  —  g)  ”  —  «j»+iw*,+i/x,  (26) 

OektH+iiO,  -g)  “  pJ.4A»+i/t,  (27)  , 

Oeh^^iiO,  -g)  -  «»»+*mi,+*/T.  (28)  • 

16.  Mei!t^’^'\z,  —q),  JVe«^*^®(z,  —q),  combination  solutions  of  (4)  8i. 


16.  Mei!t^’^'\z,  —q),  JVe«^*^®(z,  —q),  combination  solutions  of  (4)  8i. 
AfeiV*‘*’(*,  -g)  “  (-l)"MeiV'‘”(iirt  +  z,  g)  -  C«t»(*,  -g)  ±  »  ^'«y*«(*,  -g) 


i<hn) 

(1) 

Mei\\T(z,  -g)  = 

(-l)-^‘tiVcilVi‘’(i«  +  z,g)  - 

Ce,n+iiz,  -q)  ±i  Feyu+iiz,  -g) 

(6|«4i) 

(2) 

Nei^J^Tiz,  -q)  » 

(-l)-A  Meil,Vi”(§xt  +  z,g)  - 

5ej,+i(z,  -g)  ±i  Geytn^i^z,  -g) 

(ai»+i) 

(3) 

Nei\!^}\z,  -g)  * 

(-l)-^‘iVei‘,V,”(i«  +  *,  g)  » 

5e„+,(z,  -g)  ±  t  Gey,n+t(z,  -g) 

(6ii%+i) 

(4) 

17.  ccm+tiz,  q),  9em+${z,  g),  first  and  second  solutions  of  (1)  §/  of  fractional 
order. 

Fig.  1  is  a  stability  chart*  for  equations  (1),  (2)  §1[6].  a. ,  bm  are  character- 

*  The  chart  may  be  plotted  from  tabular  values  in  references  2,  6,  up  to  a« ,  h« ,  the  q 
range  being  0-40.  By  using  the  values  given  in  AMP  Report  lO&.lR,  prepared  by  the 
Mathematical  Tables  Project,  National  Bureau  of  Standards,  September  IMS,  the  chart 
may  be  extended  to  ou ,  for  the  q  range  0  —  25. 
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istic  curves  for  oc*(z,  ±g),  8e«(z,  ±5),  the  periodic  functions  of  integral  order  m. 
For  these  to  be  solutions,  P  =  (a,  g)  must  lie  on  one  of  the  solid  curves  which 
divide  the  (a,  q)  plane  into  stable  and  unstable  regions.  If  P  lies  in  an  un¬ 
shaded  region,  the  solution  is  stable,  being  bounded  and  continuous  in  z  ^  0, 


Fio.  1.  Stability  chart  for  y*  +  (o  —  25  cos  2z)y  —  0  (A).  The  curves  are  the  (a,  g)  char¬ 
acteristics  for  the  Mathieu  functions  of  positive  integral  order  having  period  w  or  2a'.  When 
(a,  9)  lies  in  an  unshaded  area,  the  solution  is  either  periodic  or  non-periodic  but  bounded. 
When  (a,  9)  lies  in  a  shaded  area  the  complete  solution  is  unstable  and  — »±<eass— »-f-  «. 
A  single  infinity  of  solutions  exist,  however,  which  — »  0  as  z  — »  «> .  These  — »  ±  w  as  z  — » 
—  » .  Note  that  the  odd  order  characteristics  are  asymmetrical  about  the  a  axis,  but  the 
chart  is  symmetrical. 

real.  If  P  lies  in  a  shaded  region,  the  complete  solution  is  unstable  and  tends 
to±ooasz— A  single  infinity  of  solutions  exist,  however,  which  tend 
to  zero  as  z  — >  -f  * . 

Choose  P  in  a  stable  region  between,  say,  a»  and  &|.  In  passing  from  Oito  bt 
through  P  in  a  direction  parallel  to  the  a  axis,  the  order  of  the  function  increases 
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by  unity.  Behveen  Ot  and  6t  the  order  is  (2  +  0),  with  0  <  <  1.  In  general 

for  P  between  a. ,  bm^t ,  the  order  is  (m  +  /3),  0  <  /3  <  1  When  P  lies  between 
OfM ,  btn^i  t  the  firrt  (even)  and  second  (odd)  independent  solutions  are  defined 
to  be 

“)  («, «)  ”  E  Ag'-*  ^(2r  +  0)1,  (a  -  (w)  (1, 2) 

r— «  Sin 

-  ±  /„,(»!) A(i>:)i.  0, 4) 

-2_^1  (8,6) 

where 

Cm  -  aw«(0.  q)/2  g  (-1)’ Aj}'*^ Mh)J,Mli),  (?) 

and 

-  «;^(0,  q)/2k  S  (-  [Jr(k)JU,(k)  -  Jr^ikWUk)].  (8) 


When  P  lies  between  <ii,+i  and  bta+i  i  write  (1  +  0)  for  0,  use  for 

and  a  ^  Ot»-n+e  ■  The  two  solutions  of  order  (m  +  0)  coexist  for  am+e 
and  the  same  q.  If  0.=  p/s,  a  rational  fraction  in  its  lowest  terms,  and  z  is 
real,  the  solutions  have  period  2m-,  8^2.  If  /3  is  irrational,  the  solutions  are 
non-periodic  yet  bounded.  As  g  — »  0,  1,  while  the  other  A  — ►  0. 

Thus  oe.,4«(2,  g)  -+  4-  cos  (m  -H  0)z,  and  se,»+^(s,  9)  — ♦  -f  sin  (m  -|-  0)z,  these 
being  solutions  of  (1)  §1  when  9  »  0,  a  »  (m  -|-  0)'. 

Formula  for  0. 


0  ^ 


a 


(«  -  l)q* _ (5a  +  7)q* 

I2(a  -  !)•  -  9*1  32(0  -  l)»(o  -  4) 

(9o*  +  58o  -h  29)9*  "I* 

'  ’  64(0  -  l)‘(o  -  4)(o  -  9)J 


where  m  is  the  integral  part  of  the  order  of  the  function.  (9)  gives  moderate 
accuracy,  provided  the  ratio  of  each  term  in  []  to  its  predecessor  is  small  enough, 
and  no  denominator  vanishes.  When  (9)  is  not  sufficiently  accurate,  or  a  de¬ 
nominator  vanishes,  0  may  be  calculated  by  means  of  the  recurrence  relation 

[o  -  (p  4-  0)*]c,  -  q(c,+t  4-  <V-*)  “  0,  (10) 


as  demonstrated  in  reference  9.  p  ^  2r  or  2r  -H  1,  according  as  m  »  2n  or 
2n  4-  1.  If  for  a  given  r  »  (m  4-  0),  the  a  »  a,  are  computed  for  various  9  >  0, 
an  iso-zS  curve  may  be  {dotted,  as  illustrated  in  Fig.  2.  Such  curves  lie  in  the 
stable  regions,  and  since  (9)  is  even  in  9,  they  are  symmetrical  about  the  a  axis. 
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Fio.  2.  Ibo-011  chart  for  y*  +  (a  —  29  cob  2i)y  «  0.  The  iBO-0  curves  pertain  to  Btable 
BolutionB  of  real  fractional  order,  O<0<1.  It  fi  ^  p/$,  a  proper  fraction  in  its  lowest 
terms,  the  solutions  have  period  2»w,  •  ^  2.  If  ^  is  irrational  the  solutions  are  non-periodic 
but  bounded.  The  iso-^  curves  pertain  to  the  unstable  solutions  (see  underline  to  Fig.  1). 
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If  a  large  iso-/3  chart  were  available,  the  value  of  0  for  any  (a,  9)  in  a  stable  re¬ 
gion  could  be  read  off.  In  making  a  chart,  since  a*  =  (m  -f  0)  when  9  =  0, 
it  may  be  preferable  to  plot  a*  and  q,  so  that  interpolation  is  substantially 
linear  when  |  9  |  is  not  too  large. 

Normalisation.  Writing  A  ■*  Kc, ,  where  K  is  the  normalising  constant, 
we  take 

or  K-grlJ*  .  ”  IXf)  (“) 

The  e  are  computed  as  demonstrated  in  reference  9  in  terms  of  c. .  If  we  put 
Cm  —  1*>  then  K  1  when  9  =  0,  since  the  other  e  vanish,  and 

"}  (r.0)-+"(m  +  «r,  (12) 

sejmif  sm  • 

which  is  the  desired  form. 

18.  ccm+siz,  —q),  Km+siz,  —q),  first  and  second  solutions  of  (f)  $f ,  of  frac¬ 
tional  order. 

Writing  (fir  —  z)  for  z  in  (1),  (2)  §17  gives 

(-1)*  “)  (h  -«.«)-  (-1)’ 

Using  the  limiting  forms  of  the  A  from  §17,  we  find  that  (1),  (2)  do  not  de¬ 
generate  to  008  (m  +  0)z,  sin  (m  -f  0)z,  as  9  — >  0.  However,  by  a  linear  com¬ 
bination  of  (1),  (2),  we  derive  the  appropriate  representation,  namely, 

eei»+^(«,  -9)  »  (-l)*(cos  9)  +  sm  ^0rse,n+fi(.^  -  *,  9)].  (3) 

-  (-1)"  E  cos  (2r  +  0)z  ;  (a  -  o,*^)  (4) 

t 

and 

seu^siz,  -9)  “  (-l)*[sin  §d«5c*,+^(iT  -z,q)  -  cos  \0Tsein+si.\^  -  9)]f  (5) 

«  (-D-B-D'^ir-^sin  (2r  +  0)z.  (o  =  0*.+,)  (6) 

—so 

Then  as  9  — »  0,  (4),  (6)  degenerate  to  the  forms  on  the  r.h.s.  of  (12)  §17,  as 
desired.  The  representations  of  the  functions  of  order  (2n  +  1  +  /5)  are  derived 

*  The  c  have  seroe.  Thus  if  cw  had  a  tero  for  a  particular  value  of  9  in  a  computation, 
another  coefficient  would  be  taken  as  unity. 
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from  (3)-(6)  by  making  the  changes  indicated  below  (8)  §17:  also  sin  ^0ir 
is  replaced  by  cos  ifir,  and  cos  J/Sx  by  —sin  §j8x. 

If  the  functions  for  q  positive  are  tabulated  in  0  ^  z  ^  ^x,  the  values  of  those 
for  q  negative  are  obtained  by  aid  of  (3),  (5),  and  the  corre^nding  formulae 
for  order  (2n  -|-  1  +  /3).  The  remarks  on  periodicity  in  §17  apply  here  also. 

19.  Unstable  solutions  of  (!)  §1. 

1®.  Conjugate  property  of  the  coefficients,  q  >  0.  When  (a,  q)  lies  in  an  vm- 
stable  region  of  Figs.  1,  2,  between  and  at» ,  a  preferred  form  of  solution  is 


(1) 

while  for  the  region  between  b^+i ,  , 

yi(z)  =  5  (2) 

This  choice  ensures  the  reality  of  u-  The  recurrence  relation  for  the  e  in  (1)  is 
[o  -  (2r  -  iu)*]cu  -  9(ci,+a  +  c»r-s)  -  0.  (3) 

Writing  — r  for  r  in  (3)  gives 

[o  —  (2r  +  —  q{c-ar-a  +  c_i,+i)  =  0.  (4) 

It  follows  from  (3),  (4)  that  if  Ctr  and  c_t, ,  r  ^  1,  are  expressed  in  terms  of  Co 
(real),  they  are  conjugate  complex  numbers,  provided  a,  9,  m  are  real. 

The  recurrence  relation  for  (2)  is 

[O  “•  (2r  +  1  —  tM)*lClr41  ""  9(<?^+«  +  Ctr-d  “  0.  (5) 

Writing  —  (r  +  1)  for  r  in  (6),  we  get 

[O  —  (2r  +  1  +  —  9(C-ar-|  +  C-tr4l)  “  0.  (6) 


Suppose  that  the  Ctr+t  in  (5)  are  expressed  in  terms  of  ci ,  and  the  e-ir-i  in  (6) 
are  expressed  in  terms  of  c-i .  Then  ci,+i  and  (ci/c-i)*e-}r-i  are  conjugate  com¬ 
plex  numbers  ii  a,  q,  u  are  real.  Further,  if  m  >  0,  it  may  be  shown  that,  save 
for  a  constant  complex  multiplier  Zo ,  there  is  a  real  solution  of  (2)  which  tends 
to  zero  as  z  — >  — 

9°.  Solutions  corresponding  to  (9)  1°.  Let  <^41  =  Z^dtr+i ,  Z#  =  el**,  Cj  *  1, 
d*r+i  =  for  all  r.  Substituting  into  (2)  1®,  leads  to 

^  pjr+i  {cos  [(2r  +  l)z  +  v»Jr+i]  +  »  sin  [(2r  +  l)z  +  wh-J}-  (1) 

For  the  r.hj3.  of  (1)  to  be  real,  the  imaginary  part  must  vanish  identically, 
and  this  means  that 


ci/e^i  ia  obtained  in  3*  below. 
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Plr-fl  “  P-*r-l  t  and  ^+1  =  —  +  2st),  (2) 

where  « is  integral.  Hence  dtr+i  and  d-ar-i  are  conjugate,  so  (1)  may  be  written 
in  the  form 

“  e'‘*2pjr+i  cos  [(2r  +  1)  *  +  <pir+i].  (3) 

A  second  independent  solution  is  obtained  by  writing  —z  for  z,  so  we  get 

iZr‘y»(z)  -  e“''*2pj,+i  cos  [2r  +  l)z  -  ^r+J.  (4) 

Then  (3)  — ►  0  as  z  — >  —  <» ,  while  (4)  — ►  ±  « . 


3^.  Determination  of  Zo .  Since  dtr+i  and  d-tr-i  are  conjugate,  it  follows  that, 
I  Zo  I  being  unity, 


1  Clr+1  1  *  1  C_*,wl  1  . 

(1) 

Thus  we  may  write  Ci,+i  »  c-tr-i  =  Pir+xe**‘*'"‘. 

Then 

Zo  -  e***  -  Cr+l/dlr+l  - 

(2) 

-  C-O^l/d^  - 

(3) 

by  (2),  2».  Hence  by  (2),  (3) 

“  §(lhr+l  + 

(4) 

Since  Ci  =  1,  f  1  —  0,  so  that  in  1®  above,  ci/c-i  —  e~****. 

(6) 

4®.  SoltUionz  corresponding  to  (1)  f  ®.  It  may  be  shown  that  these  are 

§yi(z)  -  jpo  +  p»r  cos  (2rz  +  , 

(1) 

and 

“  e“^|po  +  £  p»r  cos  (2rz  -  . 

(2) 

Here  c»,  «  PirO***^,  C6  **  2po  real,  ptr  =  p-a, ,  <pit  =  —(v-tr  +  2«t),  so  for  r  ^  1 
Cir  and  ctr  are  conjugate; 'also  Zo  »  1. 

20.  ceum+^(d:i,  9),  fint  and  second  solutions  of  (i)  §i,  for  an  unstable  region 
of  the  (a,  q)  plane,  q  positive. 

When  (0,  q)  lies  between  bj*  and  Otn  in  Figs.  1,  2,  we  take  (see  4®  §19) 

ceua»^0(±z,  q)  -  A^jpo  +  X  pjr  cos  (2rz  ±  ^)| , 

(ba^) 

(1.2) 

and  between  bu+i »  Ot,i+i  >  we  take  (see  2®  §19) 

9)  “  Ai«*'*2pj,+i  oo8[(2r  +  l)z  ±  v>*r+i]. 

(3,4) 

where  K,  Ki  are  normalising  constants  defined  in  §24.  The  u  in  ceil  signifies 
that  (a,  9)  lies  in  an  imstable  region  of  Figs.  1,  2. 
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Alternative  definitions.  Taking  half  the  sum  of  (1),  (2)  yields  the  even  solution. 
yiit)  «  /cjcosh  /i2  ^po  +  Pir  cos  2rz  co8<ph.J 

—  sinh  m2  ^  pj,  sin  2rz  sin  (5) 

Half  the  difference  between  (1),  (2)  yields  the  odd  solution 

§i{z)  liC(sinh  M^las  at  (5)]  —  cosh  laZias  at  5)}.  (bii>4»)  (6) 

Similarly  from  (3),  (4)  we  obtain  the  even  solution 
gi{z)  «  Xi{oosh  M«Sp,,+i  cos  (2r  +  1)2  cos  ^p^+i  - 

sinh  /tfSpir+isin  (2r  +  l)z  sin  ^,+1},  (6*«+nii)  (7) 

and  the  odd  solution 

ifi{z)  /iCi{sinh  M22(as  at  7)  —  cosh  tul(sL8  at  7)}.  (&sii+i4^)  (8) 

Comment  on  (l)-(4)t  ond  (5)-(8).  In  applications  the  former  are  preferable 
to  the  latter  for  the  following  reasons: 

(a)  One  solution  tends  to  zero,  the  other  to  infinity  with  z,  whereas  the  even 
and  odd  solutions  both  tend  to  infinity  as  z  — »  +  <» . 

(b)  In  numerical  work  it  is  expedient  to  use  tables  of  rather  than  those 
of  sinh  z,  cosh  z. 

(c)  Analytical  work  is  likely  to  be  simpler. 

Functions  of  complex  order  m 

we  write  — tp  for  /3*,  we  obtain 
ce\ 


i  $€ J 

Then  by  substituting 


(*,9) 


cel 

—  tp.  If  in  the  representations  of 

\  (*.  9) 

l*»414P 

.  EAiJ;r-’»^(2r+l-tp)z. 

(9, 10) 

+  **  KiPtr^x  cos  ^+1  , 

(11) 

—  Ai|^l  ****]  »*  Kipxr+i  sin  ^41 , 

(12) 

and 


in  (9),  (10),  we  obtain  the  even  and  odd  solutions  (7),  (8).  Since  p  is  real, 
(2n  +  1  —  tp)  is  complex  and,  therefore,  (9),  (10)  may  be  designated  Mathieu 
functions  of  complex  order. 

21.  Con^mtation  of  p  and  the  c.  The  method  is  described  in  reference  9. 
Knowing  the  c,  the  values  of  p  and  tp  may  then  be  calculated.  In  calculations 
pertaining  to  a  function  of  order  m  +  p,  it  may  be  preferable  to  put  c«  »  1, 
rather  than  or  ci  »=  1 .  If  p  is  constant  and  the  corresponding  a  for  different  9 

*  It  should  be  noted  that  the  range  of  ^  is  0  <  ^  <  1,  whereas  p  >  0. 
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are  computed,  an  iso-M  curv’e  of  the  type  illustrated  in  Fig.  2  may  be  |rfotted 
in  the  appropriate  unstable  region.  On  ,  a. ,  m  =  0,  while  at  some  point 
on  the  segment  of  a  line  joining  them  and  parallel  to  the  a  axis,  m  attains  a 
maximum  value.  This  is  true  also  for  points  on  the  segment  of  a  line  parallel 
to  the  q  axis  and  terminating  on  a«  (9  >  0).  Then  if  the  turning  point  (nearest 
the  a  axis)  on  an  iso-M  curve  is  9  =  90  >  0,  there  are  two  values  of  a  for  any 
9  >  9o  on  the  curve.  Moreover,  the  coefficients  in  the  solutions  corresponding 
to  the  two  a  are  different,  except  when  9  ■=  90 .  Given  the  numerical  data, 
families  of  iao-it  curves  could  be  plotted  in  the  unstable  regions.  Tabulation 
of  a,  a*,  9,  M  would  permit  the  value  of  the  latter  being  found  directly  or  by  inter¬ 
polation.  The  solution  of  a  Mathieu  equation  with  (a,  9)  in  a  ‘charted’  un¬ 
stable  region  would  then  be  completed  by  using  the  procedure  given  in  reference  9. 

Ditcrimination  between  soliUioM  for  the  aame  9  but  different  a;  and  vice-versa. 
When  9  is  positive,  on  the  upper  and  lower  parts,  and  at  the  turning  point  of  an 
iso-M  curve,  the  symbols 

ce»4*,  ccm+gt  ce»+ji ,  respectively,  (1) 

may  be  employed.  Symbolism  for  solutions  having  the  same  a  but  different  9 
is  left  for  the  reader  to  devise. 

22.  Degenerate  forms,  9  positive.  If  a  remains  constant  as  (a,  9)  moves 
towards  Ot.  in  Fig.  2  (in  either  direction),  ji  —*  0  and  in  (1),  (2)  §20,  Kfio  —*■ 

Khr  —*■  AjJ"'  and  ►  0,  r  ^  1.  When  ^  0,  by  proper  choice  of  K 

we  obtain  cej«(z,  9).  As  (o,  9)  moves  towards  6*,  ,  M  — ►  0,  and  £0  —*■  0,  ICp*,  —*■ 
fir  —►—§*•,  r  ^  1,  so  with  M  *=  0  and  proper  choice  of  K,  weget  ±  «et„(z,  9). 
Similarly  with  appropriate  Ki  the  degenerate  forms  of  (3),  (4)  §20  are  oci,4i(z,  9) 
and  i.aein+iiz,  9)*  These  fimctions  may  be  shown  to  be  the  degenerate  forms 
of  (5)-(8)  §20,  each  to  each. 

23.  Functions  of  order  (m  +  m)>  9  negative.  These  are  defined  as  follows: 

ceutn+^(±z,  q)  =  (-l)V*"‘ccj,+p[±(§T  -  *),  9],  (6i»+»)  (1,  2) 

+  2  (-l)'p*r  cos  (2rz  =F  v>„)|:  (3,  4) 

oeti*,+i+,(dbz,  9)  «  (-l)V*"‘ccj,+i4^[±(§v  —  z),  9],  (oi»+i+,)  (5,  6) 

-  i-lVKie^'^lpir^x  [sin  (2r  +  1)  *  =F  (7,  8) 

The  r.h.s.  of  (7),  (8)  may  be  expressed  in  a  cosine  series  by  altering  the  argu¬ 
ment  to  [(2r  -f-  l)z  —  ^r+i).  The  definition  would  then  be  in  keeping 

with  the  notation  ceu. , 

Degenerate  forms.  WTien  fi.  «  0  in  (3),  (4),  (7),  (8),  the  functions  degenerate 
to  cet,(z,  —9),  «e*,+i(z,  —9).  When  M  =  0,  the  functions  degenerate  to 
(z,  —9),  ±cein+i(z,  —9).  These  forms  are  to  be  expected  from  Fig.  2, 


(-1)"AV 
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9  <  0.  The  multiplier  (—1)”  ensures  that  the  sign  of  the  degenerate  form  is  in 
accordance  with  the  definitions  (1),  (5),  (10),  (15)  §4,  provided  the  upper  sign  is 
chosen  when  M  =  0. 

24.  Normalisation.  The  rules  must  be  such  that  the  degenerate  forms  of  the 
functions  of  order  m  +  m*  when  n  —  0,  are  those  given  in  §§22,  23.  Then 


K’ [20;  +  1. 

or  l/[2pj  +  f:plj, 

(1) 

K.lZfir+1  =  1, 

or  Ki  =  l/l2pj,+i]*. 

(2) 

26.  Cem+fi{z,  dbg),  Sem+f(.z,  ±q),  first  and  second  solutions  of  (3),  (4)  §f ,  of 
fractional  order.  Series  may  be  derived  from  (1),  (2)  §17;  (4),  (6)  §18  in  con- 

ce] 

junction  with  the  definitions  of  >  (2,  0)  obtamable  from  these  sections, 

tn+l+fi 

by  writing  it  for  r,  and  omitting  the  external  multiplier  i.  If  d  *  pA,  a  ra¬ 
tional  fraction  in  its  lowest  terms,  the  functions  have  period  2sri,  s  ^  2.  As 
9  -+  0,  o  -*  (m  -b  jS)*,  and  Cem+s(z,  ±q)  -*  +  cosh  (m  -f  /3)z,  Se«.+^  (2,  ±9) 
-♦  -|-  sinh  (m  -f  3)z. 

26.  oer^r,  ceimZ,  ser«2,  set.,  2.  In  the  problem  of  eddy  currents  in  a  cylinder 
of  elliptical  cross-section,  9  is  negative  imaginary.  Then  in  (1)  §1,  if  9  —is, 
where  s  is  real  and  positive*,  ce«(2,  —is)  is  a  complex  function  of  z.-  Thus  we 
may  separate  it  into  real  and  imaginary  parts  by  writing 

oe»(z,  —is)  “  cer*2  +  i  cei*2.  (1) 

If  we  define 

ce,n(z,  is)  =  SAj,  cos  2r2,  (2) 

the  A  are  complex  and  may  be  computed  as  shown  in  reference  4.  Then  if  we 
write  (|t  —  2)  for  2  in  (2),  by  (1)  §4  we  obtain 

cej,(2,  -is)  -  (— l)*2Air  cos  2r2.  (3) 

Taking  A,  »  [  A,  |  e’**  in  (3),  we  get 

(,)  -  (-l)'S  I  A„|  T  (*,)  coe  2rz.  (4,  S) 

ceijtn  sm 

Similarly  with  B,  **  |  |  s**',  we  have 

(s)  -  (-l)’‘2lB„+i|2!(»r+i)co8(2r-|- 1)2,  •  (6,7) 

ceijtw^i  sm^ 

w  -  (-l)’J  I  I  ^  (*«.,)  rin  (2r  +  1),  (8. 9) 

SCTjla+1  Sm 

*  In  this  section  s  is  not  necessarily  integral. 
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-  (-l)’S  I  I  ^  (x«.)  tin  (2r  +  2)*.  (10.  11) 

These  functions  may  be  expressed  in  terms  of  the  polar  form  of  the  ber  and  bet 
functions  as  follows:  Writing  (t«)*  =  for  k  in  (3)  §4,  using  the  complex  A 


from  above,  and  /j,(m)  -  (— l)V*r(ttt),  we  get 

ce,.(*,  -m)  -  (- !)•  XAuJu{2^'U  cos  2).  (12) 

By  reference  8,  pp.  121,  122, 

-  ber^u  +  »  beiirU  -  (13) 

Putting 

cc»,(0,  t»)/-4*  -  Eu.e**'*'  (14) 

and  substituting  from  (13),  (14)  into  (12)  leads  to 

ce„(2,  -is)  »  (- 1)*£;„2  I  At,  I  M„(2/  cos  (15) 

Hence 


W  “  (-l)’£ij;Mfc|«.,(2lco8*)2^(»,  +  **  +  *,).  (16.17) 

CCTJ|«  8111 

Series  for  certn+iz,  cetta^iz,  ser»2,  set.  2  may  be  derived  in  a  similar  way. 
Representations  may  also  be  found  in  terms  of  Af  functions  with  argument 
21  tan  t,  and  in  Bessel  function  product  series.  The  representations  of  the 
modified  eer,  eei,  etc.,  functions,  namely,  Cer^z,  CeimZ,  Ser^z,  SeimZ  are  derived 
from  those  given  above  by  writing  ix  for  2. 

27.  Asynqitotic  ezpannona  for  2  large.  The  following  abbreviations  are  used: 


-  (2/wOW’'‘”  sin  (t;,  +  Jt)  -  cos  («,  +  Jr)]  (1) 

=  (2/irw,)*IPir’-‘«  cos  (u,  +  Jt)  +  sin  (u,  +  ix)]  (2) 

P  «  1  —  c^T*  +  —  •  •  •  (3) 

Q  »  civ7*  -  <¥>7*  +  cit'T*  -  •  •  •  (4) 

Cl  -  -  (4a  -  l*)/8;  c»  -  (4a  -  l*)(4a  -  3*)/2!8*  (5) 

c»  -  -  [(4a  -  1*) (4a  -  3*) (4a  -  5*)/3!8*]  -  ikV3!  .  (6) 

c«  -  I(4a  -  l*)(4a  -  3*)  •  •  •  (4a  -  7*)/4!8*]  +  k\4a  -  13)/2.4!  (7) 

2(r  +  Dch-i  +  [a  -  (r  +  i)*]c,  +  -  0.  (r  ^  2)  (8) 

-  (2/Tc)V*2«r»r  ^  ie-^*lcrvr].  (9, 10) 

.  (i/2w,)*c-*2c4'r;  p  «  c«’*-^V(2xv»)*.  (11) 
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Z  -  e'V(2«,)*;  z  =  e"’V(2wi)*.  (12) 

Pm  ’  means  that  in  the  series  for  P,  the  c  are  computed  using  a  »  a» ,  e.g* 
for  q),  Ot,  would  be  used.  In  numerical  work  terms  in  k  should  be  small 

compared  with  those  devoid  of  k.f  The  latter  are  the  same  as  the  coefficients  in 
the  asymptotic  expansions  of  the  J-  and  F-Bessel  functions. 

ExpantioM. 


CCiniz,  9)  PinRiH 

(13) 

Cean+l{z,  9)  —  P%n+lSi*J+l 

(14) 

Seu-i-i{z,  9) 

(15) 

S€in^(z,  q)  Si*+*fliV+» 

(16) 

Fejfiniz,  q)  —  PinSin 

(17) 

Feyin^i(x,  q)  —  psn+iPsV-fi 

(18) 

Geyu^iiz,  ?)  '^  -  Sin+iRtn+i 

(19) 

Gejfin+iiz,  5)  ~  • 

(20) 

Formulae  for  Fekmiz,  q),  Gekmiz,  q)  may  be  derived  by  api^ying  (6),  (12), 
(18)  (24)  §  10  to  (13)-(20)  above. 


Applying  the  relationships  in  §12  to  (13)  -  (16)  yields 


Cet^iz,  -q)  Pin  TjV 

Cetn+i{z,  —q)'^  «*»+i  Ui\l+i  ■ 
iS^-»-i(2>  ~9)  Pin+t  Ui‘2^-1 
Setn-niz,  —9)'^  Tfii+i 


(21)  These  functions  are  real  if 
z  is  real,  so  the  imaginary 
parts  in  T,  U  must  then 
be  omitted.  They  are  in¬ 
cluded  when  z  is  complex, 
—  §*•  <  phase  2  < 


(22) 

(23) 

(24) 


Applying  the  relationships  in  14  §  to  (17)-(20)  leads  to 


FeViniz,  -9)  Pin  Uin  (25) 

P^iM-i(*i  “?)  *  «*«+i  T*»+i  (26) 

Geyin^iiz,  -9)  i  ptn^i  (27) 

Gejfin-i-iiz,  —9)  i  Ui*2+i  (28) 

Applying  (6),  (12),  (18),  (24)  §  16  to  (21)-(28)  yields 

Fekiniz,-9)'^PinXjrJ  '  (29) 

Fekin+iiz,  —9)  ~  «j*+i  (30) 

Gekfn+iiz,  —9)  Pin+i  -X^jV+i  (31) 

Gekin+iiz,  —9)^^  «*•+!  X^^+i  (32) 


t  If  vt  is  large  enough,  this  reetriction  is  unnecessary. 
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The  a83rmptotic  expansions  for  db^)  and  dtq)  may  be 

derived  from  the  foregoing  by  applying  the  relationships  in  §§  11,  16.  The 
phase  variation  of  z  in  all  these  formulae  is  —  fir  <  phase  z  <  §t.  . 


28.  Dominant  terms  in  asymptotic  expansions.  These  are  useful  in  deter¬ 


mining  the  behaviour  of  the  functions  as  z  — ^  -f-  oo . 

Cetniz,  q)  ~  pj,(2/irt»*)*  sin  (t»»  +  ir)  (1) 

C'ei,+i(z,  q)  -jh,+i(2/wi)*  cos  (w»  +  Jx)  (2) 

Se*,+i(z,  q)  —  »tn+i(2/wv,)*  cos  (w*  +  Jr)  (3) 

Setn+tiz,  q)  «f,+i(2/wt)*  sin  (vi  +  ix)  (4) 

Feyt^iz,  9)  -  p»,(2/ir»i)*  cos  (t>i  +  Jx)  (5) 

Fejhm+iiz,  q)  -  pi,+i(2/xi;i)*  sin  (v,  +  ix)  (6) 

Geytn+iiz,  q)  —  «»*+i(2/xvi)*  sin  (v,  -{-  Jx)  (7) 

Geytn^iz,  q)  —  «*,+i(2/xt;*)*  cos  (wi  +  Jx)  (8) 


As  z  — >  +  all  these  functions  alternate  with  increasing  rapidity,  while 
their  amplitudes  tend  expcmentially  to  aero. 


FehtJjt,  q)  ptnY 

(9) 

Fektn+i{z,  q)  Pm+iY 

(10) 

Gektn^tiz,  q)  «i,+iK 

(11) 

Geku-¥»{^,  q)  ztn^iY 

(12) 

•  CdtniZ,  -g)  ~  PtnZ 

(13) 

Cct»+i(z,  -g)  ~  Ztn+iZ 

(14) 

Setn+iiz,  -g)  ~  Pin^iZ 

(15) 

5ei,+»(z,  —  g)  stn+tZ  , 

(16) 

Feytniz,  -q)  t 

(17) 

Feytn^iiz,  — g)  ~  t  stn+iZ 

(18) 

Geytn+iiz,  -g)  i  pu+iZ 

(19) 

Geyt»^t{z,  -g)  %  «J,+|Z 

(20) 

Fektniz,  -g)  p[nZ 

(21) 

Fektn-niz,  —  g)  Stn+iZ 

(22) 

As  z  — ♦  -H  00,  the  real  and 
imaginary  parts  of  these 
fimctions  alternate  with  in¬ 
creasing  rapidity,  while 
their  amplitudes  tend  ex¬ 
ponentially  to  aero. 

As  z  — ♦  -f-  00 ,  all  these  func¬ 
tions  tend  exponentially  to 
infinity. 


Each  function  is  t  times  the 
corresponding  function  in 
(13)-(16),  so  as  z  -I-  ao 
they  tend  exponentially  to 

+  t  00  . 


As  z  — ►  -f  00 ,  all  these  func¬ 
tions  tend  exponentially  to 
aero. 
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~  pi,+lZ  (23) 

Gektn-n(z,  -9)  ~  Stn+iZ  (24) 

The  dominant  terms  in  the  asymptotic  formulae  for  db?),  and 

±g)  may  be  derived  from  the  foregoing  by  applying  the  relationships 
in  §§  11,  16. 

29.  Real  zeros  of  Cc»(z,  q),  Sem(z,  q),  Feym{z,  q),  Gei/m(z,  q),  z  large  and  posi¬ 
tive.  Since  Vt  ke%  if  z  is  large  real  and  positive,  and  k  is  such  that  Vj  is  large 
enough,  the  zeros  in  both  z  and  q  ^  k*  may  be  derived  from  the  formulae  in  §  28. 
For  example  by  (1)  §  28  the  zeros  of  Cei,(z,  q)  occur  when 

sin  (t>j  +  Jt)  oi  0,  or  r*  ^  t(«  —  i),  (1) 

where  s  is  an  integer  such  that  Vt  is  large  enough  for  validity  of  the  asymptotic 
approximation.  Thus  from  (1)  we  get 

z  log  [v(«  -  \)/k],  (2) 

and 

q  ^  t\s  -  i)  V**.  (3) 

Hence  if  Vs  is  constant  (but  large  enough)  as  z  — »^  +  » >  it  follows  from  (3) 
that  the  zeros  in  q  condense  in  the  neighborhood  of  9  3=  0. 

30.  Asymptotic  formulae  for  9  large..  If  9  =  A;*  is  large  and  positive,  and 

—  <  z  <  ^T,  then 

q)  ~  Icoe  (i*  +  }»)]-«  X 

X  [1  +  {(2m  +  1)  —  (wi*  +  m  +  1)  sin  z}/8A:  cos*  z]  db 
±  «-*  [sin  (iz  +  ix)]*^*  X 

X  [1  +  {(2m  +  1)  +  (wi*  +  m  +  1)  sin  z]/ik  cos*  z]|co8~^*  z.  (1,  2) 

g 

When  Jx  <  z  <  -  T,  alter  the  centre  signs  to  ^ .  The  multipliers  are 

Ctn  -  2*"-*p;,(xfc)-*,  =  2*-+*p;.+i(xA:)-*,  (3) 

S,.+1  -  2*-*«;.+x(xfc)-*,  5^.4^  -  2*-^z;,+,(xjfc)-*.  (4) 

For  z  real,  9  large  and  positive 

9)  [2*  sinh  z  -  (2m  -I-  1)  tan“‘  (tanh  iz)]| 

2^"^  cosh"*  z.  (5,  6) 
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These  results  were  obtained  by  uniting  zi  for  z  in  (1),  (2)  and  retaining  the 
leading  terms  only.  Retention  of  the  neglected  terms  gives  a  more  accurate 
result. 

The  large  values  of  q  =  k*  for  which  these  functions  vanish  may  be  found  by 
aid  of  (5),  (6).  Thus  for  Cei,(z,  q)  we  must  have 

2k  sinh  2  (2r  +  l)iir  +  (4n  +  1)  tan“‘  (tanh  \z).  (7) 

If  c  is  the  eccentricity  of  the  fundamental  ellipse,  then  cosh  z  =  e~',  sinh  z  = 
(1  —  e*)*c“*,  tanh  Jz  *  ((1  —  e)/(l  +  c)]*  ■=  6.  Thus  we  obtain 

Cetnfz,  q):  fc*  =  g  «  ((r  -f  h)ir  -}-  (4n  +  1)  tan“‘  tf)V/4(l  —  c*).  (8) 

Similarly  we  find  tlmt 

Cej,+i(z,  9):  As  at  (8)  but  with  (4n  +  3)  for  (4n  +  1).  (9) 

For  (Sej,4i(z,  9),  5ej«+j(z,  9)  use  1  for  |  in  (8)  and  (9),  respectively.  In  these 
formulae  r  ^  2,  3,  •  *  *  ,  and  the  accuracy  improves  with  increase  in  r,  and 

also  as  e  — »  1,  when  the  fundamental  ellipse  becomes  long  and  narrow. 

9  large  and  negative.  The  formulae  for  this  case  are  derived  (a)  by  applying 
relationships  (1),  (5),  (10),  (15)  §  4  to  (1),  (2),  and  altering  the  range  of  z  accord¬ 
ingly;  (b)  by  applying  (l)-(4)  §  12  to  (5),  (6)  and  selecting  the  real  part  where 
z  is  real.  If  z,  real,  is  large  enough,  (2m  +  1)  tan~'  [tanh  (^^  +  |z)] 

(2m  -|-  l)iir.  Then  the  transformed  versions  of  (5),  (6)  reproduce  (13)-(16)  §28. 

31.  Classification  of  Mathieu  functions  for  a,  9  real  ^  0.  In  tables  1-3, 
m  »=  2n  or  2n  -f-  1,  n  =  0,  1,  2,  •  •  •  ;  0  <  /3  <  1;  m  real  and  positive.  The 
functions  of  complex  order  defined  in  §  20  have  been  omitted,  because  those 
given  in  table  3  are  preferable  for  the  reasons  stated  in  §  20  in  connection  with 
the  odd  and  even  solutions.  The  cer,  cei,  etc.,  functions  have  been  omitted, 
since  9  is  negative  imaginary.  The  corresponding  functions  of  the  second  kind 
derivable  from  fe^  and  ge^ ,  would  be  designated  fer^ ,  feim ,  gevm ,  geim  . 

Fey,  Gey,  Fek,  Gek  have  priority  over  ,  Gc« ,  as  modified  functions  of  the 
second  land  because: 

1.  They  are  better  suited  for  applications,  their  asymptotic  formxilae  being 
simpler; 

2.  Their  representations  in  Bessel  function  product  series  converge  rapidly, 
thereby  facilitating  computation; 

3.  They  degenerate  to  the  Y-  and  X-Bessel  fimctions  when  the  fimdamental 
ellipse  tends  to  a  circle. 

The  following  iUustrates  the  manner  in  which  the  functions  may  be  described: 
Feymiz,  9)  is  a  F-type  modified  Mathieu  function  of  the  second  kind  of  order 
m,  9  positive,  whereas  Fcfc«(z,  —9)  is  a  /C-type  modified  Mathieu  function  of  the 
second  kind  of  order  m,  9  negative. 

For  given  (a,  9),  any  two  corresponding  solutions  of  the  first  and  second 
kinds  of  equal  order  constitute  a  fundamental  system  of  solutions.  For  in¬ 
stance  the  pairs  Ce*,+i(z,  -9),  Fektn+iiz,  -?);  Ce^-niz,  -q),  Fei,+i(z,  -9); 
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q),  Mem\z,  q);  Nem\z,  —q),  Nei»\z,  —q),  constitute  fundamental  sys¬ 
tems.  If  yi  and  yt  are  the  two  solutions  of  a  fundamental  system,  a  complete 
solution  is  given  by 

y  Ayi  +  By, ,  (1) 

where  A,  B  are  arbitrary  constants,  determinable  in  applications  by  the  usual 
procedure. 


TABLE  1 

StM*  zolvtioTU  of  (1)  f/:  ordinary  functionz 


Order 

First  kind 

Scoondkisd 

Altemstiee 

Second  kind 

Integral 

c«i.(s,  ±g) 

fCmi*.  ±9) 

feim(*,  —q),  z  real 

Integral 

s««(s,  ±q) 

V«m{*,  ±9) 

gekmi*,  —q),  *  real 

Fractional 

ecw^^ei*.  ±9) 

»«m+f(*,  ±9) 

TABLE  2 

Solution*  of  (5)  {i;  modified  function* 

Order 

FitMkiiMl 

Second  kind 

Alternative 
Second  kind 

TUrdkind 

Integral 

Ce*(*,  ±}) 

Feymie,  ±q) : 
Fekmiz,  dtq) 

Femi*.  ±q) 

«>(*,  ±9) 

Integral 

P 

Fractional 

t 

Semi*,  ±q) 

Cem+0(z,  ±q) 

Oeymiz,  ±q) : 

Oekmiz,  ±9) 
Sem+*i*,  ±9) 

Otmiz,  -tyq) 

Ns"*.  «)(s,  ±9) 

TABLE  3 

Unttable  aolution*  of  (/)  fl;  function*  of  order  (m  +  m) 


First  kind 

Second  kind 

eeuw^i*,  ±q) 

ceum+»i-z,  ±9) 

1  take  this  opportunity  of  expressing  my  best  thanks  to  W.  G.  Bickley  and  T. 
Lewis  for  criticising  and  discussing  the  underlying  analytical  work.  I  am  much 
indebted  also  to  J.  C.  P.  Miller  for  criticising  §§  19-24,  and  to  L.  J.  Comrie 
and  D.  Reynolds  for  calculating  the  data  for  the  iso-0  and  iso-M  curves  of  Fig.  2. 
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APPENDIX 

After  the  paper  had  been  submitted  to  the  Editor,  correspondence  passed 
between  G.  Blanch,  W.  G.  Bickley,  and  the  Author,  regarding  the  definitions  of 
Feym{t,  q),  Fekm{t,  q),  and  kindred  functions  given  in  reference  1.  It  is  agreed 
that  the  representations  in  Bessel  function  products  are  the  best  from  every 
point  of  view,  e.g.  analytically,  computationally.  The  series  with  arguments 
2ib  sinh  z,  2k  cosh  z  were  useful  before  the  others  materialised,  but  they  may 
note  be  regarded  as  analytical  curiosities!  Such  is  the  march  of  progress. 

It  is  opportune  to  make  additional  comment  on  another  point  mentioned  in 
the  correspondence,  namely,  the  relationship  between  the  first  and  second  solu¬ 
tions  of  (3)  §  1,  as  given  in  §  0.  In  the  B.F.  product  series  (4)  §  8,  replace  the  Y 
function  by  its  expansion  (reference  8,  p.  161).  Then  we  get 

Feytniz,  q)  =  Q)  +  (p**/Ao)S  cosh  seri 

-f  Cetmiz,  q)  +  (pi,/il»)2  sL 

»  Even  member  +  odd  member.  (2) 

Now  the  differential  equation  (3)  §  1  is  such  that  if  one  solution  be  even,  a 
linearly  independent  one  is  odd.  Accordingly  the  even  member  in  (1)  is  a 
constant  multiple  of  the  even  solution  of  the  first  land  CztJjt,  q),  while  the  odd 
member  is  a  constant  multiple  of  the  odd  solution  of  the  second  kind  Fztmiz,  q). 
Thus  (1)  has  the  same  form  as  (1),  (2)  §  9,  so  by  comparison,  we  have 

B  -  PeyUO,  q)/FeU0,  q)  «  2/w€M.  (3) 

Similarly  we  find  that 

FcyJ,+i(0,g)/FeJ,+i(0,g)  =  2/irC„+i(g),  and 

(4) 

Geymi0,q)/Ge»{0,q)  »  -2/rSmiq). 

Being  the  sum  of  odd  and  even  solutions,  Feym{z,  q),  Geymiz,  q)  are  neither 
odd  nor  even.  So  far  as  the  infinite  integral  representations  in  §§  8,  10,  15  are 
concerned,  this  point  is  covered  by  the  restrictions  cosh  z  >  1  in  wi ,  sinh  z  >  0  in 
xot ;  k,  z,  real  >  0. 

In  discussing  reference  1,  G.  Blanch  pointed  out  that 
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Feytniz  +  ip*,  q)  =  Feytniz,  q)  +  2ipCe*,(z,  q),  (5) 

and 

Feytn+iiz  +  2tpT,  q)  =  Fey,n+i{z,  q)  +  4tp  Ceu+i{z,  q),  (6) 

p  being  an  integer.  Similar  relationships  exist  for  Qtym(z,  q),  Fek»{z,  q),  etc. 
(5)>  (6)  illustrate  that  the  functions  are  non-periodic,  although  this  is  evident 
from  the  odd  member  of  (1).  The  term  log«(Jk0*)  >=  (z  -|-  log«A;)  in  the  expan¬ 
sion  of  the  Y  function  is  responsible  for  this  feature,  which  is  absent  from  the 
infinite  integral  representations.  The  restriction  on  z  mentioned  above  covers 
this  latter  point.  ......  t 

Origin  of  (#),  (4),  (ff),  (8)  §  S.  Writing  — tz*  for  z  in  (1)  yields 
Fey,ni-iz,q)  -  *4“  9)  (Pt»/ 2  008  88n0{ 

-  »^?zcfli.(z,  q)  +  (pi,/i4*)S  sL 


Comparison  with  (1)  §  3  shows  that  the  odd  member  in  (7)  is  a  constant  mul¬ 
tiple  of  /es,(z,  9).  We  now  deduce  that  >.: 


C'*.  -  -  i*Cu{q). 

(8) 

Similarly  we 

find  that 

CU+i  “  -  i*Cj,+i(9),  and  si,  *  - 

(9) 

If  desired  we 

could  define  (7)  to  be 

q)  -  Foyu{-iz,  q), 

(10) 

and  also 

9eyt»+iiz,  q)  =  Gey»,+i(-tz,  9); 

(11) 

but  it  is  doubtful  whether  a  'complex’  second  solution  would  be  useful. 
By  aid  of  (8),  (9)  the  following  relationships  may  be  derived  fitim  S  3: 

PiJi»  =  cei,(0,  q)  -j-  S(2r  +  2)f^t  =  /cmCO,  q)/einiq), 

(12) 

Ptn+iUn+i  *  ce*,4i(0,  q)  +  2(2r  -f-  “  /«»n+i(0,  9)/^»fi(9)i 

(13) 

"  29*^41’*^  *=  9^»4i(0,  q)/H»+i(q), 

(14) 

- 

“  S|»4if8tn4i  *  2  9CSs4s(0,  9)/^»f*(9)* 

(15) 

*  The  use  of  —  t  instead  of  -{-t  is  purely  conventional,  but  is  based  upon  the  following: 
By  (1)  11 7, 9,  we  get 

9)  -  q)  -  i  Bfet.(±t,  q). 


so  that  —iz  in  Feyt%  corresponds  to  -f-z  in  feu  . 
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Approximate  formulae  for  Fey^,  Gepm,  Fek^,  Oekm,  q  small  and  positive. 

If  q  and  ke^  are  small  enough,  the  B.  F.  product  series  may  be  used  to  derive 

the  forms  of  these  functions  near  q  «  +0.  Under  this  cmiditicm,  the  coeffi¬ 

cients  iljr'i  in  the  series  are  given  by  [7a]: 

^  (  - D'm!  qy^  r!(m  +  r) !  (16) 

(r  ^  0,  m  >  0). 

S  (m  -  r  -  1)1 972*^(m  -  1)1  (17) 

Using  (16),  (17)  in  the  B.  F.  series,  we  derive  the  first  approximations: 

Fey,(z,  q)  e-  2*'*  t"‘(s  +  log.  *),  (18) 

^(*,  «)  S  ir-'(m  -  1)  1  ml  e— 3"^  (m  ^  1)  (19) 

(m^O)  (20) 

These  formulae  were  obtained  independently  by  G.  Blanch  aikl  the  Author. 
SingularitieB.  In  (18)-(20)  the  functions  have  smgularities  at  g  »  0.  Feyo, 
Fek^  have  branch  points  due  to  log*  k,  while  for  m  ^  1,  the  functions  have  poles 
of  order  m  in  g.  The  multipliers  outside  the  ^  in  the  B.  F.  product  series  have 
singularities,  which  may  be  ascertained  by  aid  of  (16),  (17).  For  example,  as 
♦  4*0l 

(p,n/A.)  (-!)•  2‘"-"[(2n)!]*g-*-,  (n  ^  1)  (21) 

(p„H-i/il0  -  (-1)"  2‘"(2n  +  l)[(2n)!]*g-*-^*.  (  ^  0)  (22) 

(21)  has  a  pole  oi  (»xler  2n,  while  (22)  has  a  branch  point  at  g  0.  Hence  the 
B.  F.  series  (alone)  for  Feytn’  *  ‘€ebw  have  no  singularities.  Functions  of  order 
(2n  4-  1)  have  a  branch  point  at  g  »  0  due  to  the  factw  q~''*. 

When  z  0,  formulae  mwe  accurate  than  (18)-(20)  may  be  derived  from 
results  given  in  reference  lb,  provided  that  allowance  is  made  for  the  difference 
in  the  definitions  of  the  functions,  and  the  forms  of  the  differential  equations 
in  the  two  cases.  > 

London,  England.  ^  ^ 


NOTE  ON  THE  SHEAR  STRESSES  IN  A  BENT  CANTILEVER  BEAM 
OF  RECTANGULAR  CROSS  SECTION 

Bt  E.  Reissneb  and  G.  B.  Thomas 


In  this  note  we  wish  to  report  on  some  calculations  which  we  have  made 
concerning  the  distribution  of  shear  stresses,  according  to  the  St.  Venant  theory, 
in  bent  cantilevers  of  rectangular  cross  section. ‘  Referring  to  figure  1,  our  main 
result  is  the  fact  that  for  sufficiently  wide  beams  (b/a  )5>  1)  the  component  of 
stress  ry,(a,  i;)  not  only  is  of  the  same  order  of  magnitude  as  the  stress  ri,(0,  h)  for 
which  values  have  previously  been  calculated*,  but  exceeds  t„(0,  6)  in  mag¬ 
nitude.* 

We  list  first  the  exact  expressions  for  y)  and  ryi(x,  y)  in  a  form  con¬ 
venient  for  our  purposes  and  deduce  from  them  simplified  expressions  for 
T*,(0,  h)  and  t,,(o,  y)  which  ensure  accuracy  for  all  decimals  computed,  when 
b/a  >4.  On  the  basis  of  these  formulas  we  calculate  for  a  number  of  values  of 
b/a  in  the  range  (2,  «)  (i)  values  of  t,,(0,  b),  (ii)  values  of  the  coordinate  y  =  i? 
for  which  ry«(a,  y)  is  greatest,  (iii)  values  of  T^(a,  ri).  The  numerical  results 
obtained  are  collected  in  Table  I. 

Exact  expressions  for  the  shear  stresses  may  be  written  in  the  following  form, 
with  4ab  *  A, 


T„ 


2A 


(2n  +  l)irx 


X*  p  32^^  T 

a^'^  l  +  piA  (an  -I-  1)^ 


(2n  +  l)ir  b 
2  a 


cosh 


(2n  +  1)»  y 


sinh 


(2n  +  1)t  b 


-  1 


3P  . 


1  -f  r  ir*o 


,  .  (2n  +  1)tx 

-  (“O  - o— 

loo  2  2  o 


(2n  +  D* 


y _ 2  a 

b 


sinh 


(2n  +  !)*•  6 


oU. 


(1) 


(2) 


*  For  a  detailed  expoeition  of  the  theory  see  S.  Timoehenko’s  book  on  Theory  of  Elas¬ 
ticity  (pp.  285-288,  292-208).  We  recall  that  in  this  theory  the  manner  in  which  the 
load  P  at  the  free  end  is  applied  cannot  be  arbitrarily  specihed,  but  must  be  taken  in 
accordance  with  Eqs.  (1)  and  (2),  and  likewise  the  condition  of  complete  restraint  at  the 
6xed  end  cannot  be  satisfied.  According  to  St.  Venant’s  principle  this  has  negligible 
effect  on  the  stress  distribution  at  distances  away  from  the  ends  of  the  beam  which  are 
of  the  order  of  magnitude  of  the  width  2b  (assuming  that  a  <  6). 

*  We  are  indebted  to  Prof.  8.  Timoshenko  and  to  Prof.  H.  Reissner  for  the  information 
that  this  fact  appears  not  to  have  been  noted  previously. 
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From  equations  (1)  and  (2)  are  derived  the  following  approximate  expressions 
which  are  exact  within  the  accuracy  of  our  calculations  when  b/a  >  4: 


V  +  rr;?? 


,  ,  3P<  y  166  Y' 

-zAlrr.i^? 


.  r(2n  +  1)t  6 
12  0 
(2n  +  D* 

(2n  +  l)*r  y  — 

-  2  «  J 

+  D*  J 


Substituting  in  equation  (3)  the  series  sums 


V  (-1)"  =  Z 
^  (2n  +  1)*  32  ’ 


(2n  +  1)» 


0.9160  (Catalan’s  constant) 


Fio.  1.  Dtaoram  Showing  Dimensions  or  Cantilbvbb  Beau  and  Nature  or  Shear 

Stress  Distribution 


this  equation  becomes 


-«>.*)-■  §3  +  ‘I 

To  obtain  the  maximum  of  t„(o,  y)  we  set  (3T„(a,  y)/dy)v_,  »■  0.  According 
to  equation  (4)  the  maximum  condition  becomes 

f  (*>  +  U’'  ■»  -  <»1 

i  1  2  a  J_„  (6) 


(2n  +  D*  ^  h 


2n  +  1 


Carrying  out  the  summation  in  (6)  we  have 

j  ^  tanh~'(e'‘’^’'*^  -  0 
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or 

(8a) 

Equation  (8a)  may  also  be  written  in  a  form  which  gives  directly  the  distance 
of  the  maximum  location  from  the  edge  in  units  of  the  thickness  2a, 


Introducing  equation  (8a)  in  equation  (4)  we  obtain 


TABLE  I 


b 

a 

T«,(0,  6) 
3P/2il 

r,.(o,  If) 
3P/2A 

r,,(a,  n) 
r*,(0,  b) 

b  —  n 

2a 

0 

1.000 

0.000 

2 

1.30(4) 

0.31(6) 

0.22(7) 

0.31(4) 

4 

1.088 

0.068 

0.487 

6 

1.606 

0.666 

8 

2.452 

0.772 

10 

3.770 

0.856 

15 

6.266 

6.202 

20 

6.740 

7.200 

1.070 

1.030 

26 

8.225 

0.233 

1.123 

1.102 

60 

16.660 

10.466 

1.244 

1.322 

00 

00 

00 

1.347 

00 

rn(Oi  if) 


Equation  (9)  is  less  simple  in  appearance  than  equation  (5)  but  is  readily 
evaluated  as  the  remaining  series  converges  rapidly. 

From  (9)  and  (5)  we  obtain  the  following  limit  relation 


lim  <=  2 

*/™-T«(0,  6)  1.4849 


1.347, 


(10) 


which  shows  that  for  wide  beams  (plates)  the  component  of  shear  parallel  to 
the  face  of  the  plate  reaches  a  value  which  is  almost  35  percent  higher  than  the 
value  reached  by  the  component  of  transverse  shear.  The  way  in  which  this 
limit  state  is  approached  is  apparent  from  the  values  given  in  Table  I  which 
has  been  computed  on  the  basis  of  equations  (5),  (8b),  and  (9).  In  the  cal¬ 
culations  the  value  of  i*  has  been  taken  as  J25. 
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COEFFICIENTS  FOR  FACILITATING  THE  USE  OF  THE  GAUSSIAN 
QUADRATURE  FORMULA 

By  Herbcit  E.  Salibb* 

The  well  known  Gaussian  quadrature  formula  which  is  usually  employed 
in  the  form 

Oifixi), 

where  x<  denotes  the  t**  zero  of  the  Legendre  polynomial  Pnix)  and  a<  i- 

1  /■*  Pn(x) 

pt  £  x  —  x  ”  points,  but  is  exact  when  /(x)  is  any  poly¬ 

nomial  of  degree  2n  —  1.  (If  the  interval  of  integration  is  [a,  b],  it  is  transformed 

into  (—1,  1]  by  the  change  of  variable  x  *  — s—  V  +  — •  The  Gaussian 

2  2 

formula  suffers  from  the  inconvenience  of  requiring  the  function  at  irregularly 
separated  points.  Apart  from  the  problem  of  finding  the  value  of  the  function 
at  irregularly  seimrated  points,  there  is  the  added  difficulty  of  checking  those 
values,  since  one  cannot  perform  an  ordinary  differencing  test. 

But  it  is  possible  to  obtain  some  idea  of  the  accuracy  by  taking  the  divided 
differences,**  which  correspond  in  magnitude  not  to  the  differences,  but  to  the 
reduced  derivatives /"^x) /ml,  so  that  if  we  make  use  of  the  approximate  rela¬ 
tionship,  mth  difference  k^Xmth  derivative,  where  h  =  tabular  interval,  what 
would  correspond  to  the  mth  difference  in  the  case  of  an  irregularly  spaced 
fimction  would  be  the  mth  divided  difference  X  ml  X  some  “average  value  of  b".” 
To  judge  the  correctness  most  effectively  by  a  differencing  or  divided  difference 
test,  one  must  see  all  the  differences.  But  knowledge  that  the  (n  —  l)th  dif¬ 
ference  of  n  values  is  small,  without  knowledge  of  all  the  other  differences, 
usually  affords  some  indication  about  the  correctness  of  the  functions,  according 
to  the  technique  of  investigating  the  propagation  of  error  in  the  differencing 
process,  which  is  so  well  known  to  computers.  However  one  must  bear  in  mind 
that  a  single  small  (n  —  l)th  difference  gives  no  guarantee  of  the  magnitude  of 
error,  because  it  might  just  happen  to  be  at  the  place  where  the  differences  are 
still  large  but  changing  in  sign,  or  that  particular  value  of  the  (n  —  l)th  dif¬ 
ference  might  just  happen  to  be  small,  even  when  there  is  a  gross  error  in  the 
function. 

Now  it  is  a  rather  tedious  process  to  obtain  the  (n  —  l)th  divided  difference 
from  n  values,  say  for  n  =  10;  moreover  it  is  very  easy  to  make  a  simple  error 

*  MmthematicBl  Tables  Project,  National  Bureau  of  Standards. 

**  For  a  discussion  of  the  definition,  properties  and  uses  of  divided  differences,  one  may 
consult  L.  M.  Milne-Thcnnson,  C<Ucidu$  of  Finite  Differenett,  Chapter  I,  pp.  1-19,  E.T. 
Whittaker  and  G.  Robinson,  Calculue  of  Oheervatione,  (4th  ed.),  pp.  20-28,  or  J.  F.S  teffen- 
sen.  Interpolation,  pp.  14-26. 
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that  throws  off  the  entire  computation,  because  in  taking  divided  differences 
there  is  no  easy  way  of  checking  all  the  divided  differences  of  a  particular  order 
before  proceeding  to  the  next  order,  as  we  can  do  when  differencing  fimctions 
tabulated  at  equal  intervals.  However,  the  divided  difference  of  any  order  of 
f{Xi)  is  a  linear  function  of  entries,  with  coefficients  that  are  functions  of  the 


quantities  x, .  In  particular  the  (n 
1,  •  •  •,  n,  is  equal  to 


f(Xl) 

xr 

/(X,) 

•••  f(Xn) 

x;  * 

•  ••  xr* 

•••  x:-* 

Xi 

Xj 

Xi 

Xt 

•  •  •  X, 

1 

1 

...  1 

l)th  divided  difference  of  /(x,),  t  “ 


»— I 

Xi  . 

1 

Xj 

xr* 

Xi 

Xj 

xr* 

Xi 

Xj 

x:^ 

Xi 

Xj 

Xn 

1 

1 

•  •  • 

1 

more  simply,  to  ^/(x<)/difference-product  of  x<  with  Xo ,  Xi ,  •••,  x<_i , 
Xi+\ ,  x» .  Since  the  Gaussian  formula  employs  the  same  set  of  x/s,  for 

n 

each  n,  the  (n  —  l)th  divided  difference  can  be  expressed  as  ^  C?/(x<), 

i-l 

where  the  quantities  C"  can  be  found  once  and  for  all,  to  be  used  with  any /(x). 

The  table  below  gives  the  quantities  C?  ,  forn  =  3,  4,  •  •  •,  10;  for  n  =  3 ,4 
and  5,  to  8D;  for  n  =  6,  7,  and  8,  to  7D;  for  n  =  9  and  10,  to  6D.  They  are 
correct  to  within  about  a  unit  in  the  last  decimal  place  which  is  given.  They 
were  calculated  from  the  values  of  Xj  given  in  the  paper  by  A.  N.  Lowan,  N. 
Davids,  A.  Levenson,  “Table  of  the  Zeros  of  the  Legendre  Polynomials  of  Order 
1-16  and  the  Weight  Coefficients  for  Gauss’  Mechanical  Quadrature  Formula,’’ 
Bull.  Amer.  Math.  Soc.,  vol.  48,  No.  10,  pp.  739-743,  Oct.  1942.  (Their  nota¬ 
tion  for  Xi  employs  positive  and  negative  subscripts.)  For  n  odd,  C?  =  C2-i+i, 
and  for  n  even,  C"  =  —C2-i+i  •  These  relations  were  used  as  a  check  upon  the 
quantities  C* ,  all  of  which  were  computed  independently.  The  middle  co¬ 
efficient  for  odd  n  was  the  only  one  that  could  not  be  checked  that  way.  As  a 
further  check  upon  the  quantities  C”  ,  they  were  used  to  calculate  the  divided 
differences  of  x<  for  n  even,  and  of  x*  for  n  odd  and  >  3,  which,  of  course,  must 
equal  zero. 

To  obtain  an  idea  of  the  convenience  of  these  coefficients,  suppose  that  it  is 
desired  to  check  the  integrand  in  the  ten-point  Gaussian  quadrature  formula 
by  finding  the  9th  divided  difference.  To  do  so  the  quickest  method  which 
does  not  use  auxiliary  quantities  would  require  at  least  90  subtractions  and  45 
divisions,  and  it  would  be  necessary  to  write  down  all  the  intermediate  divided 
differences  (44  quantities)  and  the  whole  process  would  be  complicated  by  the 
need  for  taking  constant  account  of  the  significant  figures  and  the  propagation 
of  error  inherent  in  so  many  arithmetic  operations.  On  the  other  hand,  with 
the  coefficients  ,  the  answer  is  obtainable  almost  immediately  by  performing 
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only  10  multiplications,  cumulating  all  the  products  in  the  machine,  so  that 
no  writing  is  necessary. 

Another  delicate  point  about  the  value  of  this  divided  difference  check,  apart 
from  the  inconclusiveness  of  a  single  difference,  is  that  when  the  Gaussian 
formula  is  used  “  up  to  the  hilt,”  i.e.  where  one  actually  requires  the  full  2n  —  1 
degree  accuracy  from  n  points,  the  very  fact  that  it  is  being  used,  precludes  any 
possibility  of  a  completely  adequate  differencing  check.  The  reason  is  that 
if  it  were  possible  to  employ  a  differencing  check  as  far  as  the  last  digits,  then 
there  would  have  been  no  need  for  the  Gaussian  formula  in  the  first  place,  since 
a  formula  of  the  Cotes  type  would  have  been  adequate.  Thus,  in  conclusion, 
it  is  to  be  remembered  that  these  coefficients  serve  merely  as  a  partial  check  that 
will  not  take  care  of  the  last  few  digits  when  the  Gaussian  formula  is  employed 
with  its  maximum  efficiency,  and  in  any  case  they  are  to  be  used  to  indicate  only 
“probable  correctness”  of  the  quantities /(X{). 


TABLE  OF  COEFFICIENTS  C? 


n 

=  3 

n  =»  8 

c\ 

=  c;  = 

0.83333 

333 

d  =  -d  *  -  3.15562 

90 

c\  = 

-1.66666 

667 

d  =  -d  »  10.13236 

16 

n 

4 

d  =  -d  »  -16.93945 

52 

Ct 

=  -Cj 

=  -0.92756 

751 

d  =  -d  =  21.04530 

71 

cl 

=  -Cj 

=  2.34943 

118 

n  =  9  ♦ 

n 

=  5 

d  »  d  =  4.79205  7 

c\ 

=  cS  = 

1.14623 

257 

d  =  d  =  -15.65912  6 

cl 

=  d  = 

-3.24623 

257 

d  =  d  =  27.07324  2 

c\  = 

4.20000 

000 

d  =  d  =  -35.49982  4 

n 

=  6 

d  =  38.58730  2 

cj 

=  -d 

=  -1.52648 

66 

n  »  10 

cl 

=  -d 

=  4.60007 

60 

d*  =  -dS  =  -7.47622 

6 

c\ 

=  -d 

=  -6.78156 

38 

Ci®  *  -Cj*  =  24.74259 

5 

n 

=  7 

d“  »  -d®  =  -43.81722 

4 

cl 

*=  d  = 

2.14869 

64 

d®  =  -d®  =  59.66202 

5 

cl 

=  cl  = 

-6.7273^2 

-  54 

d®  »  -d®  =  -68.58249 

0 

cl 

»  d  = 

10.70720 

04 

d  = 

-12.25714 

29 

SIMILARITY  LAWS  OF  HYPERSONIC  FLOWS 
'  Bt  Hsve-shen  Tsien 


Introdttctioii.  Hypersonic  flows  are  flow  fields  where  the  fluid  velocity  is 
much  larger  than  the  velocity  of  propagation  of  small  disturbances,  the  velocity 
of  sound.  Th.  von  Kirm&n  [1]  has  pointed  out  that  in  many  ways  the  dynamics 
of  hypersonic  flows  is  similar  to  Newton’s  corpuscular  theory  of  aerodynamics. 
The  pressure  acting  on. an  inclined  surface  is  thus  greater  than  the  free  stream 
pressure  by  a  quantity  which  is  approximately  proportional  to  the  square  of  the 
angle  of  inclination  instead  of  the  usual  linear  law  for  conventional  supersonic 
flows.  E.  S&nger  [2]  has,  in  fact,  used  this  concept  to  design  the  optimum  wing 
and  body  shapes  for  hypersonic  flight  at  extreme  speeds. 

Recently,  von  Kdrmim  [3]  has  obtained  the  similarity  laws  for  transonic  flows 
where  the  fluid  velocity  is  very  near  to  the  velocity  of  sound.  He  deduced  these 
laws  by  using  an  affine  transformation  of  the  fluid  field  so  that  the  differential 
equations  of  the  flows  are  reduced  to  a  single  non-dimensional  equation.  In  this 
paper,  the  same  method  is  used  to  derive  the  similarity  laws  for  hypersonic  flows. 
These  laws  will  be,  perhaps,  useful  in  correlating  the  experimental  data  to  be 
obtained  in  the  near  future  by  hypersonic  wind  tunnels  now  under  construction. 


Differential  Equation  for  Hypersonic  Flows.  If  u,  are  the  components  of 
velocity  in  the  x,  y  directions  and  a  is  the  local  velocity  of  sound,  the  differential 
equations  for  irrotational  two-dimensional  motion  arc 


(1) 


_  du  _  - 
dx  dy 


(2) 


(3) 


Now  if  a  slender  body  is  present  in  an  otherwise  uniform  stream  of  velocity  V 
in  the  x-direction,  equation  (2)  is  satisfied  by  introducing  the  disturbance  velocity 
potential  ip  defined  as 

dip 

If  a«  is  the  velocity  of  sound  for  the  gas  at  rest  and  a**  is  the  velocity  of  sound 
corresponding  to  the  free  stream  velocity  F,  then  there  are  the  following  re¬ 
lations: 

7-1 


oj  - 


(ti*  +  »*) 


<4 


7  - 


^  ^  \dx/  ^  \ay)  J 


(4) 


where  y  is  the  ratio  of  the  specific  heats. 
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For  hypersonic  flows  over  a  slender  body,  both  o*  and  ^  are  small  in 

ox  ay 

comparison  with  V.  By  substituting  equations  (3)  and  (4)  into  equation  (1) 
and  retaining  terms  up  to  second  order,  one  has 

4.  _  T  T  j  i.  oiLf«  1 


(7  + 


-  ^  &)'  -  "*‘l  ^ 

®  \^/  J  <**  ^ 


dx  dy 


j-fi  !  nM«  1  ^  7  +  1  1  /^Yl^  n 


Here  is  the  Mach  number  of  the  free  stream  or 


(6) 


(6) 


Similarity  Laws  in  Two-Dimensional  Flow.  If  26  is  the  length  or  chord  of 
the  body  and  S  the  thickness  of  the  body,  the  non-dimensional  coordinates  ( 
and  1)  can  be  defined  as 


(7) 


where  n  is  the  exponent  yet  to  be  determined,  von  Kfirm&n  [1]  has  shown  that 
for  hypersonic  flow  over  a  slender  body  the  variation  of  fluid  velocity  due  to 
the  presence  of  the  body  is  limited  within  a  narrow  region  close  to  the  body, 
the  hypersonic  boundary  layer.  Therefore,  in  order  to  investigate  this  velocity 
variation,  one  must  expand  the  coordinate  normal  to  the  surface  of  the  body. 
This  is  similar  to  the  case  of  ordinary  viscous  boimdary  layer,  where  Prandtl’s 
simplified  boundary  layer  equation  is  obtained  from  the  exact  Navier-Stokes 
equations  by  a  coordinate  expansion  normal  to  the  surface  of  the  body.  From 
this  reasoning  then,  n  must  be  positive  so  that  n  is  much  greater  than  iy)/{h). 
This  surmise  is  substantiated  by  the  later  calculations  to  be  shown  presently. 

The  appropriate  non-dimensional  form  for  the  velocity  potential  ^  is 


By  substituting  equations  (7)  and  (8)  into  equation  (5),  one  has 

—  1 
2  M^\S/h) 


(8) 


-  M* 


<6/  ae  drid^dfi 


(9) 


+ 1  1 
2  Af^(3/6)* 


(dj\n^ 

\dn)  jdri 


0. 


The  boundary  conditions  at  infinity  require  that  the  flow  velocity  be  V. 
Thus 


^-^.0  at  00 

dy 


(10) 
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If  the  slender  body  is  a  symmetrical  dhe,  then  the  condition  at  the  surface  of 
the  body  can  be  written  as 

where  A(()  for— 1  <f  <  lisa  given  function  describing  the  thickness  dis¬ 
tribution  along  the  length  of  the  body.  Equation  (11)  can  be  converted  into 
the  following  form  by  means  of  equations  (7)  and  (8) : 

Since  the  body  is  thin,  6/h  is  very  small.  Therefore  the  first  group  of  terms 
in  equation  (9)  is  negligible  in  comparison  with  the  rest.  Then  both  the  dif¬ 
ferential  equation  and  the  boundary  conditions  can  be  made  to  contain  only 
a  single  parameter  if  one  sets 

n  «  1  (13) 

That  is,  if 


K 


Then  equation  (9)  becomes 

and  the  boundary  conditions  become 


at  00 

df  di; 


(16) 


and 


K'hii)  for  -!<{<!. 


The  meaning  of  this  similarity  law  is  the  following:  If  a  series  of  bodies  having 
the  same  thickness  distribution  but  different  thickness  ratios  {6/h)  are  put  into 
flows  of  different  Mach  numbers  such  that  the  products  of  Af*  and  (3/6) 
remain  constant  and  equal  to  K,  then  the  flow  patterns  are  similar  in  the  sense 
that  they  are  governed  by  the  same  functi<m  /((,  i}),  determined  by  equations 
(14)  and  (16). 

If  po  is  the  stagnation  pressure,  p*  the  free  stream  pressure,  and  p  the  local 
pressure,  then 

1  .T-fT/T-t) 

1  H - ^  Af®  J 

7  -  1  M*  + 

2  a*  J 


po  1^1  + 


P"  I 


H8UE-SHEN  TSIEN 


In  notations  introduced  previously  and  By  retaining  terms  of  proper  magnitudes, 
one  can  write  the  expression  for  the  local  pressure  as 

p  .  p-  [l  _  _  1)  I  _  ^  (,6) 

The  drag  D  of  the  body  can  then  be  calculated.  It  is  given  by  the  following 
expression: 

D  =2 

= (0  / !  I  -  i  (DX  ' 

If  one  wishes  to  compute  the  drag  coefficient  Cd  ,  then  one  uses 
ip*V*(26) 

“  (l)’X'  *“>  ■^}  • 

For  a  given  thickness  distribution,  the  quantity  within  the  brackets  is  only 
a  function  of  K,  the  similarity  parameter.  TherefOTe,  one  can  VTite 

C.-^A(K)  (18) 

Similarly,  one  obtains  for  the  lift  coefficient  Ct  of  the  lift  L  the  following  law: 

“  ip*  r*(26)  ""  W*  ^ 

These  similarity  laws  show  that  for  bodies  of  the  same  thickness  distribution 
at  angles  of  attack  proportional  to  the  thickness  ratio  (6/b),  the  quantities 
(Coilf*’)  and  (CJlf* )  are  functions  of  the  single  parameter  K  *  M^(6/b). 

Equations  (18)  and  (19)  agree  uith  the  results  of  the  nu)re  limited  linearized 
theory  of  Ackeret  [4].  According  to  this  theory,  for  similar  bodies  in  the  sense 
stated  above  the  drag  coefficient  and  the  lift  coefficient  are  given  by 

<■  (sL 

Va?**  -  1 

s 

Va^*  -  1  ’ 

For  hypersonic  flows  of  very  large  values  of  A/“,  these  expressions  reduce  to 


(07"“ 

(20) 

(0/""- 

(21) 
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Equations  (20)  and  (21)  agree  mth  equations  (18)  and  (19)i  Equations  (18) 
and  (19)  are,  however,  more  general  and  complete. 


Axially  S]niimetrical  Flows.  For  axially  symmetrical  flows,  the  ordinate  y 
is  the  radial  distance  from  the  axis  to  the  point  concerned.  Then  a  similar 
analysis  leads  to  the  follomng  differential  equation  and  boundary  conditions: 


[• 


Jl  ^ 

K*  \dj  J 

7-11  (d/yi  1  df 

2  JC*  \dri/  Jri 


_g3/  ay 

dri  dy 


+^’U 

de 


^  =  0  at 
df, 


00 


A'*A(f)  for  -1  <  f  <  1 


(22) 

(23) 

(24) 


where  A({)  is  the  distribution  fimction  for  cross-sectional  areas  along  the  length 
of  the  body  and  K  =  M^(S/b)  as  for  two-dimensional  flow. 

The  drag  coefficient  Cd  referred  to  the  maximum  cross  section  of  the  body  is 
then  governed  by  the  following  similarity  law: 


(26) 

California  Instiiuti!  of  TiSchnoloot 
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TABLE  OF  THE  STRUVE  FUNCTIONS  L,(x)  AND  //.(x) 

Bt  the  Mathematicai.  Tableb  PROiEcrr 

By  definition  (see  G.  N.  Watson’s  “A  Treatise  on  the  'fheory  of  Bessel  Func¬ 
tions,”  Chapter  X) 

-  t,  ««(*);  H,ix)  -  i:  (-l)'"o«(x) 

■•Ml  ■•— 4 

where 

,  “-W " {if* '/'■(”•+ 1) +  i)- 

Thus 

L,(x)  =»  A,(x)  +  B,(x) 

H,(x)  -  A,(x)  -  B,(x), 

where 

H  a*«(x);  B,(x)  »  2  a»«H-i(*) 

wO  w  0 

The  functions  H,(x),  L,{x)  satisfy  the  relations 

(1)  -  I  H,(x)  +  [(l)’/ r(r  +  ?y(})] 

(2)  -  //^,(x)  -  2H'.(x)  -  [(j)’/ r(»  + 

(3)  L^,(x)  -  I^,(x)  -  I L,(x)  +  [(l)’/ r('  +  |)r(})] 

(4)  L^,(x)  +  Mx)  -  2lUx)  -  [(|)y  r(>'  +  5)r(J)] 

(8)  U,(x)  -  ?  -  H.,(x) 

(6)  Li(x)  -  — *  +  t-i(x) 

G.  N.  Watson  Goc*  cit.)  tabulates  Nt(x)  and  Hi(x)  from  x  »  0  to  x  —  16 
at  intervals  of  0.02,  to  7  decimals,  \vithout  differences.  Linear  interpolation 
in  Watson’s  tables  is  correct  to  about  5  decimals;  hence  his  tables  are  more 
convenient  than  ours  whenever  an  accuracy  of  5  decimal  places  is  sufficient. 
If  seven-place  accuracy  is  desired,  however,  our  tables  might  prove  more  con¬ 
venient  over  the  overlapping  range.  The  reason  our  values  //,(x)  are  included 
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here  is  because  they  were  obtainable  from  the  computations  relating  to  L,(x) 
with  hardly  any  additional  labor.  Furthermore  is  not  given  by  Watson, 

and  is  of  course  slightly  different  from  Hi{x).  In  a  few  cases,  the  roimd- 

ing  of  our  values  differ  by  a  unit  from  Watson’s.  We  had  no  way  of  determining 
from  our  work  sheets  whether  or  not  our  roundings  were  better,  and  since  the 
slight  variations  did  not  warrant  extensive  investigation,  we  are  merely  calling 
attention  in  the  table  to  the  discrepancies. 

Mathcmatical  Tablbs  PaofscT 
National  Bcbbau  on  Standabds. 
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MATHBMATICAL  TABLES  PBOJBCT 


X 

L,(z) 

a* 

•a« 

X 

L.(x) 

a* 

•a* 

ESI 

0.00000000 

.1 

.06373274 

42526 

340 

6.1 

29.657759 

245636 

2164 

.2 

.12789074 

85393 

683 

■SI 

32.456237 

269664 

2369 

.3 

.19290268 

128944 

1031 

m 

35.622379 

296065 

.4 

.25920405 

173528 

1389 

Hi 

38.885686 

326076 

2864 

.5 

.32724070 

219503 

1758 

ia 

42.673870 

356955 

3149 

0.6 

0.39747238 

267240 

2143 

6.6  * 

46.619108 

391990 

3463 

.7 

.47037646 

317123 

2546 

5.7 

51.056337 

430493 

3808 

.8 

.54645176 

369657 

2971 

6.8 

55.924068 

472813 

4188 

.9 

.62622264 

424967 

3421 

6.9 

61.264602 

519328 

4606 

1.0 

.71024319 

483804 

3901 

6.0 

67.124456 

570469 

5066 

1.1 

0.79910177 

546549 

4415 

6.1 

73.554776 

626665 

5573 

1.2 

.89342586 

613717 

4966 

6.2 

80.611762 

688455 

6130 

1.3 

.99388710 

685859 

6561 

6.3 

88.357204 

756387 

6743 

1.4 

1.10120695 

763672 

6203 

6.4 

96.859032 

831074 

7418 

1.6 

1.21616251 

847600 

6899 

6.5 

106.19193 

91319 

816 

1.6 

1.33959308 

938339 

7656 

6.6 

116.43803 

100349 

898 

1.7 

1.47240703 

1036848 

8478 

6.7 

127.68761 

110277 

988 

1.8 

1.61658947 

1143850 

9374 

6.8 

140.03996 

121196 

1087 

1.9 

1.77021040 

1260243 

10352 

6.9 

153.60428 

133203 

1196 

2.0 

1.93743376 

1387006 

11420 

7.0 

168.60062 

146408 

1316 

2.1 

2.11852718 

1525210 

12587 

7.1 

184.86104 

160931 

1448 

2.2 

2.31487270 

1676024 

13864 

■a 

202.83078 

176904 

1593 

2.3 

2.62797845 

1840727 

15263 

BSl 

222.56955 

194474 

1763 

2.4 

2.75949147 

2020720 

16795 

BSI 

244.25306 

213799 

1929 

2.5 

3.01121169 

2217540 

18475 

la 

268.07456 

235057 

2123 

2.6 

3.28510732 

2432868 

20316 

7.6 

294.24663 

258442 

2336 

2.7 

3.58333162 

2668549 

22336 

7.7 

323.00312 

284167 

2671 

2.8 

3.90824140 

2926607 

24553 

7.8 

354.60128 

312469 

2830 

2.9 

4.26241725 

3209263 

26986 

7.9 

389.32413 

343606 

3116 

3.0 

4.64868573 

3518954 

29658 

8.0 

427.48303 

377863 

3428 

3.1 

5.07014376 

3858358 

32591 

8.1 

469.42057 

415555 

3773 

3.2 

6.53018536 

4230413 

35812 

8.2 

615.61366 

457028 

4154 

3.3 

6.03253110 

4638346 

39352 

8.3 

566.17703 

602663 

4672 

3.4 

6.58126029 

5085703 

43239 

8.4 

621.86702 

552878 

5033 

3.5 

7.18084652 

5676379 

47512 

8.6 

683.08580 

608137 

5541 

3.6 

7.83619653 

6114655 

52206 

8.6 

760.38595 

668947 

6100 

3.7 

8.55269310 

6705232 

57365 

8.7 

824.37557 

735868 

6715 

3.8 

9.33624199 

7353281  < 

8.8 

905.72388 

809518 

7393 

3.9 

10.19332369 

8064481 

69269 

8.9 

995.16736 

890576 

8140 

4.0 

11.13105020 

8845078 

76119 

9.0 

1093.61660 

979788 

8962 

4.1 

12.16722760 

9701935 

83652 

9.1 

1201.66372 

1077979 

9867 

mwm. 

13.28042416 

10642600 

91932 

9.2 

1320.59063 

1186067 

10864 

iii 

14.51004681 

11675367 

101038 

9.3 

1451.37810 

1305020 

11963 

iili 

15.85642313 

12809361 

111049 

9.4 

1695.21577 

1435968 

13172 

la 

17.33089306 

14054610 

122058 

9.6 

1763.41313 

1580115 

14605 

4.6 

18.94590910 

15422145 

134165 

9.6 

1927.41163 

1738794 

15972 

4.7 

20.71514658 

16924095 

147478 

9.7 

2118.79808 

1913476 

17589 

4.8 

22.65362502 

18573799 

162122 

9.8 

2329.31929 

2106781 

19369 

4.9 

24.77784144 

20385927 

178225 

9.9 

2560.89831 

2317492 

21330 

5.0 

27.10591713 

22376613 

195939 

10.0 

2815.65225 

2560574 

23487 

*  The  fourth  differences  have  been  modified.  They  are  to  be  used  like  ordinary  differ* 
ences  for  purposes  of  interpolation.  For  an  explanation  of  modified  differences,  see  in¬ 
troductory  note  by  L.  J.  Cfomrie  in  B.A.A.S.  "Mathematical  Tables,  Vol.  1." 
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X 

L.i{x) 

*» 

X 

L.iix) 

«* 

0.0 

0.63661977 

424696 

3394 

6.1 

26.708418 

229160 

2043 

.1 

.63874326 

428396 

3409 

6.2 

29.281161 

261772 

2247 

.2 

.64613070 

431611 

3462 

6.3 

32.106666 

276646 

2472 

.3 

.66683326 

440086 

3626 

6.4 

36.206804 

303996 

2719 

.4 

.67093666 

462190 

3630 

6.6 

38.611948 

334070 

2992 

0.6 

0.69066196 

467932 

3766 

6.6 

42.361162 

367141 

3291 

.6 

.71486668 

487446 

3932 

6.7 

46.467617 

403611 

3621 

.7 

.74404666 

610897 

4133 

6.8 

60.967383 

443608 

3984 

.8 

.77833369 

638489 

4370 

6.9 

66.920768 

487498 

4384 

.9 

.81800662 

670460 

4646 

6.0 

61.361631 

636881 

4824 

1.0 

0.86338416 

607083 

4960 

6.1 

67.338384 

689096 

6309 

1.1 

.91483262 

648676 

6318 

6.2 

73.904234 

647631 

6842 

1.2 

.97276764 

696696 

6722 

6.3 

81.117716 

712019 

6429 

1.3 

1.03766871 

748248 

6176 

6.4 

89.043214 

782847 

7076 

1.4 

1.11003226 

807087 

6686 

6.6 

97.761661 

860764 

7786 

1.6 

1.19047668 

872624 

7261 

6.6 

107.32067 

94648 

867 

1.6 

1.27964734 

946424 

7881 

6.7 

117.83627 

104079 

943 

1.7 

1.37827223 

1026120 

6.8 

129.39266 

114464 

1038 

1.8 

1.48716834 

1116413 

9366 

6.9 

142.09367 

126870 

1143 

1.9 

1.60719866 

1214077 

10212 

■rM 

166.06319 

138430 

1268 

2.0 

1.73937966 

1322973 

11160 

7.1 

171.39711 

162261 

1384 

2.1 

1.88479029 

1443049 

12206 

mSi 

188.26363 

167468 

1624 

2.2 

2.04463161 

1676364 

13360 

206.80464 

184193 

1678 

2.3 

2.22022627 

1721042 

14632 

BSi 

227.18748 

202609 

1847 

2.4 

2.41303146 

1881390 

16034 

MB 

249.69661 

222876 

2.6 

2.62466064 

2067802 

17679 

7.6 

274.23428 

246178 

2.6 

2.86684766 

2261826 

19280 

7.7 

301.32384 

269724 

2464 

2.7 

3.11166299 

2466164 

21163 

7.8 

331.11063 

296739 

2713 

2.8 

3.39092998 

2699696 

23216 

7.9 

363.86481 

326472 

2987 

2.9 

3.69729392 

2967486 

26484 

8.0 

399.88371 

369199 

3289 

3.0 

4.03323272 

3240807 

27982 

8.1 

439.49461 

396221 

3622 

3.1 

4.40167969 

3662162 

30729 

8.2 

483.06771 

434872 

3988 

3.2 

4.80644808 

3894304 

33763 

8.3 

630.96964 

478618 

4391 

3.3 

6.24826961 

4270261 

37079 

8.4 

683.66666 

626664 

4836 

3.4 

6.73377376 

4683367 

40738 

8.6 

641.62920 

679464 

6324 

3.6 

6.26612166 

6137286 

44764 

8.6 

706.38638 

637679 

6863 

3.6 

6.84984223 

6636064 

49193 

8.7 

776.62036 

701778 

6467 

3.7 

7.48992344 

6184106 

64066 

8.8 

862.07211 

772347 

7111 

3.8 

8.19184671 

6786326 

69426 

8.9 

937.64733 

860040 

7831 

3.9 

8.96163124 

7448082 

66322 

9.0 

1030.92296 

936679 

8624 

4.0 

9.80689768 

8176283 

71810 

9.1 

1133.66438 

1029760 

9498 

4.1 

10.73191676 

8974429 

78947 

9.2 

1246.68339 

1133467 

10461 

4.2 

11.74768022 

9862670 

86799 

9.3 

1371.04698 

1247636 

11622 

4.3 

12.86197038 

10817874 

96439 

9.4 

1607.88692 

1373367 

12690 

4.4 

14.06443928 

11878696 

104944 

9.6 

1668.46043 

1611796 

13977 

4.6 

16.42669614 

13044668 

116401 

9.6 

1824.16188 

1664237 

16396 

4.6 

16.89739768 

14326240 

126910 

1  9.7 

2006.48671 

1832104 

16968 

4.7 

18.61236241 

16734970 

139669 

29.8 

2207.14067 

2016962 

18679 

4.8 

20.28467696 

17283633 

163602 

1  9.9 

2427.96606 

2220637 

20677 

4.9 

22.22982681 

18986888 

168833 

1  10.0 

2670.99490 

2444728 

22671 

6.0 


24.36483666 


20867396 


186703 
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X 

L-t(x) 

5*(xL_i) 

(iL_i) 

X 

L_i(z) 

6* 

•3« 

0.0 

—  00 

-.63661977 

425262 

10180 

5.1 

19.308697 

185596 

1739 

.1 

-6.34493460 

-.63449346 

430368 

10253 

5.2 

21.315683 

204486 

1916 

.2 

-3.14031737 

-.62806347 

445756 

10472 

5.3 

23.527155 

225296 

2111 

.3 

-2.05725309 

-.61717593 

471647 

10841 

5.4 

25.963922 

248221 

2326 

.4 

-1.50392978 

-.60157191 

508411 

11363 

5.5 

28.648910 

2563 

i|V! 

-1.16176758 

-.58088379 

556571 

12046 

5.6 

31.607376 

301300 

2824 

.6 

-.92438326 

-.55462995 

616812 

12897 

5.7 

34.867141 

331954 

3112 

.7 

-.74601144 

-.52220801 

689986 

13928 

5.8 

38.458860 

365725 

3429 

.8 

-.60360774 

-.48288620 

777129 

15151 

5.9 

42.416305 

402932 

3778 

.9 

-.48421455 

-.43579310 

879465 

16581 

6.0 

46.776681 

443924 

4163 

-.37990535 

-.37990535 

998429 

18236 

6.1 

51.580981 

489087 

4587 

1.1 

-.28548483 

-.31403331 

1135680 

20187 

6.2 

56.874367 

538845 

5054 

1.2 

-.19733707 

-.23680448 

1293123 

22306 

6.3 

62.706599 

593669 

5570 

1.3 

-.11280340 

-.14664442 

1472933 

24770 

6.4 

69.132499 

654072 

6137 

1.4 

-.02982502 

-.04175502 

1677581 

27560 

6.5 

76.212472 

720625 

6763 

1.5 

+  .05327345 

+  .07991018 

1909864 

30710 

6.6 

84.013069 

793954 

7452 

1.6 

.13792126 

.22067402 

2172940 

34258 

6.7 

92.607621 

874750 

8212 

1.7 

.22539250 

.38316726 

2470365 

38247 

6.8 

102.07692 

96377 

905 

1.8 

.31686897 

.57036414 

2806138 

42725 

6.9 

112.51000 

106187 

997 

.41348548 

.78562241 

3184749 

47747 

7.0 

124.00494 

116995 

1099 

M 

.51636408 

1.03272817 

3611234 

53374 

7.1 

136.66983 

128904 

1211 

7.2 

150.62377 

142027 

1335 

7.3 

165.99798 

156488 

1471 

X 

«• 

7.4 

182.93707 

172422 

1621 

7.5 

201.60038 

189980 

1786 

2.1 

.62664108 

857133 

5649 

7.6 

222.16348 

209328 

1969 

m  \  f 

.74548940 

980039 

7406 

7.7 

244.81987 

230649 

2170 

1 1  < 

.87413811 

1110333 

9075 

7.8 

269.78274 

254143 

2391 

m  1  ^ 

1.01389016 

1249696 

10717 

7.9 

297.28704 

280034 

2636 

m  1  ^ 

1.16613917 

1399779 

12375 

8.0 

327.59168 

308565 

2905 

2.6 

1.33238596 

1562248 

14090 

8.1 

360.98198 

340007 

3201 

2.7 

1.51425524 

1738825 

15890 

8.2 

397.77234 

374656 

3528 

2.8 

1.71351276 

1931315 

17806 

8.3 

438.30926 

412840 

3889 

2.6 

1.93208343 

2141640 

19862 

8.4 

482.97458 

454921 

4286 

Kir 

2.17207051 

2371862 

22085 

8.5 

532.18912 

501297 

4724 

3.1 

2.43577621 

2624209 

24500 

8.6 

586.41663 

552406 

5207 

m 

2.72572399 

2901100 

27132 

8.7 

646.16821 

608733 

5739 

K  " 

3.04468278 

320517^ 

30009 

8.8 

712.00711 

670810 

6326 

B  ^ 

3.39569331 

3539314 

33161 

8.9 

784.55410 

739225 

6973 

m  ) 

•3.78209699 

3906679 

36618 

9.0 

864.49335 

814627 

7686 

3.6 

4.20756745 

4310731 

40414 

9.1 

952.57887 

897730 

8472 

3.7 

4.67614523 

4755275 

44585 

9.2 

1049.64169 

989322 

9338 

3.8 

5.19227576 

5244490 

49171 

9.3 

1156.59774 

1090271 

10294 

3.6 

5.76085120 

5782972 

54218 

9.4 

1274.45649 

1201533 

11347 

4.0 

6.38725635 

6375776 

59770 

9.5 

1404.33058 

1324165 

12508 

4.1 

7.07741927 

7028466 

65883 

9.6 

1547.44631 

1459328 

13788 

4.2 

7.83786685 

7747168 

72612 

9.7 

1705.15532 

1606307 

15199 

4.3 

8.67578611 

8538622 

80023 

9.8 

1878.94740 

1772514 

16754 

4.4 

9.59909158 

9410255 

88185 

9.9 

2070.46462 

1953509 

18468 

4.5 

10.61649961 

10370245 

97174 

10.0 

2281.51693 

2153006 

20354 

4.6 

11.73761009 

11427599 

107077 

4.7 

12.97299656 

12592237 

117984 

4.8 

14.33430540 

13875090 

130002 

4.6 

15.83436514 

15288198 

143240 

17.48730686 

16844827 

157828 
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X 

H,(x) 

•«* 

X 

H,{x) 

•a* 

0.0 

0.0000000 

0000000 

5.0 

-0.1852168 

34710 

0.1 

.0636913 

-4242 

6.1 

.2005919 

35245 

0.2 

.1267690 

8460 

5.2 

.2124483 

35459 

0.3 

.1890829 

12690 

6.3 

.2207647 

35356 

0.4 

.2601497 

16630 

6.4 

.2255513 

34937 

0.6 

0.3096669 

-20637 

5.6 

-0.2268499 

•  34212 

0.6 

.3669114 

24281 

5.6 

.2247327 

33193 

0.7 

.4218424 

27830 

6.7 

.2193014 

31889 

0.8 

.4739944 

31169 

5.8 

.2106861 

30319 

0.9 

.6230350 

34240 

5.9 

.1990435 

28498 

1.0 

0.5686666 

-37049 

6.0 

-0.1846553 

26446 

1.1 

.6106787 

39666 

6.1 

.1674264 

24186 

1.2 

.6485600 

41770 

6.2 

.1478824 

21738 

1.3 

.6823603 

43646 

6.3 

.1261676 

19130 

1.4 

.7117926 

46177 

6.4 

.1025422 

16386 

1.6 

0.7367236 

-46366 

6.6 

-0.0772802 

13533 

1.6 

.7670255 

47174 

6.6 

.0506665 

10598 

1.7 

.7726168 

47626 

6.7 

-0.0229940 

7609 

1.8 

.7834523 

47710 

6.8 

+0.0054389 

4595 

1.9 

.7896236 

47427 

6.9 

.0343315 

+  1684 

2.0 

0.7908688 

-46783 

7.0 

0.0633830 

-1397 

2.1 

.7876222 

46785 

7.1 

.0922958' 

4.320 

2.2 

.7796135 

44442 

7.2t 

. 1207783 

7160 

2.3 

.7672666 

42769 

7.3 

. 1485467 

9889 

2.4 

.7506486 

40781 

7.4 

.  175.3286 

12487 

2.6 

0.7299677 

-38497 

7.6 

0.2008648 

-14927 

2.6 

.7064223 

36938 

7.6t 

.2249116 

17191 

2.7 

.6772977 

33127 

7.7 

.2472429 

19256 

2.8 

.6458646 

•  30089 

7.8 

.•2676524 

21113 

2.9 

.6114264 

26861 

7.9 

.2859649 

22737 

3.0 

0.5743061 

-23441 

8.0 

0.3019881 

-24122 

3.1 

.5348444 

19890 

8.1 

.3156137 

25258 

3.2 

.4933967 

16228 

8.2 

.3267183 

26130 

3.3 

.4603257 

12486 

8.3 

.;«52147 

26744 

3.4 

.4060080 

8697 

8.4t 

.3410417 

27083 

3.6 

0.3608208 

-4893 

8.5 

0.3441653 

-27162 

3.6 

.3161440 

-1106 

8.6 

.3446775 

26974 

3.7 

.2693660 

+2635 

8.7 

.3422972 

26522 

3.8 

.2238298 

6295 

8.8 

.3373694 

25818 

3.9 

.1789312 

9846 

8.9t 

..3298641 

24872 

4.0 

0.1360146 

13268 

9.0 

0.3198760 

-23693 

4.1 

.0924208 

16606 

9.  It 

.3076225 

22293 

4.2 

.0614740 

19660 

9.2 

.2929436 

20694 

4.3 

+0.0124793 

22400 

9.3 

.2762986 

18907 

4.4 

-0.0242798 

25003 

9.4 

.2577669 

16954 

4.6 

-0.0686433 

27348 

9.6 

0.2375406 

-14866 

4.6 

.0900771 

29419 

9.6t 

.2158321 

12629 

4.7 

.1186742 

31202 

9.7t 

.1928626 

10307 

4.8 

.1441567 

32683 

9.8t 

.1688638 

7904 

4.9 

.1663766 

33855 

9.9t 

.1440766 

5444 

6.0 

-0.1862168 

34710 

10.0 

0.1187437 

-2966 

t  The  roundinn  of  these  entries  disagree  with  those  of  G.  N.  Watson. 

*  The  second  differences  have  been  modified.  In  practice,  they  are  to  be  used  exactly 
like  ordinary  differences  for  purposes  of  interpolation. 
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z 

H.x(x) 

•«* 

X 

*5* 

0.6366198 

-42476 

6.0 

-0.1711922 

6966 

0.1 

.6344991 

K  V 

.1362200  ' 

3746 

0.2 

.6281641 

41798 

B  9 

.1008732 

+643 

0.3 

.6176365 

40956 

.0664714 

-2623 

0.4 

.6030272 

39788 

6.4 

6727 

0.6 

0.6844460 

-38303 

6.6 

+0.0042387 

-8741 

0.6 

.6620401 

36614 

6.6 

.0379363 

11639 

0.7 

.5369881 

34437 

6.7 

.0704726 

14396 

0.8 

.6064973 

32089 

6.8 

.1016722 

16989 

0.9 

.4738023 

29490 

6.9 

.1309763 

19397 

1.0 

0.4381624 

-26663 

6.0 

0.1684445 

-21699 

1.1 

.3998601 

23631 

6.1 

.1837669 

23678 

1.2 

.3691980 

20420 

6.2 

.2067168 

26319 

1.3 

.3164966 

17058 

6.3 

.2271474 

26807 

1.4 

.2720918 

13673 

6.4 

.2449032 

28032 

1.5 

0.2263313 

-9996 

6.5 

0.2698607 

-28986 

1.6 

.1796726 

6363 

6.6 

.2719246 

29663 

1.7 

.1321790 

-2679 

6.7 

.2810276 

1.8 

.0845176 

+996 

6.8 

.2871296 

30173 

1.9 

.0369663 

4642 

6.9 

.2902197 

30007 

2.0 

-0.0101440 

0.2903140 

-29667 

2.1 

11726 

.2874667 

28867 

2.2 

.1016298 

16103 

7.2t 

.2817184 

27888 

2.3 

.1451301 

18334 

.2731968 

26672 

2.4 

.1869000 

21392 

.2620103 

26222 

2.6 

-0.2266344 

24263 

0.2483067 

-23664 

2.6 

.2637476 

26893 

7.6 

.2322613 

21683 

2.7 

.2982769 

7.7 

.2140310 

19636 

2.8 

.3298800 

31427 

7.8 

.1938602 

17423 

2.9 

.3683466 

33286 

7.9 

.1719296 

16074 

3.0 

-0.3834898 

34854 

8.0 

0.1486037 

-12610 

3.1 

.4061632 

36119 

1  8.1 

.1238186 

10054 

3.2 

.4232106 

37072 

8.2 

.0981291 

7437 

3.3 

.4375666 

37707 

8.3t 

.0716968 

4770 

3.4 

.4481677 

38022 

8.4 

.0447877 

-2096 

3.6 

-0.4649625 

38016 

8.6t 

+0.0176688 

+671 

3.6 

.4679618 

37689  1 

8.6t 

-0.0093936 

3206 

3.7 

.4671879 

37050  ; 

8.7 

.0361364 

6779 

3.8 

.4627247 

36104 

8.8 

.0623028 

8270 

3.9 

.4446664 

'  34864 

8.9 

.0876443 

10664 

4.0 

-0.4331069 

33341 

1  9.0 

-0.1119226 

12913 

4.1 

.4182282 

31562 

1  9.1 

.1349124 

15024 

4.2 

.4001989 

29513 

1  9.2t 

.1664028 

16969 

4.3 

.3792224 

27246 

I  9.3t 

.1761996 

18729 

4.4 

.3666263 

24770 

1  9.4 

.1941271 

20299 

4.6 

-0.3293646 

22110 

1  9.6 

-0.2100287 

21646 

4.6 

.3009768 

19291 

1  9.6 

.2237696 

22783 

4.7 

.2706703 

16338 

i  9.7 

23682 

4.8 

.2387330 

13279 

1  9-8 

.2443396 

24347 

4.9 

.2054693 

10142 

1  9.9 

.2510124 

24770 

6.0 

-0.1711922 

6966 

1  10.0 

-0.2662127 

24948 
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X 

H-tix) 

xH.t(x) 

•«* 

0.0 

*  00 

-0.6366198 

-42543 

0.1 

-6.3873760 

.6387376 

42034 

0.2 

3.2262013 

.6460403 

40613 

0.3 

2.1846869 

.6653761 

38002 

0.4 

1.6737364 

.6694946 

34637 

0.6 

-1.3741006 

-0.6870602 

-30168 

0.6 

1.1793466 

.7076073 

24958 

0.7 

1.0437801 

.7306460 

18980 

0.8 

0.9444629 

.7666704 

12323 

0.9 

0.8686736 

.7817163 

-6083 

1.0 

-0.8083617 

-0.8083617 

+2635 

1.1 

.7688618 

.8347370 

10717 

1.2 

.7166968 

.8600361 

19042 

1.3 

.6796607 

.8834289 

27486 

1.4 

.6467666 

.9040732 

36921 

1.6 

-0.6140863 

-0.9211280 

44217 

1.6 

.6836038 

.9337660 

62245 

1.7 

.6636394 

.9411869 

69876 

1.8 

.6236832 

.9426297 

66986 

1.9 

.4933609 

.9373857 

73466 

2.0 

.4624060 

.9248100 

79172 

X 

H.,{x) 

•«» 

2.0 

-0.4624060 

8276 

2.1 

.4306347 

9345 

2.2 

.3979410 

9814 

2.3 

.3642763 

9776 

2.4 

.3296402 

9298 

2.6 

-0.2940823 

8446 

2.6 

.2576868 

7269 

2.7 

.2206676 

6817 

2.8 

.1828719 

4130 

2.9 

.1447668 

2249 

3.0 

-0.1064397 

+209 

3.1 

.0680940 

-1966 

3.2 

-0.0299466 

4208 

3.3 

+0.0077812 

6520 

3.4 

.0448663 

8860 

3.6 

0.0810436 

-11197 

3.6 

.1161125 

13604 

3.7 

.1498321 

16764 

3.8 

.1819779 

17920 

3.9 

.2123336 

19979 

4.0 

0.2406938 

-21907 

4.1 

.2668661 

23684 

4.2 

.2906730 

26291 

4.3 

.3119644 

26709 

4.4 

.3306685 

27924 

4.6 

0.3463942 

-28923 

4.6 

.3693317 

29696 

4.7 

.3693041 

30230 

4.8 

.3762680 

30623 

4.9 

.3801640 

30670 

X 

*«* 

5.0 

0.3810176 

-30369 

6.1 

.3788389 

29921 

5.2 

.3736726 

29229 

6.3 

.3665878 

28298 

6.4 

.3646775 

27137 

5.6 

0.3410576 

-25754 

5.6 

.3248661 

24163 

6.7 

.3062618 

22377 

5.8 

.2864232 

20411 

5.9 

.2625464 

18284 

6.0 

0.2378438 

-16013 

6.1 

.2115422 

13619 

6.2 

.1838805 

11123 

6.3 

.1551080 

8548 

6.4 

.1254818 

6915 

6.6 

0.0952646 

-3250 

6.6 

.0647227 

-574 

6.7 

.0341231 

+2089 

6.8 

+0.0037317 

4714 

6.9 

-0.0261894 

7278 

7.0 

-0.0553841 

9760 

7.1 

.0836048 

12138 

7.2 

.1106140 

14391 

7.3 

.1361867 

16498 

7.4 

.1601125 

18444 

7.6 

-0. 1821973 

20210' 

7.6 

.2022646 

21783 

7.7 

.2201574 

23146 

7.8 

.2357396 

24295 

7.9 

.2488966 

25213 

8.0 

-0.2595366 

25898 

8.1 

.2675911 

26345 

8.2 

.2730167 

26547 

8.3 

.2767899 

26511 

8.4 

.2759174 

26230 

8.6 

-0.2734262 

25718 

8.6 

.2683674 

24974 

8.7 

.2608153 

24006 

8.8 

.2508665 

22828 

8.9 

.2386385 

21451 

9.0 

-0.2242687 

19889 

9.1 

.2079132 

18154 

9.2 

.1897451 

16271 

9.3 

.1699524 

14250 

9.4 

.1487367 

12115 

9.6 

-0.1263114 

9885 

9.6 

.1028989 

7581 

9.7 

.0787293 

5229 

9.8 

.0540373 

2845 

9.9 

.0290610 

+453 

10.0 

-0.0040391 

-1923 

6.0 


0.3810176 


-30369 
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THE  WIENER  RMS  (ROOT  MEAN  SQUARE)  ERROR  CRITERION  IN 
FILTER  DESIGN  AND  PREDICTION 

Bt  Nobman  Lbvinson 

In  the  process  of  gathering  or  transmitting  information  by  mechanical  or 
electrical  means  the  signal  that  contains  the  information  frequently  becomes 
distorted.  Among  the  diverse  sources  of  distortion  there  may  be  tracking  errors, 
crosstalk,  thermal  noise,  and  poor  characteristics  of  pickup,  transmitting,  or 
receiving  equipment.  When  the  distortion  has  random  statistical  features  it 
is  called  nqise. 

The  mo^cation  of  a  signal  is  sometimes  necessary  in  order  to  remove  the 
noise  and  recaptiu^  the  original  message.  This  process  is  called  filtering.  The 
determination  of  how  much  of  the  noise  can  be  separated  from  the  message  con¬ 
tained  in  a  signal  is  by  no  means  simple.  Cases  exist  where  a  crude  filter  will 
perform  as  well  as  an  extremely  complicated  one.  There  are  cases  where  the 
very  best  results  require  an  elaborate  filter  but  where  only  slightly  inferior  re¬ 
sults  can  be  (Stained  by  using  comparatively  simple  filters 

In  this  article  a  method  will  be  presented  for  determining  quantitatively  the 
extent  to  which  message  and  ndise  can  be  separated.  Also  will  be  given  a 
method  of  designing  a  filter  to  carry  out  this  separation.  The  close  of  the  article 
will  consider  the  problem  of  filtering  and  predicting  simultaneously.  The  root 
mean  square  error  approach  used  here  is  an  approximation  to  and  a  simplifica¬ 
tion  of  the  transcendental  case  developed  by  N.  Wiener. 

Wiener’s  work  appeared  in  a  book  of  limited  circulation  in  February  1942. 
An  independent  and  similar  but  by  no  means  identical  work  by  Kolmogoroff 
had  already  appeared  in  Bull.  Acad.  Sciences  USSR  pp  3-14,  1941. 

A  few  months  after  Wiener’s  work  appeared,  the  author,  in  order  to  facilitate 
computational  procedure,  worked  out  an  approximate,  and  one  mi^t  say, 
mathematically  trivial  procedure.  This  procedure  is  essentially  that  which 
appears  in  §2, 3  and  6  of  the  present  paper.  It  is,  actually  classical  least  squares 

The  basic  idea  underlying  Wiener’s  work,  rather  than  the  intricate  mathe¬ 
matical  procedure  for  solving  the  transcendental  problem,  influenced  work  on 
smoothing  and  prediction  in  fire  control  work.  Various  classified  documents 
have  appeared  some  of  which  have  lately  been  declassified.  Of  these  the  author 
has  seen  and  been  influenced  (so  far  as  minimizing  the  expression  (35)  of  this 
paper  is  concerned)  by  the  work  of  Phillips  and  Weiss,  Theoretical  Calculation 
on  Beet  Smoothing  of  Position  Data  for  Gunnery  Prediction,  N  D  R  C  Report 
532,  February  1944. 

Ano^er  relevant  report  which  the  author  knows  only  by  title  is  by  Blackman, 
Bode  and  Shannon,  Monograph  on  Data  Smoothing  and  Prediction  in  Fire 
Control  Systems,  N  D  R  C  Report,  Feb.  1946. 

A  short  heuristic  accoimt  by  the  author  of  the  transcendental  work  of  Wiener 
will  be  published  shortly.  The  detailed  and  mathematically  rigorous  account 
by  Wiener  has  not  as  yet  been  published  in  a  publicly  available  form. 
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1.  Linear  Filters.  Here  the  discussion  will  be  limited  to  linear  filtering 
devices.  The  behavior  of  a  linear  filter  may  be  expressed  in  terms  of  its  im¬ 
pedance  functimi.  This  impedance  function  gives  the  characteristic  of  the  filter 
in  terms  of  the  relationship  of  the  amplitude  and  phase  of  the  output  to  those 
of  any  sinusoidal  input.  A  dual  way  of  indicating  the  behavior  of  the  filter  is  in 
terms  of  the  output  corresponding  to  an  input  which  is  a  unit-step  fimction. 


1,  <>  0 

If,  when  the  input  is  ,  we  denote  the  output  by  A (t),  then  corresponding 

[0,  t  <  0 


to  any  input  f(t)  the  output 


no  =  -  r)  dr  +  A(0)/(0. 


By  il(0)  is  meant  the  limit  of  A(0  as  t  approaches  sero  through  positive  values. 

It  is  useful  for  many  purposes  to  approximate  to  the  integral  in  Eq.  (1)  by  a 
mm.  We  have  from  Eq.  (1)  approximately,  if  ^  is  small. 


Fit)  -  I:  A\nh)fit  -nh)+  A(0)/(«).  (2) 

In  case  A\t)  is  small  when  r  is  large  the  tail  of  the  infinite  series  can  be  discarded. 
Using  the  notation  A,  hA'inh),  n  >  0,  and  Ae  »  A  (0)  we  have  approximately, 
for  some  suitably  choeen  M 

Fit)  -  i:  A,/«  -  nh). 

This  last  result  states  that  the  output  is  given  approximately  by  a  certain  linear 
combination  of  the  input  and  a  number  of  its  past  values.  Or,  to  put  it  differ¬ 
ently,  Fit)  is  given  approximately  by  a  weighted  sum  of  a  number  of  past  values 
of  the  input.  In  case  Fit)  and  fit)  are  adequatdy  determined  by  their  values 
at  <  »  kh,  we  find 

Fikh)  -  Anfiik  -  n)k]. 

Calling  Fikh),  Ft  and  /[(fc  —  n)fc],  /»_  ,  we  have 

n-ZA,/*-,.  (3) 

n-O 


2.  Minimization  of  RMS  Error.  Let  fit)  be  a  signal  containing  a  message 
git)  and  noise.  Clearly  the  noise  is  given  by/(0  —  git). 

Let  us  consider  the  output  of  an  electrical  circuit  with  input /(O-  If  the  cir¬ 
cuit  has  the  response  A(0  to  a  imit-step  function,  then  referring  to  Eq.  (1)  we 
KO  that  the  output,  with  input /(0»  is  given  by 

Fit)  -  l"A'ir)fit  -  r)  dr  -I-  A(O)/(0. 
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Our  goRl  is  to  have  F(t)  approximate  as  cloeely  as  possible  the  message  g{t). 
That  is,  we  want  to  minimiie  [F(t)  —  p(01-  As  a  criterion  for  measuring  the 
difference  between  F{t)  and  g{t)  we  shall  take 

lim  ^  ['m  -  »(.»]' dt. 

This  is  clearly  the  square  of  the  rms  value  of  F(t)  —  git).  The  exact  procedure 
for  determining  A'ir)  from  the  requirement  that  the  rms  value  of  Fit)  —  git) 
be  a  minimum  leads  to  an  integral  equation  which  can  be  solved  by  rather  in¬ 
volved  analysis/ 

To  avoid  the  transcendental  analysis  arising  when  the  signal  is  treated  as  a 
continuous  function,  fit),  we  choose  a  time  interval  h  sufficiently  small  so  that 
fit)  is  well  characterised  by  its  values  at  the  points  t  =  kk,  where  k  assumes  in¬ 
tegral  values.  If  we  denote  fikh)  by  b*  then  we  can  regard  a  signal  as  a  sequence 
hk .  The  message  contained  in  the  signal  we  shall  denote  by  the  sequence  a* , 
and  noise,  by  the  sequence  of  differences,  b*  —  a* .  It  is  our  purpose  to  find  the 
best  way  to  treat  the  signal,  that  is,  the  bt ,  so  as  to  obtain  the  information, 
the  ah . 

Let  us  try  to  determine  the  nature  of  a  linear  filter  which,  w'  ^n  input  b^ ,  wiU 
have  an  output  as  close  as  possible  to  ah .  Using  Eq.  (3)  we  see  that  our  prob¬ 
lem  is  to  determine  the  numbers  An  so  that  the 

«*  -  O*  -  23  Anbh-n  (4) 

11-4 

are  as  small  as  possible.  What  we  shall  do  to  try  to  make  the  c*  as  small  as 
possible,  is  to  require  that  the  A.  be  so  chosen  that  the  average  of  the  sum  of  the 
square  of  ct  should  be  a  minimum.  This  is  equivalent  to  requiring  that  the 
rms  of  the  c*  be  a  minimum. 

Stated  in  formula  we  want  to  choose  An  so  that, 

7  =  lim  stAtT  2]  (o*  -  Z  Anbh-^  (6) 

should  be  a  TniniTniim.  Equiition  (5)  assmnes  a  much  simpler  form  if  we  intro¬ 
duce  autocorrelation  functions.  The  autocorrelation  fimction  is  defined  as 

Rnik)  =  lim  --r  H  a,  ai_* 

*r-.«  2/V  -|-  1  I— 

It  is  an  even  function,  that  is,  it  has  the  property 

R,ik)  -  Rni-k). 

‘  An  account  of  a  very  similar  theory  for  the  case  of  prediction  rather  than  filtering 
is  given  by  N.  Levinson,  "An  Expository  Account  of  Wiener’s  Theory  of  Prediction,” 
AMP  Note  No.  20,  June,  1946.  A  completely  rigorous  account  will  appear  in  a  coming 
publication  of  Wiener  probably  as  a  volume  in  the  series,  Mathematical  Surveys. 
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We  shall  also  be  concerned  with  the  autocorrelation  function 


and  the  cross-correlation  function 


on  function 

Ru(k)  =  lim  svVl  2  athi-i. 


The  cross-correlation  function  is  not  necessarily  an  even  function  of  k. 

It  frequently  happens  that  the  message  and  noise  are  completely  uncorrdated. 
In  this  case  Rt-M.m(k)  «  0  for  all  (k).  Since 


Rtm{k)  =  Rk—M  +  Rmik) 


we  see  that  if  the  message  and  noise  have  sero  correlation  Ri,(k)  ^  R,{k). 

When  Rhmik)  is  itself  zero,  the  signal  and  message  have  no  correlation.  This 
means  that  the  noise  cancels  the  message  completely  and  leaves  only  a  random 
residue,  making  it  impossible  to  separate  any  part  of  the  message  from  the  signal 
by  a  linear  devide.  Thus  Rbmik)  »  0  is  the  worst  situation  that  can  arise. 

We  can  write  £q.  (5)  as 


hm  ^ 

s—m  2isr  -|-  1  k—M 


£  oj  —  2  £  il,  lim 


m— 0  M-»m  2N  -f-  1  Jk— AT 


£  Okhk 


+  lim  ;  2  bk-n  61—  . 

11-4  m-rnO  lt-»m  -|-  1  k^N 

Using  the  auto-  and  cross-correlation  functions  we  have 

1  =  K.(0)  -  2  t,  AnRUn)  +  £  -  n).  (6) 

n— 0  n.m— 4 

If  the  An  are  chosen  so  as  to  make  I  a  minimum  we  must  have 


“0,  fc  “  0,  1,  •  •  •  ,  M, 

Thus 

^  +  2  Z  AnRkik  -  n)  =  0. 

OAk  n-4 

Or 

T,  AnRkik  -  n)  =  Ru{k),  fc  =  0,  1,  (7) 

n-O 


We  have  derived  Eqs.  (7)  as  a  necessary  condition  that  the  An  make  I  a  mini¬ 
mum.  We  shall  have  occasion  to  prove  later,  that  with  the  An  obtained  from 
Eqs.  (7),  I  actually  assumes  its  minimum  value. 

Equations  (7)  are  a  linear  system  of  M  1  equaticms  in  the  M  -h  1  unknowns 
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An .  From  Eqs.  (7)  we  see  that  the  determination  of  An  is  dependent  on  the 
autocorrelation  fimction  of  the  &’s  and  on  the  cross  correlation  of  the  a’s  and 
b’s.  It  does  not  depend  on  the  a’s  and  h’s  directly  as  such.  Thus,  while  the 
a’s  and  b’s  may  differ  from  one  run  to  another,  if  the  correlation  functions  do 
not,  then  a  set  of  A,’s  can  be  chosen  once  and  for  all  which  will  work  for  all  the 
runs.  In  o^er  words,  it  is  necessary  for  the  sequences  a*  and  5*  to  be  elements 
of  a  stationary  random  process. 

The  advantage  of  dealing  with  the  discrete  sequences  ak  and  hk  rather  than 
with  the  continuous  functions  g{t)  and  /(O  is  that  in  the  discrete  case  we  face 
simply  the  linear  algebraic  problem  [Eqs.  (7)]  as  contrasted  to  an  integral  equa¬ 
tion  in  the  continuous  case. 

Using  Eqs.  (7)  in  (6)  we  see  that  the  minimum  value  of  7,  /«  ,  is  given  by 

7«  =  RM  -  t,AnRka{n).  (8) 

The  siun,  XAnRuin),  on  the  right-hand  side  of  Eqs.  (7),  cannot  be  negative 
since  the  choice  An  =  0  would  in  that  case  reduce  Im  •  This  is  an  impossibility 
since  Im  is  already  a  minimum.  Thus  ZAnRbain)  ^  0.  The  worst  case  that 
can  arise  is  for  this  expression  to  be  zero.  This  happens  when  all  the  Rtmin)  are 
zero.  For  the  Rhu(n)  to  be  zero  means  that  the  signal  and  the  message  are  com¬ 
pletely  incoherent.  In  this  worst  of  all  cases,  /«,  =  i2a(0)  This  suggests  nor¬ 
malizing  Eqs.  (8)  by  dividing  by  I2a(0): 

Im  !_  1  _  V  1 
R.(0).  "  fi.(0)  • 

If  we  now  call  7,»/[i?,(0)l,  V,  and  if  we  set 


«w(n)  ^ 

E.(0)  » 

then  we  have 

V  Em, 

(9) 

where 

M 

Em  —  S  "Yn  • 

(10) 

Obviously  V  ^  1  since  Im  ^  On  the  other  hand,  since  Im  is  the  average 

of  a  sum  of  squares,  /»  ^  0,  and  thus  F  ^  0.  We  see  then  that 

0  ^  Ei,  ^  1. 

'Hie  closer  Ejr  is  to  one,  the  smaller  is  the  ram  value  of  ,  that  is,  the  better  the 
separation  of  the  message  from  the  noise.  The  value  of  Em  increases  with  M. 
Oidinarily,  increasing  M  beyond  a  certain  point  will  increase  Em  only  very 
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slightly.  There  will  be  a  value  £  »  lim  Em  ,  beyond  which  it  is  impoeeible 

j 

to  increase  Em  •  If  is  small  compared  to  one,  it  means  that  even  the  best 
linear  Biter  can  effectuate  only  a  poor  separation  of  the  noise  from  the  message;  j 
if  £  is  dose  to  one  a  considerable  separation  can  be  attained.  The  rms  of  c*  for  \ 

a  given  filter  can  be  compared  with  y/ /J,(0)  y/l  —  £-  If  this  rms  value  is  al-  I 

most  as  small  as  y/R,{0)  y/l  —  then  the  filter  is  close  to  optimum. 

In  finding  Em  we  use  the  An  as  found  from  Eq.  (7).  It  is  convenient  now  to 
set 

Rk(r>) 

«.(0)  “  • 

We  can  write  Eqs.  (7)  as 

f:  il.r*-.  -  7*,  *-0, (11) 

I 

In  practice  it  is  usually  impossible  to  build  a  filter  with  the  An  exactly  as  ^ 

required.  Moreover,  over-all  considerations  may  make  it  undesirable  to  do  so.  | 

In  case  the  filter  selected  has  its  characteristic  response  pven  by  the  sequence 
Bn  rather  than  by  the  desired  An  the  value  of  I  will  be  affected.  Let  the  differ¬ 
ence  Bn  —  An  he  denoted  by  .  In  this  case.we  have 

jjvVi 

“  Rn(0)  —  2  BnRtnin)  +  2  BnB„Rt(n  —  m).  , 

««0  fi.mwO 

Using  Bn^  An-\-  in  and  dividing  by  i2a(0)  we  find,  denoting  //[i2«(0)]  by  V,  that 
V  =  1  -  2  Z  AnJn  +  E  AnAn^rn-n,  -  2  £  7- 

wmO  h,iwO  UmO 

M  M 

+  2  Z  ■dniii.r*-,*  -H  Z  inirnTn-m-  ^ 

•  i 

Using  Eqs.  (11)  we  find 

V  =  1-Z4,7*+  Z  inin.rn-n>.  ! 

Using  Eqs.  (10)  this  becomes 

V  -  Em  +  Z  inin,rn-n,.  (12) 

Thus  the  effect  of  using  Bn  instead  of  ^4.  is  to  increase  V  by 

M 

J  -  Z  inimTn-J'. 

».«l— 0 


(13) 
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It  is  not  difficult  to  show  that  J  ^  0.  In  fact 
1  1 


fn—m 


lim 


^3  ^h+n  • 


fi.(o)  ;;:r^2N  +  1 

Thus,  heuristically  we  have  from  Eqs.  (13) 

1  1  "  “ 

"  5So)  iis  2irn  .S. 

"  S55)  2Ar  +  1  • 

Since  the  sum  of  squared  terms  is  positive,  we  have  /  ^  0. 
We  have  from  Eqs.  (12) 


I  -  RaiO)  (I  -  Em  +  J). 

Since  J  ^  0  we  see  that  the  minimum  value  of  I,  /«  is  assumed  when  J  »  0. 
When  »  0  we  have  J  =  0.  Thus  choosing  the  An  as  the  solution  of  Eqs. 
(11)  does  cause  I  to  assume  its  minimum  value. 


3.  Determination  of  the  Weighting  Function. '  We  now  turn  our  attention  to 
a  method  for  solving  Eqs.  (11)  for  the  An  .  We  recall  that  Eqs.  (11)  state 

=  fc  =  0,  l,-..,ilf.  (11) 

»-0 

From  the  definitidn  of  r*  =  [A6(i;)]/[/2a(0)]  we  see  that  since  the  Rhik)  sequence 
is  even,  so  is  the  r* .  This  simplifies  the  process  of  solving  Eqs.  (11)  for  the  An 
as  we  shall  now  see.  In  case  M  =>  3,  for  example,  we  have 

AtiTo  +  AiTx  -1-  Affi  -|-  A»r*  *=  70 
Aori  +  Aifo  +  Aifi  +  AiTj  =  7i 

A#ri  +  AxTi  +  Ajfo  +  Atfx  =  7* 

AoTj  +  Aifj  +  Ajfi  +  Ajro  =  71 . 

Adding  the  first  equation  to  the  last,  the  second  equation  to  the  next  to  last, 
and  in  the  general  case  proceeding  further  in  this  way,  we  have 

(Ao  +  Ai)(ro  +  ri)  +  (Ai  +  Af)(ri  +  rt)  =  7o  +  7* 

(Ao  +  Ai)(ri  +  rj)  +  (Ai  -|-  Aj)(ro  +  n)  =  71  +  7* , 

This  is  a  pair  of  equations  for  the  two  unknowns  A©  +  A*  and  Ai  +  A| . 

Again  subtracting  the  last  equation  from  the  first  and  the  next  to  the  last 
from  the  second,  we  get 

(Ao  —  A|)(ro  —  r*)  +  (Ai  —  Ai)(ri  —  rj)  =70  —  7* 

(Ao  —  Ai)(ri  —  ri)  +  (Ai  —  Ai)(ro  —  n)  =  71  ~  7*  • 

Here  again  we  have  two  equations  for  the  two  unknowns  Ao  —  A|  and  Ai  —  A| . 

Solving  each  of  these  two  systems  of  equations,  we  get  Ao  +  A* ,  Ai  +  A* , 
Ao  —  A| ,  and  Ai  —  At .  Adding  the  first  and  the  third  of  these  quantities  and 
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dividing  by  two  we  get  Ao ,  subtracting  we  get  At .  Proceeding  similarly  with 
the  second  and  fourth  we  find  Ai  and  At . 

The  arnoimt  of  work  in  finding  the  An  is  considerably  reduced  by  this  device. 
Thus  when  Af  »  7  there  are  eight  imknowns  and  solving  Eqs.  (11)  is  a  formid- 
aUe  computation.  By  the  procedure  just  discussed,  this  case  is  reduced  to 
solving  two  systems  of  equations  each  in  four  unknowns.  The  latter  problem 
is  very  tractable. 

In  case  M  is  even,  the  device  still  works  in  a  slightly  modified  form.  Here 
we  add  the  middle  equation  to  itself  and  subtract  it  frqm  itself.  We  then  obtain 
two  systems  of  equations,  one  with  [(il//2)  +  1]  and  the  other  with  (M/2) 
unknowns. 

We  now  turn  to  a  procedure  for  getting  the  .4.  by  an  iteration  process.  The 
method  which  we  are  about  to  develop  will  give  some  insight  on  the  number  of 
weights  An  needed  for  a  good  filter. 

We  have  found  that  a  measure  of  the  effectiveness  of  the  filter  output 

(14) 

in  representing  the  message  On »  was  given  by 

M 

Em  *  ^  Atyk. 
k-o 

The  closer  Em  is  to  one  the  more  effectively  (14)  represents  a»  . 

It  is  an  important  practical  question  to  decide  how  large  to  make  M.  Unless  , 
Em  increases  appreciably  when  M  is  increased,  it  is  not  worth  whUe  to  increase 
M.  In  practice  this  nmkes  desirable  a  procedure  which  gives  m  Ei ,  Et ,  Et , 
etc.,  without  imdue  computational  difficiUty.  To  distinguish  between  the 
various  values  An  assumes  as  M  changes,  we  introduce  the  more  specific  nota¬ 
tion,  Ai*’ . 

Thus  Eqs.  (11)  and  (10)  become 

£  Ai*’r*_»  =  7*,  (fc  -  0,  1,  •••  ,M), 

n-O 

and  ' 

Em  -  Z  Ai*’7». 

k-o 

We  shall  now  set  up  an  iterative  process  by  means  of  which  we  can  proceed 
easily  from  Ai*’  to  Ai*^*’.  We  introduce  first  an  auxiliary  sequence  C**’ 
which  we  specify  as  follows: 

Co®’  =  fi/ro 

ci“'  (r.  -  Z  Ci“-"  r.-.)  -  r.«  -  t  C&-'>  r. 

\  k-0  /  k-1 

Ci*’  -  Ci^'r”  -  Ci“’C<f-*”,  k  -  1,  2,  . . .  ,  M. 


(16) 

(16) 


(18) 
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Thus  knowing  fc  =  0, 1,  •  •  •  ,  Af  —  1,  we  are  able  from  Eq.  (17)  to  find 

Ct*’  and  then  from  Eq.  (18)  to  find  k  =  1,  •  •  •  ,  Af. 

Having  determined  the  we  find  from  the  and  A*“^  by  use  of 

Ao*^  =*  7o/r* 

(r,  -  £  Ci-’  -  £  Ai->  rx,+x-*  • 

\  *-0  /  t-o 

Also 

Ai-+»  =  A^'  -  k  -  0,  1,  • . .  ,  Af.  (20) 

We  also  have 

.  Eq  =  7oAo 

^M+x  =  Em  +  Air+f'  (7ir+x  -  gCrS*). 

Equations  (21)  are  an  immediate  consequence  of  using  Eq.  (20)  in  the  formula 
(16)  for  Ejr+x .  Thus  on  ascertaining  and  A^^^  we  can  find  at  once  how 
much  larger  E«+x  will  be  compared  with  Em  •  This  can  be  done  even  before 
using  Eq.  (20)  to  compute  A*"'*'*’,  k  ^  M. 

We  now  proceed  with  the  proofs  of  Eqs.  (19)  and  (20).  We  must  show  that 
with  the  A*^’  determined  from  these  equations,  Eq.  (15)  is  satisfied.  First 
let  us  see  what  Eq.  (20)  gives  when  used  in  Eq.  (15)  with  M  replaced  by  Af  +  1. 
We  have 

£  (Ai.->  -  A<JVV>)  rx_  +  Ay;V>  rx^xr-x  (22) 

0 

“7*1  A  =  0,  1,  •  •  •  ,  Af  +  1 
Using  Eq.  (15)  we  obtain  from  the  above  with  fc  <  Af  +  1, 

£  r*-n  -  rxr+x-* ,  y  -  0,  1,  •  ••. ,  M.  (23) 

•1-0 

For  jfc  »  Af  +  1  we  get  Eq.  (19)  from  Eq.  (22).  Thus  eqs.  (19)  and  (20)  hinge 
on  Eq.  (23),  which  we  proce^  to  prove  by  induction. 

We  now  use  Eq.  (18)  in  Eq.  (23)  and  obtain 

|:(C<'r'>  -  c!'>  CilL-:>)r^.  +  ci“>  r.  -  r..«.  *  -  0,  1,  •  •  • ,  M. 

This  can  be  written  as 

£  r(*-x)-i»  *  rjf-(*_x)  +  Uo**  f  2  CmLJ^  r*_,  —  ,  ,  (24) 

A:  -  1,  2,...,Af, 
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and  Eq.  (17).  But  Eq.  (23)  with  M  replaced  by  Jf  —  1  reduces  Eq.  (24)  to 


Z  -  r*,  k~  1,  2,  ,3/.  (26) 

Replacing  n  by  Af  —  m,  Eq.  (25)  becomes 

Z  =  r» ,  fc  =  1,  2,  . ,  M,  (26) 

w-O 

If  we  set  Af  —  k  ••  j  in  Eq.  (26)  we  get 

£' -  r.-,.  (27) 

But  Eq.  (27)  is  the  same  as  Eq.  (23)  with  the  index  M  replaced  by  Af  —  1. 
Thus  (23)cis  true  for  the  index  Af  if  it  is  true  for  Af  —  1.  By  induction, 
therefore,  the  veracity  of  Eq.  (23)  is  reduced  to  the  case  Af  »  0,  Co'Vo  =  n  . 


This  last  equation  is  satisfied,  being  in  fact  the  first  equation  of  Eqs.  (17). 

4.  Realization  of  Operator — ^Mathematical  Formulation.  It  is  conven¬ 
ient  here  again  to  regard  the  signal  as  a  function  of  time,  f(t).  The  information 
which  is  to  be  extracted  from  the  signal  we  again  denote  by  F(t),  F(t)  being  as 
close  as  possible  to  p(0. 

We  shall  consider  the  nature  of  a  four-terminal  linear  passive  network  which, 
when  its  input  voltage  is  f{t),  has  F(t)  as  its  open-circuit  output-voltage.  The 
complication  inherent  in  the  construction  of  satisfactory  inductive  elements 
makes  the  use  of  RC  networks  common.  For  this  reason  and  for  the  sake  of 
simplicity  we  shall  here  restrict  ourselves  to  RC  networks. 

We  denote  by  ^4(0  the  open-circuit  output  voltage  of  the  net-work  corre¬ 
sponding  to  an  input  voltage  which  is  a  unit-step  function.  We  recall  the 
relationship 

F(t)  =  j[*^'(r)/«  -  r)  dr  +  A(0)/(t). 

We  also  shall  require  the  Laplace  transform  of  A{t).  Here  we  shall  denote  by 
k(j>)  the  Laplace  transform  of  A(t)  multiplied  by  p.  The  function  k(p)  is  a 
transfer  function.  It  is  ^ven  by 

k(p)  «  A(0)  +  j[  A'{t)e-*‘  dt.  (28) 

In  the  case  of  a  network  free  of  inductances  A;(p)  is  a  rational  fimction  having 
its  poles  on  the  negative  real  axis  of  the  complex  p-plane.  Moreover  the  poles 
of  k{p)  are  simple  and  k(j))  is  representable  by  a  partial  fraction  expansion 

Hp)  -  oo  +  Z  (29) 

'  m-l  P  +  Om 
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where  0  <  <ri  <  »*  <  •  •  •  <  vg  and  the  am  are  real.  From  Eq.  (28)  we  see  that 
F]q.  (29)  is  satisfied  if  oo  «  i4(0)  and  if 

y(r)  -  (30) 

We  recall  that  in  Eqs.  (2)  we  used  hA\nh)  ^  .  Thus  we  want  to  be 

equal  to 

»>0,  (31) 

The  i4a  ,  we  recall,  are  already  determined  as  in  Sec.  3.  Here  we  are  trying  to 
find  k{p).  In  general,  to  meet  the  requirement  that  An  be  given  by  Eqs.  (31) 

exactly  would  require  a  filter  of  unwarranted  complexity.  Therefore,  setting 

• 

=  A  n>0,  (32) 

DM"! 

we  require  that  An  —  be  small. '  The  extent  to  which  we  can  make  Bn  close 
to  An  depends  on  how  large  we  make  K.  If  the  successive  A,  form  a  slowly 
changing  sequence,  K  can  be  chosen  much  smaller  than  M.  We  recall  that  M 
is  the  number  of  ,  n  >  0.  On  the  other  hand,  if  the  An  change  markedly 

from  one  value  of  n  to  the  next  it  may  be  necessary  to  take  K  as  large  as  M. 

The  smaller  K  can  be  made,  the  simpler  the  filter.  A  plot  of  the  values  of  An 
against  n  should  be  of  great  help  in  deciding  how  much  the  An  fluctuate  between 
^  successive  values  of  n  and  therefore  how  large  to  take  K. 

Our  problem  is  really  one  in  approximation.  We  want  to  make  Eqs.  (31) 
represent  An  as  closely  as  possible.  We  have  at  our  disposal  the  choice  of  the 
Cm  and  the  am  .  It  is  inadvisable  to  choose  ffm-^i/vm  close  to  one  since  this  in¬ 
troduces  extremes  in  the  sizes  of  the  elements  of  the  filter  associated  with  k(p). 
It  is  also  inadvisable  to  take  vx/ai  too  large  since  this  has  no  influence  on  the 
Bn  except  for  small  n. 

In  order  to  be  able  to  carry  our  analysis  further  we  shall  now  make  the  as¬ 
sumption 

ffm  =  ffm/Mh  (33) 

where  is  a  scale  factor.  A  reasonable  choice  for  /9  is  1.  Under  certain  condi¬ 
tions  a  value  of  |  or  2  may  provide  a  better  fit  of  Bn  to  An  for  a  given  value  of  K. 
The  choice  of  Om  ae  given  in  Eq.  (33)  is  arbitrary  and  a  quite  different  choice  may  he 
much  more  useful  under  certain  conditions.  From  here  on,  however,  we  shall 
proceed  in  the  basis  of  the  assumption  Eq.  (33). 

We  have  now  to  determine  the  am  so  that  the  —  An  are  small.  The  effect 
of  the  terms  —  A»  on  F  as  given  in  Eqs.  (13)  appears  to  be 

t,  {B.  -  A.XB.  -  A.)r. 

m.n^l 


(34) 
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This,  however,  is  not  complete  in  the  present  case  because  the  B.  as  given  by 
Eqs.  (32)  are  not  aero  for  n>  M.  To  prevent  these  Bn,n>  M,  from  affecting 
the  filter  output,  F{t),  too  badly  we  require 


jf+i 


to  be  small.  Recalling  Eqs.  (32)  we  can  put  this  condition  in  more  convenient 
form  by  requiring  that 


h  r  [A'(r)]*dr 
Jtth 


(36) 


be  small  where  A'(r)  is  given  by  Eqs.  (30).  Combining  this  with  Eq.  (34)  we 
choose  the  a.  so  as  to  minimise 


^  =  Z  (B-  -  ^-)(B«  - 


-b  X/i 


(36) 


The  value  X  in  Eq.  (36)  represents  a  positive  number  that  is  chosen  large  if  it  is 
important  to  make  the  influence  of  f{t  —  r)  on  F{t)  small  for  r  >  Mh. 

To  see  this,  we  recall  that  by  Eq.  (1) 


where 


-rdr  +  Ai0)f(t)  +  H 


f  A'{r)S{t  -  r)  dr. 

Juk 

Choosing  X  large  emphasizes  Expression  (36)  in  J,  and  thus  when  the  are 
determined  by  minimizing  J,  Term  (36)  wiU  be  small.  Making  Expression 
(36)  small  will  make  H  small  and  therefore  F{t)  is  determined  mainly  hyf(t  —  r), 
0  <  t  <  Mh.  Thus  as  soon  as  t  >  Mh,  F{t)  is  largely  independent  of  any  aber¬ 
rations  in  /(O  that  occurred  when  {  <  0. 

In  cases  where  this  transient  aspect  is  of  little  importance,  X  is  given  a  smaller 
value  determined  by  the  size  of  r.  when  n  is  near  M  in  size. 

Once  a  value  of  X  is  decided  upon  we  again  have  only  the  a«  to  determine.  In 
terms  of  a«  we  have,  using  Eqs.  (30)  in  Eqs.  (36), 


a.a.e 


Z  (B-  -  ^»)(B«  -  AJ)r„^  +  Xk  Z 


(37) 


to  minimize  J  we  set  dJ/da,  *  0.  Finding  dJ /da,  we  have 


-  2  E  (B.  -  . 

oa,  m.it—i  oa,  Op  -f-  o. 


Or  setting  dJ /da,  =  0  and  finding  dBm/ da,  from  Eqs.  (32),  we  have 
h  Z  (B, -ilOr— +  - 0,  s  =  1,  2,  •  •  • ,  K. 


1 


^1  Op  -H  o. 
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And  again  using  Eqs.  (32)  we  obtain 

\  •,■•-1  <rp  +  c,  / 


(38) 


h  Z  AnTn^e^’,  s  =  1, 


Here  we  have  K  equations  to  determine  the  K  numbers  a, .  We  can  write 
Eqs.  (38)  as 


Ci.potp  “dt,  s  =  l,  •••,  Kf 

F-l 


(39) 


where  using  Eq.  (33), 


d.  -  Z  «  =  1,  ,  a:, 


and 


C.,p  *  \Mk 


(P  +  «)/3  '  n^l 


We  have  in  Eqs.  (39)  a  system  of  equations  for  determining  the  a«  . 

Once  the  Om  are  determined  we  have  the  problem  of  choosing  a  network  for 
which  A'{t)  is  given  by  Eqs.  (30),  or  what  is  equivalent,  k(p),  by  Eqs.  (29). 


5.  RC  Filter.  Here  we  begin  by  summing  up  the  characteristics  of  a 
four-terminal  linear  passive  network  with  only  resistors  and  condensers  for  its 
elements.’ 

We  denote  <r  -f  ju  by  p.  Let  Znip)  be  the  driving-point  impedance  at  the 
input  terminals  with  the  output  an  open  circuit.  Similarly  Zti(p)  is  the  open- 
circuit  driving-point  output-terminal  impedance.  Finally  Zu(p)  is  the  transfer 
impedance  between  one  end  with  the  other  an  open  circuit.  Using  the  sub¬ 
scripts  I  and  0  to  denote  the  input  and  output  terminals  respectivdy,  we  have 
the  well-known  relationship, 


Vt  =  Ziih  +  ZvJo 
Vo  *  ZnJj  -f-  Zjs/o 


(40) 


If  V/  is  a  complex  number  denoting  the  input  voltage  at  some  frequency  <a/2w 
and  Vo  is  the  output  voltage  on  open  circuit,  then  it  follows  from  Eq.  (40)  that 


=  Vt 

"  '  Zn(i«)  * 


In  terms  of  p  we  have 


Voip)  =  F.(p) 


Zu(p) 


Zii(p)  * 

*E.  A.  Guillemin,  '*RC-Coupling  Networks,”  RL  Report  43,  Oct.  11,  1944. 


(41) 
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In  the  notation  of  the  previous  section  Fo(p)  is  the  Laplace  transform  of  F{t) 
and  F/(p)  of  f{t).  We  have  as  the  Laplace  transform  of  Eq.  (1),  Vo(j>)  Hp). 
V/(p).  Comparing  this  with  Eq.  (41)  we  get 

We  have  already  determined  kip).  In  this  section  we  shall  detennine  Zu(p) 
and  Zuip)  so  that  Eq.  (42)  is  satisfied. 

It  is  necessary  and  sufficient  for  Zu ,  Zn ,  and  Zu  to  satisfy  the  following 
criteria  in  order  to  characterize  a  four-terminal  linear  passive  network  free  of 
inductances: 

1.  Zuip)  Md  Znip)]  have  simple  zeros  and  poles  which  lie  on  the  negative 
real  axis  in  the  p-plane.  Zeros  and  poles  separate  each  other.  Moreover 
the  smallest  pole,  lies  to  the  right  of  the  smallest  zero.  For  positive  p, 
Zuip)  and  Znip)  positive. 

2.  Znip)  has  simple  poles  and  is  real  for  real  p. 

3.  A  pole  of  Znip)  ii^ust  also  be  a  pole  of  Zuip)  and  Znip).  In  fact  if  p 

—  (t'  is  a  pole  of  Zn  with  residue  an  and  if  an  and  an  are  the  residues  of 
Zn  and  Zn  At  p  ™  —  </  then  it  is  necessary  for 

au<XB  ^  ^  0.  (43) 

We  shall  choose  the  poles  of  Zu  coincident  with  those  of  Zn  .  Therefore,  we 
see  from  Eq.  (42)  that  the  zeros  of  Zu(p)  are  the  zeros  of  kip)  and  the  zeros  of 
Zn(p)  are  the  poles  of  kip).  The  zeros  of  Zn  are  therefore  —  <r*  where  0  <  ai  < 
<rs  <  '  •  •  <  (Tx  .  As  the  poles  of  Zn  and  Zu  we  choose  —ci,  where 

0  <  <  O’!  <  <  •  •  •  <  ffx  <  (Tx  .  (44) 

We  can  take 

,  <Ti  =  K®"!  +  <^»)f  +  <^»)f  etc. 


Thus  we  have 


„  ,  V  (p  -H  gi)(p  -b  n)’’-ip  +  vjr) 
”  ^  *  (p  +  ffi)(p  +  vi) •  •  •  (p  +  <rx)  ’ 


(46) 


where  s  is  a  positive  constant  that  can  be  chosen  to  help  make  the  size  of  the 
elements  of  the  network  physically  reasonable.  Using  Eq.  *(42)  we  see  that 
having  determined  Zuip),  Znip)  is  given  by 


Znip)  -  kip)Zuip).  (46) 

It  is  convenient  to  choose  Znip)  ^  Zuip),  thus  making  the  four-terminal 
nerwork  symmetric.  In  general,  such  a  choice  may  cause  Eq.  (43)  to  be  violated. 
This  can  be  avoided  by  reducing  kip)  by  some  constant  factor,  g,  and  then  com¬ 
pensating  for  this  reduction  by  any  one  of  several  amplifying  devices.  Equa¬ 
tion  (43)  then  becomes 

ah  -  f^ah  ^  0.  (47) 
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Clearly  g  can  be  chosen  so  that  this  condition  is  satisfied  at  all  the  poles,  —  a* , 
of  Zts , 

Having  choera 

Zuip),  Zia(p),  and  Ztt(p)  l“^u(p)], 

all  to  within  an  arbitrary  coefficient  e,  we  can  now  follow  Guillemin*  in  finding  a 
four  terminal  network  with  the  desired  characteristics.  Briefly  in  the  symmetric 
network  shown  in  Fig.  1,  it  is  necessary  for 

Za 


Fiq.  1 


Zt  =  Zii  —  Ztt 

(48) 

.  Z»  -  Zu  +  Zu 

in  order  for  the  network  to  have  Zu  >  Zu  and  Zn  as  its  open-circuit  impedances. 
In  this  maimer  the  problem  is  reduced  to  finding  Z.  and  Z» . 

The  quantities  Za  and  Z»  are  two-terminal  impedances.  To  see  this  we  ob¬ 
serve  first  that  (44)  and  (45)  assure  that 

ou ,  m  >  0,  (49) 

in  the  partial  fraction  expansion 

^u(p)  =*  c  +  2  /  •  (50) 

M-l  P  -r  ffm 

From  Eq.  (46)  we  observe  that  since  the  poles  of  kip)  are  canceled  by  the 
■eros  of  Zu(p)  we  have 

Zii(p)  =  ek(«)  +  2  "^'“T  . 

m-l  P  +  ffm 

Using  the  modified  gkip)  in  place  of  kip)  this  becomes 

^u(p)  =  egkico)  +  2  ;rZV  • 
m-l  P  T 

We  see  from  Eq.  (28),  incidentally,  that  k(«>)  =  -4(0). 


•Op.  eit. 
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Using  Eqs.  (50)  and  (51)  we  have 


=  Zu  Zji  =  e  ~  eQk{^<^)  -\- 


^  au.iii  —  (/otu.* 

2- - T”’' —  • 

a-i  p  +  <r«. 


By  (47)  and  (49)  we  see  that  au...  —  gaa.m  ^  0.  Moreover,  by  further  ad« 
jvisting  g  if  necessary,  e  —  egk(  w  )  ^  0.  Thus  Z«  is  of  the  form 


Go  +  £ 


P  +  ffm 


(52) 


where 


a»  ^  0,  >  0, 

which  is  precisely  the  necessary  and  sufficient  condition  for  Z.  to  be  a  two- 
terminal  impedance  containing  resistances  and  condensers  only.  The  same 
argument  applies  to  Z^ . 

A  two-terminal  impedance  as  given  by  Eq.  (52)  will  now  be  constructed. 
Since  a  resistor  R  in  parallel  with  a  condenser  C  has  an  impedance 


1/C 

p-l-(l/i2C)- 

We  see  that  by  choosing  C  =<  l/a*.  and  R  ^  am/o'm  we  obtain  an  impedance 
G«/(p  +  Vm).  Arranging  K  of  these  in  series  and  adding  a  resistor  Oo  we  obtain 
a  two-terminal  impedance  of  the  desired  form.  With  the  choice  of  a  large  value 
of  e  in  Eq.  (45)  a»  is  large  and  therefore  l/am  ,  the  capacitance,  can  be  made  ^ 
reasonably  small. 


6.  Prediction  and  Lag  With  and  Without  Noise.  In  Sec.  2  the  prob¬ 
lem  of  separating  a  message,'  represented  by  a  sequence  a,  ,  from  a  signal,  repre¬ 
sented  by  a  sequence  bn  ,  was  considered.  The  sequence  —  a,  is  called  noise. 
There  the  optimum  set  of  numbers  An  was  determined  in  order  that  Oi  should 
be  represented  as  closely  as  possible  by 

(53) 

In  Eq.  (53)  we  utilize  b*  and  earlier  values  such  as  bt_i ,  bjk-s ,  etc.,  in  deriving 
a*  .  There  are  situations  where  on  the  basis  of  knowing  b*  ,  bt_i ,  b^-i ,  etc.,  we 
must  use  Eq.  (53)  to  represent  not  a*  but  ,  where  «  is  a  positive  integer. 
Here  we  have  a  problem  invc^ving  not  only  filtering,  that  is  the  separation  of 
message  from  noise,  but  also  predictimi.  In  other  words,  even  if  there  were  no 
noise  there  would  still  be  the  proUem  of  determining  from  a  knowledge  of 
Oh ,  a*-i ,  etc.  This  problem  arises  in  fire  control  where  it  is  necessary  to  point 
a  gun  not  at  where  the  target  is  but  at  where  it  is  likely  to  be  by  the  time  the  shell 
arrives. 

Proceeding  as  in  Sec.  2  we  now  choose  the  A.  so  as  to  minimize  the  rms  of 

M 

**  “  Gi+f  “  Anbh—nt  (54) 

n-O 
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Instead  of  Eq.  (5)  we  find 

I  -  «.(0)  -  2  E  AnRuin  +  «)  +  Z  AnAMm  -  n). 
Minimising  I  we  obtain 


M 


An  Tk—u  “  7k-l-«  1  A!™0,  1,  M  f 

nm4t 

(66) 

in  place  of  Eq.  (10)  where  r*  and  y*  are  defined  as  in  Sec.  2. 

In  determining  the  effectiveness  of  Eq.  (53)  in  representing  0*4, 
instead  of  Eqs.  (9)  and  (10), 

we  get  now 

V  Em 

(66) 

M 

Em  *  Z'^"7i*+** 

(67) 

The  method  given  at  the  beginning  of  Sec.  3  for  solving  two  systems  each  of 
about  half  the  order  of  Eq.  (11)  in  place  of  Eq.  (11)  applies  equally  well  to  Eq. 
(55).  The  iteration  formulas  given  in  Sec.  3  can  also  be  generalised  to  cover  the 
case  of  predicting  together  with  filtering  and  we  now  turn  to  this  problem. 

In  place  of  Eqs.  (55)  and  (57)  we  have,  in  more  explicit  notation, 

ZA,(M)r^-,  =  7^4-.,  *  =  0,  1,  M, 

(68) 

‘Em  =■  Z  y*+*  • 

M-O 

(69) 

We  observe  that  the  only  difference  between  these  equations  and  Eqs.  (14)  and 
(15)  is  in  the  index  of  y  which  is  now  increased  by  «.  Thus  the  only  change  in 
Eqs.  (16)  to  (20)  is  an  increase  in  the  index  of  y  by  the  number  «.  Equations 
(17)  and  (18)  remain  unchanged  since  they  do  not  contain  y  and  we  rewrite 


them  as  before 

(ro  —  Z  “  rjf+i  —  Z  (60) 

\  *-o  /  fc-i 

fc  -  1,  2,  . . . ,  Af.  (61) 

Equation  (19)  is  modified  to 

(t%  —  Z  “  7jr+i+*  “*  Z  (62) 

whereas  Eq.  (20)  remains  unchanged  as 

-  Aj,’^  -  Cl^A^u%\  A:  -  0, 1,  .  •  • ,  M.  (63) 

In  place  of  Eq.  (21)  we  have 

Ett+i  “  Em  -dif+i  ^  ^7jr4-i4«  “■  Z  Cn  •  (64) 
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It  is  extremely  useful  to  observe  that,  by  Eqs.  (60)  and  (61),  the  are 
independent  of  the  choice  of  «.  It  is  also  helpful  to  observe  that  the  same  com¬ 
bination  appears  in  the  bracket  in  the  left-hand  side  of  Eqs.  (60)  and  (62)  except 
for  the  index  M  in  one  case  and  M  +  1  in  the  other.  The  depend  of  course 
on  8.  In  some  cases  the  range  of  prediction  is  taken  as  far  ahead  as  is  possiUe 
without  causing  Em  to  fall  below  some  preassigned  value.  Under  such  condi¬ 
tions  the  and  Em  must  be  recomputed  for  several  choices  of  «.  The  fact 
that  Ck^  is  independent  of  «  greatly  facilitates  the  computation. 

So  far,  for  the  sake  of  being  definite,  we  have  considered  the  case  8  >  0  and 
discussed  the  prediction  problem.  The  case  s  <  0  also  is  of  consideraUe  im¬ 
portance.  By  taking  «  <  0  it  is  possible  to  improve  the  separaticm  of  message 
from  noise.  If  such  improvement  turns  out  to  be  appreciable  and  if  the  lag  in 
obtaining  the  sequence  0^+, ,  s  <  0,  instead  of  a* ,  is  not  important,  then  of 
course  it  is  worth  while  to  take  s  <  0.  All  the  formulas  given  here  are  valid 
for  any  int^r  value  of  8,  whether  positive  or  negative. 

Mabsachubbtts  Inbtitutc  or  Tbchnoloot. 


STRESSES  AND  SMALL  DISPLACEMENTS  OF  SHALLOW  SPHERICAL 

SHELLS.  II 

Bt  Ebic  Rcissnxb 

1.  Introduction.  In  the  present  paper  we  give  some  applications  to  spe¬ 
cific  problems  of  the  results  of  an  earlier  paper  on  the  subject  imder  considera¬ 
tion.*  We  show  first  that  the  two  simultaneous  fourth  order  equations  of  the 
theory  of  shallow  spherical  shells  may  be  reduced  to  two  independent  second 
order  equations.  We  then  give  the  solution  of  the  second  order  equations  for 
the  case  of  rotational  symmetry. 

\^th  this  solution  we  obtain  explicit  results  for  the  following  three  problems, 
(1)  a  shell  with  no  edge  restraint  carrying  a  point  load  at  the  apex;  (2)  a  shell 
with  no  edge  restraint  carrying  a  load  uniformly  distributed  over  a  small  circular 
area  with  center  at  the  apex  (Fig.  1) ;  (3)  a  shell  with  edge  restraint  carrying  a 
point  load  at  the  apex  (Fig.  11). 

,We  also  show  in  which  way  our  solution  may  be  used  to  solve  a  proUem  of 
pure  bending  of  curved  bars. 

We  have  attempted  to  present  the  general  results  of  this  paper  in  such  a  man¬ 
ner  that  future  applications  to  other  conditions  of  loading  and  support  are 
facilitated. 

2.  The  equation  of  the  theory  for  rotationally  s]rmmetric  bending  and 
stretching.  With  the  notation  of  Figs.  1  and  2  and  indicating  differention 
with  respect  to  r  by  primes  the  system  of  equations  for  stress  resultants,  stress 
coulees  and  components  of  displacement  for  the  rotationally  symmetric  case 
assumes  the  following  form* 


Af,;  -  -  Z)(u>"  +  pw'/r) 

(la) 

-  -  Diw'/r  +  no") 

(lb) 

7,  -  -  D(V*tx>)' 

(Ic) 

Nrr  -  F'/r  +  Q 

(2a) 

N,t  -  F"  -f  Q 

(2b) 

O'  -  -  Pr 

(2c) 

R.  -  7,  -  rNrr/R 

(3) 

-  ti'  -b  (w/R)  -  {Nrr  —  pN$$)/tE 

(4a) 

(tt/r)  -h  (w/R)  -  (N„  -  pN„)/tE  -  u^/r 

(4b) 

V*V*F  -  (iE/R)V*u>  -  -  (1  -  r)V*0 

(5a) 

DV*V*w  -h  (1/R)V*F  -  p  -  (20/fi) 

(5b) 

D  -  E/*/12(l  -  p*) 

(6a) 

V*  >  <f/dr^  +  r~'d/dr 

(6b) 

>  J.  Math.'Phyf.  U,  80-86,  (lOM). 
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Eqiiations  (5)  have  to  be  solved  for  the  normal  component  of  displacement 
to  and  for  the  stress  function  F.  This  solution  is  to  be  substituted  in  the  re¬ 
maining  equations  (1)  to  (4). 


3.  Solution  of  die  homogeneous  system  of  differential  equations.  Equations 
(5),  with  the  righthand  sides  set  equal  to  zero,  may  be  solved  as  follows. 
We  multiply  (5b)  by  1/D  and  (5a)  by  a  factor  X  and  add  the  resulting  equa¬ 
tions.  This  gives 

v‘v*(to  +  XF)  -  \{JLE/R)^{%o  -  F/UED)  -  0  (7) 

Equation  (7)  becomes  an  equation  for  to  -|-  XF  if  we  set  X  =■  —  l/\tED  or 

X  -  tVl2(l  -  f»)/E^  (8) 

We  then  define  a  quantity  I  by  the  relation 

\tE/R  -  i/f 


(9) 
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From  (8)  and  (9)  follows  for  Z, 

Z  =  VRt/\/12(l  -  F»)  (10) 

The  differential  equation  (7)  is  now  of  the  form 

V*V*(w  +  XF)  -  (tyZ*)V*(io  +  XF)  -  0  (11) 

and  may  be  integrated  to 

w  +  XF  »  *  +  (12) 

where  $  and  ^  are  the  general  solutions  of 

V**  =  0,  -  (t/Z*)^  =  0  (13a,  b) 

The  homogeneous  system  (5)  of  two  simultaneous  equations  of  the  fourth  order 
is  thus  reduced  to  the  solution  of  two  independent  equations  of  the  second  order. 
It  may  be  noted  that  in  this  reduction  no  use  has  been  made  of  the  fact  that  we 
are  dealing  with  the  rotationally  symmetric  case,  so  that  equation  (12)  and  (13) 
are  valid  also  for  the  general  problem  without  rotational  symmetry. 

Assuming  rotational  symmetry  the  solutions  of  (13)  are  of  the  form 

=  Ai  +  Ai  In  r  (14a) 

^  -  AMVi  r/l)  +  AJCciVi  r/l)  (14b) 

where  the  A.  are  arbitrary  complex  constants  and  lo  and  Ko  are  modified  Bessel 
functions  of  the  zero’th  order.  We  write  further* 

x)  =»  ber  x  +  i  bei  x  (15a) 

Koiy/ix)  —  ker  x  +  »  kei  x  (15b) 

Substituting  equations  (15)  and  (14)  in  equation  (12),  separating  real  and 
imaginary  parts,  we  obtain  with  real  constants  C»  the  following  expressions  for 
1C  and  F,  ^  o 

1C  »  Cl  ber  r/l  +  C*  bei  r/l  +  Ct  ker  r/l 

+  Ct  kei  r/l  +  Ci  +  Ct  !n  r/l  (16a) 

F  ■=  (F^/Vl2(l  —  i^))lCi  bei  r/l  —  Ci  ber  r/l 

+  C»  kei  r/l  —  Ci  ker  r/Z  +  Qi  In  r/l  +  (16b) 

There  are  six  essential  constants  of  integration  in  equations  (16).  Cg  is  im¬ 
material  as  only  derivatives  of  F  occur  and  Ct  must  be  put  equal  to  zero,  as  will 
be  shown,  in  order  that  there  be  no  displacement  in  circumferential  direction. 

*  See  for  inatsnce  **A  Treatise  on  Beeeel  functions  and  their  application  to  Physics”  by 
Gray  and  Mathews,  second  edition  prepared  by  Gray  and  MacRobert,  1931,  p.  26. 
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4.  The  condition  of  vanishing  circumferential  displacement  component. 
We  combine  equations  (4)  and  (2)  in  the  form 

«r  -  (r«#)'  «  (w  -  {r%D)']/R 

-  (i/<^[FVr  -  fF"  -  {try 

+  ^  (1  _ 

Equation  (17)  simplifies  to 

-  rv//R  -  (l/iE)[FVr  -  F"  -  rF"  +  (1  -  (18) 

and  may  be  written  in  the  form 

{tE/RW  -  (V*F  +  (I  -  vW  (19) 


From  (19)  follows 

{tE/R)w  -  V^F  +  (1  -  i-)Q  +  const.  (20) 

CJomparison  of  (20)  with  (16)  shows  that  w  cannot  contain  a  logarithmic  term 
and  consequently  we  must  set 

Ct  =  0  (21) 


5.  Note  on  the  problem  of  pure  bending  of  curved  bars.  It  may  be  worthwhile 
to  indicate  that  the  Crtenn  may  be  used  to  solve  the  problem  of  pure  bending 
about  an  axis  perpendicular  to  the  base  plane  of  the  shell  for  an  open  circular-ring 
diell.  Instead  of  assuming  that  the  circumferential  displacement  component 
V  vanishes  we  set 

V  ^  kr$  (22) 

According  to  equation  (7c)  of  reference  1  the  condition  Yr«  *■  0  remains  un¬ 
changed.  According  to  equation  (7b)  of  reference  1,  we  have  now  for  the  cir¬ 
cumferential  normal  strain 

«•  “  A:  +  (u/r)  -1-  iw/R)  (23) 

while  <r  is  ^ill  given  by  equation  (4a). 

Proceeding  now  as  in  equations  (17)  to  (19),  but  with  Q  »  0,  we  obtain 

tEk/r  -f  (tE/R)w'  -  (V*F)'  (24) 

and  from  (24) 

tEk  In  r/l  -f-  {tE/R)v>  »  V*F  =}■  const.  (26) 

Comparison  of  (26)  and  (16)  shows  that  now 

Cy  -kR  (26) 

The  constants  Ci  to  Cj  are  to  be  determined  by  means  of  the  following  six 
conditions;  M„{ro)  —  Mrriu)  —  Ar„(r*)  —  N„{r{)  «  ft,  —  0  and  if  ra4r  — 

t* 

Mt .  The  constant  Ci  in  the  expression  for  w  remains  arlntrary. 

*  For  the  oeee  R  »  the  aolutioa  of  this  problem  has  been  giren  by  H.  Qolovin  (1881). 
See  8.  Timoshenko,  Theory  of  EUsstieity,  pp.  58-62, 1984. 
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6.  Some  Properties  of  the  functions  ber»  bei,  ker,  keL  Tables  of  these 
functions  and  their  derivatives  are  in  existence*  and  have  been  used  in  what 


follows. 

For  small  argument  values  we  have 

ber  X  «  1  -  xV2*-4*  +  •  •  •  (27a) 

bei  X  =  xV2*  -  xV2*-4*-6*  +  •  •  •  (27b) 

ker  X  =  —  In  X  +  .1159  +'irxVl6  +  *  •  •  (27c) 

kei  X  «  -(xV4)  In  x  -  t/4  +  1.1169x74  H -  (27d) 

x"*  ber'  X  *»  —  xVl6  -f  •  •  •  (28a) 

x"*  bei' X  «  i  -  xV2*-4*-6  +  •  •  •  (28b) 

x“*  ker'  X  =*  —  x“*  +  t/8  +  (xVl6)  In  x  +  •  •  •  (28c) 

x“*  kei'  X  —  — ilnx  —  J  +  .558  -}-•••.  (28d) 

For  large  argument  values  we  have  the  asymptotic  relations, 

(29.) 

kw  X  «  /  _x 

\V2  8/ 

.  keix«^^Piz^)sin(4=-^)  (29d) 

\V2  8/ 

The  following  formulas  express  the  second  derivatives  of  the  four  functions 
in  terms  of  the  first  derivatives  and  the  functions  themselves, 

ber"x  ■■  —  bei  X  —  x“*  ber'x  (30a) 

bei"x  =  ber  x  —  x“‘  bei'x  (30b) 

ker"x  =  —  kei  X  —  x“‘  ker'x  (30c) 

kei"x  =  ker  x  —  x“‘  kei'x  (30d) 

Finally,  we  list  the  following  alternate  notation  which  is  sometimes  used,* 
ber  X  —  ReJt{y/'ix)t  .  bei  x  =  ImJoiy/ix)  (31a,  b) 

ker  X  -  iT/2)ReHiWix),  kei  x  -  {yr/2)lmH^\\fix)  (31c,  d) 

ker'  X  -  (t/2V2)  (/mi/{‘’  +  ReH^x^)  (31e) 

ka'  X  -  (ir/2v^ -  ReH^^)  (31f) 


*  H.  B.  Dwight  Tables  of  integrals  and  other  matheniatical  data.  New  York  1934. 

*  See  H.  Bateman  and  R.  C.  Archibaldj  Guide  to  Table*  of  Beaael  Function*  in  Math. 
Tables  and  Aids  to  Comp.  J,  p.  253,  (1944). 
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7.  Particular  integrals  for  certain  kinds  of  loading.  Having  the  general 
solution  (16)  of  the  differential  equations  (5)  with  righthand  sides  equal  to  sero 
one  can  always  find  appropriate  particular  integrals  by  the  method  of  variation 
of  parameters.  It  is  more  convenient  for  certain  kinds  of  load  functions  which 
are  of  interest  to  proceed  in  a  more  direct  manner,  as  follows. 

(a)  Uniform  normal  had  (p  «  po ,  Q  «  0).  One  form  of  the  solution  is  as  in 
the  membrane*  theory  of  shells, 

F,  —  i  poFr^,  IT,  »  0  (32a,  b) 


A  second  form  of  the  particular  solution  may  be  obtained  by  assuming  power 
series  for  F,  and  w, .  This  second  form  has  the  advantage  of  reducing  directly 
to  the  corresponding  solution  of  flat-plate  theory  in  the  limiting  case  R  ^ 

One  finds  by  the  method  of  undetermined  coefficients 


w. 


Por*  ^  (-l)"(r/20‘- 
16Z)  ti  [(2n  H-  2)1]* 


pofl^Z 

i»-0 


(-l)"(r/2Z)*'^ 
[(2n  +  3)!]* 


(4I)*W  ■*'(6I)*\21, 


(33a) 


(kb) 


The  series  will  converge  rapidly  for  sufficiently  small  values  of  r/l. 

It  is  apparent  that  the  same  seri^  method  may  be  used  to  obtain  correspond¬ 
ing  particular  integrals  when  the  load  function  p  is  of  the  form  par*. 

(b)  Parabolic  normal  load  (p  =  pir*,  0^-0).  The  particular  integral  corre¬ 
sponding  to  membrane  theory  is  of  the  form 


Fp  p»flrVl6,  Wp  —  pJl^r'/Et  (34a,  b) 

(c)  Inertia  load  of  a  rotating  ehell.  Let  u  be  the  angular  velocity  and  p  the 
mass  per  unit  area  of  the  shell.  Then 


jf,  *  w*pr,  p  —  tap^jR, 


(36a,  b) 


and 


0  “  —  Jw*pr^,  (1  —  r)V*II  ■■  —  2(1  —  i')m*p»  (36a,  b) 

p  -  20/«  -  2«V-/fi.  (36c) 

Substituting  equations  (36b)  and  (36c)  in  equations  (5)  there  is  obtained 

Fp  -  «VV8,  tr,  -  1(3  +  w)RuWlEt  (37a,  b) 

An  alternate  form  of  the  solution  which  reduces  to  the  solution  for  the  flat 
plate  when  A  »  «  may  again  be  obtained  in  the  form  of  power  series  for  Fp 
and  vDp . 
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8.  Ejqtressions  for  stress  resultants  and  couples.  We  incorporate  in  these 
expressions  the  particular  integrals  corresponding  to  a  uniform  normal  load, 
according  to  equation  (32)  and  obtain  on  the  basis  of  equations  (16)  and  (21), 


(38) 


AT. 


Vr  -  -Dr*{ -Cl  bei'  r/l  +  C,  ber'  r/l  -  C,  kei'  r/l  +  Ci  ker'  r/l] 

Ee 


=  F,  -  tN„/R  »  - 


«\/l2(l  -  F»)  r 


{c.[ 

O' 

1 

1 

1 _ 1 

+  c, 

+  c, 

+  'Ci 

{c.[ 

“C, 

+  c. 

-  Cl 

(39) 

(40) 

(41) 


(42) 


(43) 


For  external  loads  different  from  the  uniform  normal  load  distribution  it  is 
only  necessary  to  calculate  the  additional  resultants  and  couples  which  corre¬ 
spond  to  the  additional  solutions  Fp  and  Wp . 


9.  Solution  for  a  shell  wiffi  point  load  —  P  at  ffie  apex  and  with  no  edge 
restraint.  We  have  to  determine  the  six  constants  C,  in  equations  (16)  and  (38) 


w 
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to  (43)  by  means  of  the  following  conditions 

-  P/2wr  (44a) 

r  —  0;  to,  u/,  N„ ,  N$$  finite  (44b) 

r  ■■  00 ;  t»  —  Mrr  —  M$$  —  0  (44c) 

Comparison  of  (41)  and  (44a)  gives 

C.  -  -  (P/2t)«\/12(1  -  (45) 

Comparison  of  (16a),  (38),  (39)  and  (44b)  gives,  in  view  of  (27c)  and  (28c), 
Cj  "  0,  C4  +  Ce  ■■  0  (46) 


Comparison  of  (16a),  (42),  (43)  and  (44c)  gives,  in  view  of  (29), 

Cl  -  C,  -  C,  -  0 


(47) 


Introducing  (45)  to  (47)  and  (21)  into  (16)  we  have  for  the  normal  displace¬ 
ment  w  and  for  the  stress  function  F, 


Vl2(l  -  t^)PR 


2r 


kei- 
EO  I 


(48a) 

(48b) 


From  (48a)  and  (27a)  follows  for  the  deflection  at  the  point  of  load  application 
t®(0)  =  -  iV3(l  -  r*)  PR/E^  (49) 

The  direct  stresses  vd  **  N/t  are  obtained  from  (39)  and  (40)  in  the  form 
_  Vl2(l  —  i>*)P[~  1  ,  ker'r/Z 


<fr,D 


0$,D 


2r  PKr/P)'*'  r/l  J 
_  Vl2(l  -  i>«)P[‘  -1  _  ker^r/f 


2x  L(r/i)* 


r/l 


.r 


(50a) 

(50b) 


From  (50),  (27)  and  (28)  follows  for  the  direct  stresses  at  the  point  of  load 
application  ' 

<r,.o(0)  -  <r,.D(0)  -  -  i\/3(l  -  v^)P/e  (51) 

Finally,  the  bending  stresses  a*  =  ±  6il//f*  follow  from  (42)  and  (43)  in  the 
form 

(“«) 

«...  =  T  ^  kei'  j  +  » ker  j]  (62b) 

Equations  (52)  reduce  for  small  values  of  r/l  to 


qp  • 

o,,B  Tsa  ffi,B  «  ±  J(1  +  0 


(53) 


DISPLACEMENTS  OP  SHALLOW  SPHERICAL  SHELLS 


287 


Fig.  3  contains  graphs  of  the  direct  stress  distribution  and  of  the  bending 
stress  distribution  on  the  outer  face  of  the  shell.  These  have  been  calculated 
by  means  of  equations  (50)  and  (52),  with  a  value  of  Poisson’s  ratio  of  0.20. 


Fia.  3.  Direct  streeaes  and  bending  atreasee  on  outer  face  of  ahell  of  thickneaa  t  and  radiua  ^  j 
R  cauaed  by  a  point  load  —  P  at  the  apex  of  the  ahell  (I  —  ■v/®/'^12(l  —  »•);  ^  -  .20).j 

Figure  10  contains  a  plot  of  the  deflection  w  calculated  according  to  equation 
(48).* 

*  For  aome  of  the  formulas  given  in  this  aection  see  also  a  paper  by  J.  W.  Geekeler  in  In- 
genieur  Arehiv.  1, 266-270,  (IMO).  Geckeler’s  analysis,  which  is  quite  different  from  ours, 
suffers  from  the  fact  that  he  obtains  a  formula  for  the  deflection  w  which  contains  a  term 
which  becomes  logarithmically  infinite  at  the  point  of  load  application.  He  neglects  this 
infinite  term  compared  with  the  terms  which  remain  finite  and  arrives  in  this  way  at  equa¬ 
tion  (48a). 
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10.  Solution  for  a  ahell  witii  load  — P  uniformly  distributed  over  a 
small  circular  area  witii  center  at  apex.  No  edge  restraint.  Designating 
the  radius  of  the  load  area  by  we  have  the  following  boundary  and  transition 


conditions 

r  «  0;  to,  w'/r,  to",  F'/r,  F"  finite  (54a) 

r  »  Tp'f  to,  to',  VHo ,  (V*to)',  F',  V*F  continuous  (54b) 

f  »  00 ;  to  «  to'  B  VHo  »  0.  (54c) 

Furthermore,  we  have  outside  the  loaded  regioq 

Tp  <  r;  R,  =  PI2irTj  (54d) 

where  P  =  vripo . 

Equations  (54a)  and  (54c)  reduce  the  general  solutions  (16)  as  follows, 

to<  ■»  Cl  ber  r/l  +  C*  bei  r/l  +  C»  (55a) 

Wo  ••  Ct  ker  r/l  +  C*  kei  r/l  ^  (55b) 

Fi  -  ~  V  S’’*  ■  (6«») 

~  I  ~  ‘‘"l  +  ^*  I”  /]•  (56b) 

The  solutions  with  subscript  t  are  valid  when  r  <rp  while  the  subscript  0  refers 
to  the  region  rp  <  r. 

The  equilibrium  condition  (54d)  together  with  (41)  gives 

Co  -  -(F/2t)  V12(1  -  p*)R/Ee  (57) 


To  evaluate  the  transition  conditions  (54b)  somewhat  more  conveniently  we 
define  a  parameter  (i  by 


M  -  rp/l 

and  define  constants  by 

^  ,  PRy/l2(l  -  P*) 


(58) 

(59) 


We  intioduce  (59)  and  (58)  into  (55)  and  (56)  and  obtain  in  terms  of  the  con¬ 
stants  Cn 


wEfiiWi 
tE^h*Wo 
In  particular. 


-  PRy/\2{\  —  r*)lci  ber  r/l  +  c*  bei  r/l  +  c»] ' 
«  PRy/l2{l  —  r*)  [ci  ker  r/l  +  C4  kei  r/l] 


tt><(0) 


PR  12(1  —  »*)  Cl  +  ci 

F<*  T 


(60a) 

(60b) 

(60c) 


t 

0 
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The  direct  stresses  od  =  N/t  become 

i  hd'r/l  berV/1  , 

r/l  r/l  *’ 

r  <r. 

(61a) 

PV12(1  -  F») 

kei  'r/l  ker  'r/l  1  /  M  V 

i“  r/l  “  r/l  Hr/I/’ 

r  <  rj. 

(61b) 

[  Cl  bei  "r/l  —  Ci  ber  "r/l  —  J, 

r  <r. 

(62a) 

< 

1 

[  Ct  kei  "r/l  —  C4  ker  "r/l  4-  i(A*l/r)*, 

Tr  <r 

(62b) 

and  in  particular 

Vf.i>(0) 

_  \/l2(l-r*)Pci-  1 

-n..(0)  ^  p  ^ 

(61c),  (62c) 

The  bending  stresses  of  the  outermost  fibers,  a*  =  ±  63f / ^ ,  become 


12P 


-p2TM*  t  <rM 
**’  12P 


+  +(!,(ber[-i^b«'0  (63a) 

-ft  (k«  J  kar-  0  +  ft  (ker  J  k«'  j)  (63b) 

ft(^‘+(l-r)b«r)+ft(5^'-(l-Ob«r0  (64a) 
«(!E^‘+  (1  -  ,)kei0+  c,(^- a  -»)ker0  (64b) 


and  in  particular 


»,j(0)  ±  »m(0)  -  ^ .  (63c).  (64c) 


The  transition  conditions  for  tp,  u?',  V*ip  ,  F'  and  V*F,  in  this  order,  are  of  the 


form 

Cl  her  M  +  Cl  bei  M  “  c*  her  /i  —  C4  kei  m  =“  Ci  (66a) 

Cl  ber'  M  +  Cl  bei'  n  —  c»  ker^  n  —  tk  kei' m  “  0  (65b) 

—  Cl  hei  It  +  Other  It  +  ctk&  It  —  Ci  ker  ft  =  0  (66c) 

Cl  bd'  It  —  ot  ber'  it  —  Ct  kei' m  +  ci  ker'  =*  0  (8M) 

CiberM  +  cibeiM“C*kerM  —  CikeiM*  1  (66e) 

Comparison  of  (66a)  and  (65e)  gives  the  value  of  ci  directly  as 

ck  -  -  1  (66) 


We  note  that  with  this  value  of  ct  in  equation  (60c)  the  ratio  of  center  deflec¬ 
tion  to  direct  stress  at  center  as  given  by  (61c)  is  seen  to  have  a  value  which  is 
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independent  of  the  radius  of  the  load  area, 

t«(0)/<ri,(0)  -  TRIE  (67) 

It  remains  to  solve  the  four  simultaneous  equations  (65b)  to  (66e)  for  Ci , 
ot ,  Ct  and  ct .  It  happens  that  the  system  (65)  can  be  solved  in  closed  form’ 
as  follows 


Cl  «  —  M  ker'  It,  c»  -  M  kei  Ci  =»  -  m  ber' m,  Ct 
Some  numerical  values  of  these  coefficients  are  given  below* 


It  bei'  It  (68) 


It  -  .257, 

.515, 

.823 

Cl  “  .975, 

.905, 

.779 

Cl  -  .0655, 

.1728, 

.2956 

cs  «  .00028, 

.00438, 

.02871 

Ci  »  .0331, 

.1323, 

.3381 

Figs.  4  to  10  contain  the  results  of  the  calculation  of  deflections,  direct  stresses, 
bending  stresses  and  combined  stressee.  It  is  seen  that  deflections  and  direct 
stresses  vary  only  slightly  with  the  radius  of  the  load  area  while  the  values 
of  the  bending  stresses  are  greatly  dependent  on  the  magnitude  of  | 

We  may  list  once  more  the  explicit  expressions  for  stresses  and  disj^acement 
at  the  apex  of  the  shell,  making  use  of  (68), 

=  (e«b) 

. _  t3(1  +  «')PkeiM 


where  according  to  (10)  and  (58) 

It  «  -^12(1  -  p»)rf/VRt. 


11.  Solution  for  a  shell  wUfa  concentrated  load  at  apex  and  wiffi  edge  re¬ 
strained  against  rotation.  We  assume  that  the  shell  is  supported  by  means  of 
a  ring  of  cross-sectional  area  do  and  modulus  of  elasticity  Et ,  the  ring  being 
restrained  against  rotation  (Fig.  11a).  The  conditions  of  vertical  equilibrium 
and  of  finite  deflection  and  direct  stresses  at  the  apex  are  the  same  as  for  the 

^  H.  Q.  Savidge,  Report  of  the  British  Association  for  the  Advancement  of  Science  (1916), 
page  122. 

'  For  a  shell  with  radios  R  —  102  in.  and  thickness  (  —  i  in.  and  when  w"*  .2  these  values 
of  It  correspond  to  load  areas  of  1A625,  0.26,  and  16  in.*,  respectively. 
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shell  without  edge  restraint  and  are  given  by  equations  (44a)  and  44b).  The 
conditions  of  edge  support  are 

to(ni)  =  to'(»’o)  =  0  (70a,  b) 

Nrrirt)  »  -  (A(vBo/r#)ti»(ro)  (70c) 


Fio.  4.  Direct  ■trewes  and  bending  streues  on  outer  face  of  shell  caused  by  load 
uniformly  distributed  over  circular  area  of  radius  —  .2671,  (f  ~  .20). 

To  satisfy  (70)  we  take  w  and  F  instead  of  as  in  (48)  in  the  form 

„  -  V 120  -  >■)  g  r  ^  C.  1^  r  ^  C.  bei  ^  +  C.}  ( 

F-  -^/kerT  +  ln^-CibeiT  +  Csberjl.  ( 

2)r 


Fio.  5.  Same  aa  Fig.  4  for  rp  —  J>15f  Fio.  6.  Same  as  Fig.  4  for  rp 


Fio.  7.  Meriodional  stresaes  at  upper  and  lower  face  of  shell  for  various  values  of  m  ■■ 

rrH  -  -^12(1  -  »*)(r,/V5i),  (r  - 

We  introduce  (71a)  into  (70a,  b)  and  obtain,  with 

X  -  fs/i,  (72) 

the  following  two  equations  for  the  determination  of  the  constants  of  integration 
Cl  ber  X  +  C*  bei  X  +  C»  ■■  —  kei  X  (73a) 

Cl  ber'  X  +  Cl  bei'  X  »  —  kei'  X  (73b) 

To  evaluate  (70c)  we  take  u*  from  (4b)  and  obtain  first,  with 

K  *  A-oEt/tolEf 


(74) 


794 


Fio.  8.  Circumferential  etfeeseB  at  upper  and  lower  face  of  shell  for  various  values  of 
M  -  r,/l,  (r  -  M). 

as  third  boundary  condition 

V  (1  -  yK)Nrr(r,)  +  -  0.  (70d) 

Taking  Nn  and  N§0  from  (2)  we  have  finally 


(1  -  (1  +  wc)]F'(ro)/r,  +  «(V*F)r,  -  0.  (70e) 


We  introduce  (71b)  into  (70e)  and  obtain  as  the  third  equation  connecting  the 
constants  Ci ,  Ct,  and  Ct , 
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Ci{k  ber  X  +  [1  -  (1  +  r)*]  bei'  XA) 

+  C,{k  bei  X  -  [1  -  (IH-  f)«1  ber"  XA} 

-  -K  kei  X  +  [1  -  (1  +  i-)<cl  ker'  XA  +  [1  -  (1  +  r)«]A*  (73) 


Fig.  9.  Nonnal  diaplacement*  w  of  the  pointa  of  the  middle  surface  of  the  shell  for 
various  values  of  a  ~  ri>/{. 

In  what  follows  we  consider  the  two  limiting  cases  «c  «  <»  (rigid  ring)  and 
K  «  0  (ring  non-resistant  to  axial  forces),  thereby  obtaining  limits  for  the  effect 
of  a  ring  with  finite  value  of  k. 

It  is  convenient  to  make  use  of  the  following  abbreviations  for  certain  product 
functions  which  occur  in  the  solution.' 

*  H.  G.  Savidge,  loe.  eit.  p.  109-111. 
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The  first  foxir  of  these  functions  are  tabulated.*  Some  values  of  Wr  and  Wu 
have  been  calculated  for  the  present  purposes. 


With  equations  (75)  the  solutions  C\  and  Cj  of  (73b,  c)  for  the  two  limiting 
cases  K  =  0  and  *  =  <»  are  found  to  be  of  the  form 

*  I  0  I  • 


Cx 

VuiX)  +  bei'  X/X 

(1  +  i')[yM(X)  +  bei'  X/X]  -  XWti(X)  -  J 

vm 

(1  -1-  v)75(X)  -  XW6(X) 

-Ct 

Fr(X)  -f  ber'  X/X 

(1  +  i')[rr(X)  +  ber'  X/X]  -  XWr(X) 

vho<) 

(1  +  p)Vb(\)  -  \Wbi\) 

With  these  values  of  C\  and  Cs  and  with  C%  from  (73a)  the  solution  (71)  is 
determined.  We  shall  discuss  further  (i)  the  dependence  of  the  center  deflec¬ 
tion  to(0)  on  X,  (ii)  the  dependence  of  the  edge  bending  moment  ilfrr(ro)  on  X. 
We  find 

tr(0)  -  X  Ci(l  -  ber  X)  -  C,  bei  x|  (76) 
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and 

Afrr(ro)~  -  CibeiX  +  C.berX}.  (77) 


In  order  to  compare  these  results  with  the  corresponding  results  for  a  flat  plate 
we  write  for  the  radius  R  of  the  shallow  shell 


R  -  rj/2fc. 

(78a) 

We  further  write 

X  -  r,/l  -  2 -^3(1  -  s*)VV< 

(78b) 

Vl2(l  -  r*)  PR  Prl  1 

2ir  Efl  2tD  X* ' 

(78c) 

In  view  of  (78c)  we  may  write  (76)  and  (77)  in  the  form 

.  ii>(0)  -  -  (PrJ/16wD)/t(X) 

(79) 

A^w(r.)  -  (P/4t)/,(X) 

(80) 

where 

/i(X)  - 

(8/X*){ir/4  +  kei  X  +  Ci(ber  X  -  1)  +  C,  bei  X} 

(81) 

/.(X)  - 

2{  —  ker  X  +  Cr  bei  X  —  Ct  ber  X} 

(82) 

When  X  ■■  0  the  functions  fi  and  ft  must  assume  the  values  unity  in  order  that 
the  corresponding  formulas  of  the  theory  of  flat  {dates  are  obtained. 

The  following  taUe  contains  the  results  of  calculations  which  have  been 
carried  out.“  / 


TABLE  I 


irf(x) 

i 

-  0 

S-0 

■ 

€i 

Cl 

Ct 

Cl 

/i(X) 

A(X) 

/i(X) 

/•(X) 

n 

IfB! 

IffW 

Ifffl 

.00 

.1450 

-4.061 

.7844 

-2.018 

.7837 

-2.018 

.000 

OQQ 
■  vw 

.000 

.000 

-2.422 

.7817 

-2.225 

.7782 

-2.225 

.000 

OQQ 
•  VW 

.000 

.000 

.01 

B 

-.811 

.762^ 

pinica 

.7412 

.000 

.000 

.000 

.006 

1.0 

B 

-.165 

-.6215 

.6111 

-.6317 

.006 

.005 

.065 

.075 

.14 

2.0 

B  52 

.140 

.4328 

-.1285 

.035 

.032 

.817 

■  .58 

3.0 

-.1006 

.1410 

.1460 

.754 

.746 

.515 

.101 

^■kjB 

4.0 

.0143 

HP2 

.408 

2.31 

5.0 

.0481 

.321 

.324 

3.62 

6.0 

HRW 

BQ? 

HkuS 

inrii 

.234 

.161 

-.117 

5.20 

B^^ 

.0014 

.148 

.102 

.122 

8.0 

.0125 

Bf!x!y! 

.111 

.168 

-.050 

0.25 

0.0 

Bfffiv 

-.0013 

-.0001 

.065 

.158 

B 

11.7 

10.0 

.0353 

Kiiiiiii 

-.0001 

mi 

.061 

14.0 

>*  These  oalcuUtions  have  been  oarried  out  with  two  more  deoimale  than  are  listed  in 
the  table.  We  have  employed  no  other  cheeks,  except  to  assure  ourselves  of  the  correct 
limiting  behavior  of  the  functions  ft  and  ft  and  of  the  smoothness  of  the  curves  repre¬ 
senting  ft  and  ft. 


Fio.  12.  Ceater  deflection  due  to  point  load  at  center  for  shell  with  edge  built4n 
'  and  for  shell  with  edge  restrained  against  rotation  but  not  against  expansion 


Fio.  13.  Edge  bending  moment  due  to  point  load  at  center  for  shell  with  edge  built  in 
(«  B  00 ,  •>  M  })  and  for  shell  with  edge  restrained  against  rotation  but  not  against  ex¬ 
pansion  (s  ~  0). 
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Fig.  12  contains  a  plot  of  the  center-deflection  function /i  as  a  function  of  the 
ratio  of  shell  rise  h  to  shell  thickness  (.  As  would  be  expected,  larger  deflections 
occur  for  the  shell  with  partially  restrained  edge  (x  0)  than  for  the  shell  with 
fully  restrained  edge  (k  »).  The  difference  between  the  two  cases  disappears 
for  the  flat  plate  and  also  for  sufficiently  curved  shells  for  which  bending  is 
restricted  to  narrow  xones  near  the  apex  and  near  the  edge.  Of  importance  is 
the  very  marked  effect  of  even  slight  curvature  in  reducing  the  magnitude  of  the 
flat-plate  deflection. 

Fig.  13  contains  a  i^ot  of  the  edge  bending  moment  fimction  ft  in  its  depend¬ 
ence  on  h/t.  The  marked  effect  of  even  slight  curvature  is  again  present.  Of 
interest  is  the  fact  that  for  the  fully  restrained  shell  the  sign  of  the  edge  moment 
is  the  same  for  the  flat  plate  and  for  the  shell  as  long  as  h/t  is  not  greater  than 
about  2  but  the  sign  changes  for  larger  values  of  h/t. 
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ONE-DIMENSIONAL  FLOWS  OF  A  GAS  CHARACTERIZED  BY  VAN 
DER  WAAL’S  EQUATION  OF  STATE 

Bt  Hsux-shkn  Tsibn 


Introduction.  It  is  generally  assumed  in  the  mathematical  analysis  of 
flows  of  a  compressible  fluid  that  the  equation  of  state  for  the  fluid  is  the  equa¬ 
tion  for  a  perfect  gas.  This  assumption,  while  sufficient  for  most  cases  of  air 
flow  under  low  pressures,  does  not  allow  an  accurate  enough  representation  of 
the  properties  of  a  gas  near  its  point  of  condensation.  For  these  flows  of  vapors, 
numerical  and  graphical  methods  are  generally  adopted.  For  instance,  the 
isentropic  expansion  of  steam  can  be  traced  on  the  Mollier  diagram.  A.  Buse- 
mann  (Ref.  1)  has  developed  a  graphical  method  for  determining  the  expansion 
around  a  comer  of  the  supersonic  flows  of  any  real  fluid. 

However,  the  numerical  or  graphical  methods  are  tedious  and  involve  many 
laborious  calculations.  Furthermore,  the  diagrams  constructed  for  one  fluid 
cannot  be  adopted  to  a  different  fluid.  The  analytical  method,  on  the  other 
hand,  is  general  and  the  results  so  established  can  be  applied  to  any  fluid  with 
a  mere  change  of  the  parameters.  In  this  paper,  an  anal3rtical  method  of  cal¬ 
culating  one-dimensional  flows  of  a  gas  characterized  by  van  der  Waal’s  equation 
of  state  will  be  presented.  The  specific  heat  of  the  gas  at  constant  volume  is 
assumed  to  vary  only  with  the  temperature  according  to  a  quadratic  law.  Since 
for  most  applications  envisaged  the  deviation  of  the  results  from  the  conven¬ 
tional  ones  for  a  p>erfect  gas  of  constant  specific  heats  is  expected  to  be  not  more 
than  ten  percent,  the  method,  of  small  perturbation  will  be  used  so  that  terms 
of  second  order  in  the  deviations  from  the  perfect  gas  will  be  neglected.  The 
particular  problems  solved  are  the  isentropic  expansion  in  a  nozzle  and  the 
normal  shock  in  supersonic  flows.  The  calculation  is  prompted  by  the  recent 
interest  in  hypersonic  wind  tunnels  where  extremely  large  expansion  ratios  are 
involved  and  the  deviations  from  the  perfect  gas  are  not  negligible. 

The  flow  of  a  perfect  gas  with  variable  specific  heats  is  treated  by  W.  J.  Walker 
(Ref.  2).  It  seems  that  he  does  not  use  the  method  of  small  perturbation  ex¬ 
plicitly  and  his  results  are  thus  somewhat  awkward  for  flow  calculations.  The 
present  analysis  is  believed  to  be  more  convenient  to  use. 


Isentropic  Expansion  of  a  van  der  Waal  Gas.  If  p  is  the  pressure,  T 
the  temperature^  p  the  density  and  R  the  gas  constant,  van  der  Waal’s  equation 
of  state  is 


(1) 


where  a  and  h  are  constants,  representing  the  effects  of  intermolecular  attraction 
and  molecular  dimensions  respectively.  Let  Cr  be  the  specific  heat  of  the  gas 
at  constant  volume,  assumed  to  be  a  function  of  temperatiu*e  only.  Then  for 
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iaentropic  expansion,  the  first  law  of  thermodynamics  requires  that 

CrdT  +  pdp-'  =  CrdT  -  pdp/p*  -  0  (2) 

By  substituting  equation  (1)  into  equation  (2),  one  has 

CrdT  -  [RT{p  -  5p*)-‘  -  a} dp  -  0  (3) 

Generally,  the  variation  of  the  specific  heat  Cr  can  be  quite  accurately  repre¬ 
sented  by  the  following  expression: 

Cr  -  a  +  +  tT*  (4) 

where  a,  y  ue  constants.  Then  equation  (3)  can  be  written  as 

(a  +  /Sr  +  y't*)dT  -  {RT{p  -  bp*)"*  -  a}dp  -  0  (5) 

This  equation  is  the  differential  law  for  the  variation  of  T  with  p  in  an  isentropic 
expansion. 

To  integrate  equation  (5),  the  calculations  are  greatly  simplified  by  the  assump¬ 
tion  that  quantities  in  second  order  of  a,  b,  /3,  y  can  be  neglected.  This  is  justi¬ 
fied  on  the  ground  that  a,  b,  /S,  y  are  the  deviation  from  a  perfect  gas  and  these 
deviations  are  not  expected  to  exceed  ten  per  cent  for  most  applications.  With 
this  assumption,  the  temperature  T  as  a  function  of  the  density  p  can  be  ex¬ 
pressed  in  the  following  form: 

Tip)  =  T««(p)  -H  aT^^\p)  -h  br‘»(p)  +  |8T‘"(p)  -l-  yT^^^ip)  (6) 

By  substituting  equation  (6)  into  equation  (5)  and  by  equating  the  quantities 
independent  of  a,  b,  /3, 7  to  zero,  one  has 

odT"*’  -  («/p)r‘"dp  =  0  (7) 

This  is  the  equation  connecting  the  temperature  and  density  for  a  perfect  gas 
imdergoing  isentropic  expansion.  The  equations  for  the  correction  terms 

T*"  and  are  obtained  by  substituting  equation  (6)  into  equation  (5) 
and  then  equating  separately  the  coefficients  of  a,  b,  j9,  and  7  in  the  resulting 
expression  to  zero.  Thus,  ^ 


odT”’  -  {(/e/p)r”’  -  i}dp  =  0 

(8) 

-  {{R/p){T^^  -f  p7’‘'”)jdp  -  0 

(9) 

adr<"  -1-  -  {R/p)t*^dp  -  0 

(10) 

ad7^4)  ^  2T(0).^J,(0)  _  .  0 

(11) 

Equations  (7)  to  (11)  are  now  the  linear  first  order  differential  equations  for 
r(o),  and  respectively.  Their  soluticms  are 
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-  p/iR  -  a) 

(13) 

-  (RC/a)p^^‘‘^*" 

(14) 

r*®  -  _  ((7‘/a)p“'“ 

(15) 

-  _  (c*/2a)p**'“ 

(16) 

The  constants  of  integrations  for  T^\  and  are  absorbed  into  the 
constant  C.  The  temperature  T  according  to  equation  (6)  can  then  be  written  as 

<T»  _  ^  I  _  P  I  1.^^  */«+!  iMia  .  C*  SB/a 

■’■S' 


To  eliminate  the  constant  C,  the  quantities  connected  with  the  starting  point 
of  the  expansion  can  be  utilized.  Let  these  quantities  be  denoted  by  the  sub¬ 
script  0.  Then 

T  ^  r  ^  _LL  ^  J*!-  _  ^  *■/«  n  Q^ 

i  0  *  C  p,  +  o  5 - h  0  —  p,  —  p  — p,  7  o“  P»  llo) 

a  —  a  a  a  zoi 

The  constant  C  can  be  eliminated  between  equations  (17)  and  (18).  Then  the 
temperature  ratio  T/To  can  be  written  as 

s  -(£)'[■+ te)  m  -  (J)“}  -»-»{■-  £} 

where  X  is  given  by 

X  «  R/a  (20) 

If  the  specific  heat  Cv  were  constant,  then  »  7  »  0.  If  the  gas  were  perfect, 
then  a  =  b  ^  0.  Then  equation  (19)  would  be  reduced  to  the  simple  relation 
T/T,  =»  (p/p.)^,  the  well-known  equation  for  perfect  gas. 

By  inverting  equation  (19)  and  retsdning  only  terms  of  proper  order  of  magni¬ 
tudes,  one  has 


P 

P* 


-  (?■)!{■  -  f]  -  cm'  -  ©}] 


(21) 


Other  equations  involving  the  pressure  p  can  be  easily  obtained  by  using  the 
equation  of  states  (1).  The  results  are 
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£-(jr[-te)rb{-©”} 

£-©"''[-te)r4,{.-(?,n-as{'-f.} 

-mu'-m 

J.  -  ©""I- fe)r^{- -(£)“} 


(22) 


(23) 


(24) 


(26) 


Thus  once  the  properties  of  the  gas  are  known  and  the  initial  state  of  the  gas 
specified,  the  “correction  parameters”  (ap,/RT,),  (bp,),  (pT^/a)  and  (y'tl/a) 
can  be  immediately  calculated.  Then  the  subsequent  states  of  expansion  can  be 
determined  by  equations  (19)  to  (25).  The  functions  of  density  ratios,  pressure 
ratios  and  temperature  ratios  in  these  equations  are  universal  for  any  gas  and 
are  independent  of  the  initial  conditions. 

Expansion  in  a  Nozzle.  For  isentropic  expansion  of  the  gas  in  a  nozzle, 
one  is  interested  in  d etermining  the  velocity  of  flow.  Let  this  velocity  be  denoted 
by  V,  then  the  dynamic  equation  of  the  flow  is 

pvdv  »=  —dp  (26) 

On  the  other  hand,  equation  (2)  can  be  rewritten  as 

Cy  dT  +  p/p  -  dp/p  -  0  (27) 

By  combining  equations  (4),  (26)  and  (27),  the  following  differential  equation  is 
obtained: 

(a  +  fiT  -h  yT*)dT  -H  d{p/p)  +  vdv  ■*  0  (28) 

If  the  conditions  at  the  starting  point  of  the  expansion,  or  the  stagnation  point, 
are  denoted  by  the  subscript  o,  the  result  of  integrating  equation  (28)  is 
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(29) 


With  the  temperature  ratio  and  pressure  ratio  determined  by  the  equations  given 
in  the  previous  section,  the  velocity  of  the  flow  can  be  then  calculated  by  equa¬ 
tion  (^). 

For  many  applications  such  as  wind  tunnel  design,  the  most  convenient  para¬ 
meter  for  velocity  is  the  Mach  number  M,  the  ratio  of  the  velocity  v  and  the 
velocity  of  sound  c  defined  by 


c*  »  dp/dp 


(30) 


where  p  and  p  are  those  in  an  isentropic  process.  This  quantity  can  thus  be 
calculated  by  differentiating  equation  (22).  The  result  is 


«  ^’(^y [‘  +  (m)  Hr-x  t  -  ifx  (^D -  +  « 


(31) 


Expressed  in  terms  of  local  conditions  p,  T,  and  p,  the  velocity  of  sound  is  given  by 


(32) 


-  (If )  fix  +  -  (t)  IT-X  -  (f)  rfx] 

Equation  (32)  can  be  obtained  from  equation  (31)  by  the  simple  artifice  of  re¬ 
moving  all  the  subscripts.  This  is  the  same  as  moving  the  reference  point  de- 
by  the  subscript  o  to  the  point  concerned.  Equation  (32)  is  considerably  differ¬ 
ent  from  the  conventional  formula  for  the  velocity  of  sound. 


(-1) 


(33) 


It  can  be,  however,  easily  shown  by  means  of  equation  (4)  that  equation  (32) 
can  be  written  as 

The  difference  between  equations  (33)  and  (34)  is  then  purely  due  to  the  “ther¬ 
mal ’’imperfections  of  the  gas. 

In  equation  (29)  the  density  ratio  and  the  pressure  ratio  can  be  replaced  as 
functions  of  the  temperature  ratio  by  equation  (21)  and  (24).  Then  byreplac¬ 
ing  the  velocity  v  by  the  Mach  number  M  through  equation  (31),  one  obtains 
the  relation  between  the  temperature  ratio  T/To  nnd  the  Mach  number: 


T 

r. 


(1  +  XAP/2) 
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Here  ,  (t »  4  and  U  are  functions  of  M  and  X  given  by  the  following  equations: 
X 


X  +  X 


{«■  (l  +  \  Af  )■*'  +  (l  +  ^  -  1} 


(36) 


<•  -  iTi  {("■  - « + 5"’)^"’ + K' + -2  "■r  -  *} 
*  -  rrx +  5  "■)"  -  »  +  «  0  +  s  "■)! 

-  rh  ^  0  +  5  -  (*  +  0  +  -2  "■)!  • 


It  is  easily  recognized  that  the  factor  outside  the  bracket  on  the  right  side  of 
equation  (35)  is  the  conventional  value  of  the  temperature  ratio  for  a  perfect 
gas.  The  functions  ti,  it,  U  and  U  give  then  the  corrections  due  to  “thermal** 
and  “calorical**  imperfections. 

By  using  the  relations  between  the  pressure  ratio,  the  density  ratio  and  the 
temperature  ratio  given  in  the  previous  section,  the  pressure  ratio  and  the 
density  ratio  can  be  calculated  in  terms  of  the  Mach  number.  These  relations 
are  the  following: 


p,  (1  +  XAf»/2)>+<‘'^) 


p,  (1  +  Xilf*/2)>/^ 
where 


P.  -  Af  (1  +  ^  «■)’"  -  r^x  + 1  "■yn 

l  +  +2(^l+iAf’j  -1 

p.  -  (Hf  -  1)  (1  +  ^  m’Y  +  (i  +  s)  (i  +  5  -  k 

+ 0  -  i)  (‘ + -2  "‘r + ^  c + -2  ^ 


(39) 


and 
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+  (‘+rT-x)(‘+-2^*r-(‘  +  rTx) 
“  rrx  (t -')(*+ '2 

4X  +  1  /  -  2^  +  1 

2X(1  +  X)  \  2  /  2X(1  +  X) 

-r+x  (¥-)(■  ^^'■r 

.  9X  +  1  A  ,  X  _  3X  +  1 
■^6X(1  +  X)V"^2  /  6X(1  +  X)\ 


(40) 


Here  again  the  functions  Pi,  P»,Pt,  P4  and  n ,  r» ,  ri ,  r4  are  correction  functions 
for  the  pressure  ratio  and  the  density  ratio  respectively. 

To  calculate  the  cross-sectional  area  A  of  the  nozzle,  one  needs  the  equation 
of  continuity, 


difioA)  —  0 


(41) 


*  From  equation  (41),  thei  change  of  the  area  A  can  be  expressed  as  follows 


But  by  using  equation  (26),  the  first  term  on  the  right  of  above  equation  is 
equal  to 

dp  ^dp  dp _ »*  dv  _  _  jjji  dv 

p  dp  p  c*  t>  i>  * 

Therefore,  equation  (42)  can  be  written  as 

dA/A  »  -  (1  -  M*)do/v  (43) 


This  equation  shows  that  at  the  throat  of  the  nozzle  where  dA  0,  the  local 
Mach  number  is  unity  for  any  equation  of  state.  This  is  the  well-known  result 
generally  deduced  for  flow  of  a  perfect  gas. 

Equation  (41)  requires  that  pvA  «=  constant.  Therefore,  if  quantities  at  the 
throat  are  denoted  by  an  asterisk,  then 


A  -  e!!*  =  (p1\  M  (  \  (ySS\l 

A*  pv  \p,/  \p/  W p./p./  \  c  /  M’ 


(44) 
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All  qiuintities  entering  into  this  equation  can  be  expressed  in  terms  of  the  Mach 
number  M  by  using  the  formulae  previously  derived.  The  result  of  this  calcu¬ 
lation,  retaining  only  first  order  terms  of  a,  h,  0,  and  y,  is 

A 
A* 


_  I  /I  +  \M'/2\ 


H-O/X) 


where 


•  [‘  +  iw)''  - 

i+^Wj  J 


(46) 


1  +  (X/2) 
1  +  X 


1  +  (X/2) 
1  +  X 


4  (1  + 


(46) 


+ 


1  +  X  -  (X' 


X(1  +  X) 

.  (l  +  (>/2)Ki  +  (>/2))[(^^X)--^.(,^X^.)-] 


1(1  -H  (X/2)) 
6  (1  +  X) 

1  +  X  -  X 


+ 


2X(1  +  X) 

1  (1  +  (X/2)) 
6  (1  +  X) 


’o+^r-^o+s^^r]- 


All  characteristics  of  noszle  flow  are  thus  given  by  equations  (35),  (37),  (38) 
and  (46).  In  these  equations,  the  corrections  introduced  by  the  imperfections 
of  the  gas  are  separated  into  a  series  of  terms,  each  of  which  is  a  product  of  two 
factors.  One  factor  is  a  imiversal  function  of  the  Mach  number  M  and  the 
ratio  X  »  R/a,  but  independent  of  the  initial  conditions  of  the  expansion.  The 
other  factor  is  determined  by  these  initial  conditions  only.  This  is  a  consider¬ 
able  simplification  allowed  by  the  small  perturbation  method  adopted. 


Shock  Wave  in  Supersonic  Flow.  In  addition  to  flow  through  a  conver¬ 
gent-divergent  nozzle,  one  dimensional  flows  of  a  gas  have  the  important  feature 
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of  the  formation  of  normal  shock  waves  in  the  supersonic  region.  If  the  Mach 
number  before  the  shock  is  very  large,  the  pressure  ratio  across  the  shock  is  also 
voy  large.  Then  one  must  expect  considerable  deviations  from  the  imperfec¬ 
tions  of  the  gas.  To  determine  these  deviations,  consider  the  shock  as  fixed  in 
space  and  denote  the  conditions  ahead  of  the  shock  by  the  subscript  1  and  condi- 
t'ons  after  the  shock  by  the  subscript  2.  The  flow  velocities  ahead  and  after 
the  shock,  being  normal  to  the  shock  front,  are  thus  Vi  and  vi  respectively.  The 


equation  of  continuity  is  then 

PlVl  —  psVs 

(47) 

The  equation  of  momentum  is 

Pit?i  —  psVs  ”  Pi  ~  Pi 

(48) 

The  equation  for  the  conservation  of  energy  is,  according  to  equation  (28), 


aTi  +  ^  r;  +  ^  Tj  +  +  irj  «  aT,  -f  §  rj  +  J  7l  +  ^  (49) 

2  3  Pi  2  3  p* 

The  equation  of  states  is,  of  course,  the  van  der  Waal  equation 


P* 


RTtPi 
1  —  bpi 


-  apt. 


(50) 


Equations  (47)  to  (50)  form  the  system  of  four  simultaneous  equations  for  the 
four  unknowns  vs  ,  pi ,  pi ,  Tj . 

For  flow  calculations,  it  is  generally  more  convenient  to  express  the  velocities 
as  Mach  numbers.  With  the  aid  of  equation  (32),  equations  (47),  (48)  and  (49) 
can  be  rewritten  as  the  following: 


<’."■(*  +  L  "  iTx m  +  ~ T+l  TT  "  FTx ~J 

wj/i  ,  •v\_  r  1  _  I  _L  ^  _  X  yT\~\ 

p,i»f,(l  +  X)p,|^l  l  +  \  a  1-l-XaJ 

I  r  1  _  1  4.  A  _  ^  __  X  ylT] 

Afi(l  +  X)pi|^l  H-  X  o  H-  X  a  J 

-Af|(l  +  X)pi|^l  1  +  X  a  1 -1- X  a  J  ^  ^ 


aTi  +  ^  Tj  +  5  H  +  +  WiO.  +  X)  ^ 

^  o  Pi  Pi 


r  1  opi  .  ,  _  \  0Ti_  X  yrn 

L  1  +  X  flTi  1  +  X  a  l-H  X  a  J 


«r,  +  I  Tj  -h  J  7l  +  ??  +  iMJd  +  X)  ?? 
2  3  PS  PS 


r, _ 1_  ^  .  b _ ^  yjv 

L  1  +  X  RTi  ^  1-f-Xa  1-1-Xa_ 


(51) 


(52) 


(53) 
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In  the  system  of  equations  (50)  to  (53),  one  can,  for  instance,  eliminate  the 
variables  tn ,  Tt  and  Mt  and  obtain  an  equation  for  pi .  This  process  of  elimina¬ 
tion  is  somewhat  tedious,  but  nevertheless  is  straightforward.  The  result,  re¬ 
taining  only  terms  linear  in  a,  b,  and  7,  is 

fe)’  -  '<1 + -  5}] 


According  to  the  principle  of  small  perturbation  method  adopted  here,  the 
pressure  ratio  (pi/pi)  can  be  expressed  as 


where  none  of  the' functions  =  0,  1,  2,  3,  4)  contains  the  parameter 

a,  b,  /3  or  7.  By  substituting  equation  (55)  into  equation  (54)  and  by  equating 
the  terms  independent  of  a,  &,  /3  or  7  to  zero,  one  has  the  equation  for  the  first 
approximation  (pi/pi)^®  as 

^  -  1(1  +  +  1)  +  {(1  +  WJii!  -  "  <“> 
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The  significant  root  of  this  quadratic  equation  is 

(ST  "  ?Tx 

This  is  the  well-known  result  for  shock  wave  of  a  perfect  gas.  The  correction 
for  intermolecular  attraction  can  be  determined  by  equating  to  zero  the  terms 
with  the  factor  {a/n/RTi)  in  the  result  of  substituting  (55)  into  equation  (54). 
Thus 

[(2  +  X)  -  {(1  +  ml  +  ll]  +  (1  +  X)M! 


Similarly,  one  has 


[(2  +  X)  1(1  +  X)Afi  +  1)] 0  (59) 

r(2  +  \)  1(1  +  X))l/J  +  1|  (^)”’+  (1  +  X)M! 


Since  the  value  of  (pi/pi)^**’  is  given  by  equation  (57),  these  equations  are  linear 
equations  for  the  functions  **  1,  2,  3,  4).  They  can  be  easily  solved. 

The  final  result  for  (p»/pi)  can  be  written  in  the  following  form: 


312 


H8UE-8HEN  T8IEN 


where 

Hi  =  - 

Hi 


2XAfJ(A^i  -  1) 


(XJin  +  2)[2(l  +  X)AfJ-Xl’ 

2kM\ 


n,  =  0 


114 


[2(1  4-  -  X]  [(2  +  X)»  Aff} 

.|x(l  +  X)AfJ  +  4(1  +•  X)  -  -  1] 

[(2  +  X)«  *  +  ^)  +  (1  +  X)  Aft 


2XAft 


[2(1  +  \)M\ 

+  2X(1  +  X)(12  +  12X  -  X*)Aft  +  [(4  +  4X  -  X*)*  +  32(1  +  X)*l 


-2X(12  +  12X-X‘)^j  +  ^}-i]J 


(63) 


By  using  equation  (62)  and  previously  given  relations  (50)  to  (53),  the  density 
ratio  ps/pi ,  the  temperature  ratio  Tt/Ti  and  the  Mach  number  Afi  can  be  deter¬ 
mined.  This  calculation  gives  the  following  relations: 

PI  (2  +  X)M 


Pi  XAf? 
where 


+  iw)  + (?‘)  +  ( v)  ®‘] 


Z)i 


2(1  4-  X)Mi  -  X 
(1  -I-  X)(XAff  4-  2) 


ni4- 


2(M?  -  1) 

(1  4-  X)(XAf?  -I-  2) 


^  _  2(Mt  -  1) 

(XAf!  +  2) 


D. 


Di 


2(1  -f  X)A/?  -  X  „  .  .  2X(Af!  -  1) 
Ui  4-  / 


(1  +  X)(XAf!  +  2) 
2(1  -I-  X)Af!  -  X 


(1  -H  X)(XAf!  4-  2) 
r,  {2(14-X)Aft-X}(XA^4-2) 


n4  4- 


(1  4-  X)(XAfi  +  2) 

2X(Af!  -  1) 

(1  4-  X)(XAf!  -h  2) 


>  (65) 


Ti 


where 


(2  +  X)*Af! 


Tl 


(2  4- X)*  Aft  (2  4-X) 


(66) 


Hi  -  Di  4- 

Q, 


(XAff  -I-  2)*  (2(1  -I-  X)Af!  -  X} 
T»'  ■■  n*  —  Di ,  T4  *  1I4  —  2)4 


- 1 


(67) 
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If.  -  /j/ 


XAf|  -I-  2 
2(1  -I-  X)Af?  -  X 


■[‘  +  (sr.)  ”*■ "  +  (^“‘l 


where 


mi 


m* 


mi 


tru  = 


(1  -H  -H  2) 

L(XAf!  +  2)«  {2(1  -{-  \)M\  -  X}  ‘J 

('  +  !)("!+ i  +  x) 

(XAf?  +  2) 

(XAff-1-2)  L(^Af?  +  2)  J 

'{\M\  +  2){2{l+X)Ml-\]  1 

(l-l-X)(XJlf? -1-2)1 

.(2  -1-  X)W?  J 

(i  +  ^)(m,  +  1  +  j  n. 

(XM!  -H  2) 

x(i  + 

r(XM?  +  2)*{2(l-|-X)Af?-X}’  1 

(1  -f  X)(XAf!  -b  2) 

L  {2  +  X)*M\  J 

(l  +  -2)(a/i  +  ,  +  x) 

(XAf*  +  2) 

Hi 


(68) 


}  (69) 


Equations  (62),  (64),  (66)  and  (68)  show  that  all  pertinent  quantities  for  the 
shock  can  be  calculated  by  applying  a  series  of  correction  terms  to  the  formulae 
for  perfect  gas.  Similar  to  results  obtained  in  the  preceeding  section,  these 
correction  terms  are  products  of  two  factors.  One  factor  is  a  universal  fimction 
of  the  Mach  number  M  and  the  ratio  X  =  R/a,  but  independent  of  the  initial 
conditions  of  the  shock.  The  other  factor  is  determined  by  these  initial  condi¬ 
tions  only. 

Parameters  for  Constants  a  and  6.  In  the  analysis  of  the  previous 
sections,  the  two  parameters  {ap)/RT  and  {bp)  appear  in  all  the  formulae  for 
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computation.  The  constants  a  and  h  are  connected  with  the  critical  pressure 
p,  and  the  critical  temperature  T,  in  the  following  way:  (Ref.  3) 


1  a 


T  ^ 

*  27  Rb 


(70) 


(71) 


By  solving  these  equations  for  a  and  b,  one  has 

^  ^  (RT,)*  IRT, 

^  64  p,  ’  8  p. 

Therefore,  if  only  first  order  quantities  in  a,  &  are  considered,  then  equation  (71) 
and  the  equation  of  states  give 

2L  - 


RT  64\r 


(72) 


and 


(73) 


These  forms  of  the  parameters  are  believed  to  be  more  convenient  in  actual 
computations  and  they  clearly  bring  out  the  non-dimensional  character  of  the 
parameters. 

Properties  of  Air.  The  experimentally  determined  values  of  a  and  b  for 
air  are  given  by  J.  Jeans  (Ref.  4).  From  these  constants,  the  “critical  pressure” 
and  the  “critical  temperature”  can  be  computed  by  using  equation  (70).  The 
values  in  engineering  units  are 

p.  -  324.6  psia,  T,  -  181. 1®R  (74) 

Since  air  is  a  mixture  of  several  gases,  such  critical  pressure  and  critical  tempera¬ 
ture  are  not  real  quantities,  but  convenient  substitutes  for  a  and  h  in  the  van  der 
Waal  equation  of  state. 

The  specific  heat  of  air  at  constant  volume  is  given  by  J.  H.  Keenan  and  J. 
Kaye  (Ref.  5)  as  a  function  of  temperature.  By  fitting  the  tabulated  data  from 
T  —  300°F  to  T  »  1000°R  to  equation  (4)  with  the  method  of  least  square,  the 
constants  a,  0  and  y  are  determined  as 

a  =»  0.17457  B.t.u.  per  lb.  per  ®F 

0  -  -0.01877  X  10~*  B.t.u.  per  lb.  per  ("F)*  (76) 

y  -=  0.02441  X  10~*  B.t.u.  per  lb.  per  (“F)* 

Since  the  gas  constant  R  for  air  is  0.0685  B.t.u.  per  lb.  per  T, 

X  -  «/a  -  0.3920  (76) 

Tabulation  of  Functions  for  Air.  To  facilitate  the  application  of  re¬ 
sults  obtained  in  the  previous  sections,  the  universal  correction  functions  speci¬ 
fied  by  equations  (36),  (39),  (40),  (46),  (63),  (65),  (67)  and  (69)  are  tabulated 
for  air  in  Tables  1  to  8.  The  values  of  factors  outside  the  bracket  of  equations 
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(36),  (37),  (38),  (46),  (62),  (64),  (66)  and  (68),  which  are  the  values  of  the 
different  quantities  for  a  perfect  gas,  are  also  given  in  the  first  columns  of  these 
tables.  It  is  seen  that  the  correction  functions  have  appreciable  magnitudes 
even  for  moderate  Mach  numbers.  Thus  even  for  a  Mach  number  as  low  as  3, 
the  deviations  from  the  perfect  gas  cannot  be  n^ected  if  the  correction  par¬ 
ameters  are  not  extremely  small. 


Application  of  Results  to  a  Hypersonic  Wind  Tunnel.  As  an  example,  the 
results  of  analysis  will  be  applied  presently  to  a  hypersonic  wind  tunnel  of  Mach 
number  16  in  its  test  section.  Let  the  pressure  at  inlet  to  the  nossle  be  600  psia, 
and  the  temperature  800°R.  Then  the  values  of  correction  parameters  are 


(tp, 

RT. 


27  /181.iY  600 
64  \  800  /  324.6 


0.0396 


1181.1  600 
8  800  324.6 


0.06230 


PT,  _  0.01877  X  0.800 

a  0.17467 


-0.08602 


0.02441  X  0.800* 
0.17457 


0.08949 


With  the  aid  of  Tables  1  to  4,  the  conditions  of  air  at  the  test  section  can  be 
calculated  as  follows: 

r  =  800  X  0.0221729  (1  -  0.03996  X  0.27702  +  0.06230  X  0.28149 

-  0.08*602  X  0.36512  -|-  0.08949  X  0.23960)  =  17.626‘’R 
p  =  600  X  0.00000133656(1  -  0.03996  X  1.62670  +  0.05230  X  0.99968 

+  0.08602  X  1.19789  -  0.08949  X  0.39642)  *=  0.00084591  psia 
A/ A*  =  6791.55  (1  +  .03996  X  1.77417  -  0.05230  X  1.08814  -  0.08602 


X  1.29528  +  0.08949  X  0.46368)  =  6411.6 


Considerable  deviations  from  the  values  for  a  perfect  gas  are  thus  present. 

Now  if  there  is  a  normal  shock  wave  immediately  after  the  test  section,  Tables 
5  to  8  can  be  used  to  calculate  conditions  afte**  the  shock  wave.  Here  the  cor¬ 
rection  parameters  are 


api 

RTi 


27  /  181.1  Y  0.00084591 
64  \17.626/  324.6 


=  0.00012 


1  181.1  0.00084591 
8  17.626  324.6 


0.0000034 


a 


0.01877  X  0.017626 
0.17456 


-0.0018952 


tT? 
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Then  the  temperature  and  the  pressure  can  be  calculated  as  follows: 

Tt  -  17.626  X  43.8613  (1  -  0.00012  X  1.64286  +  0.0018952  X  14.983 

-  0.00004344  X  430.55)  -  780.44*12 

p,  «  0.00084591  X  261.709  (1  -  0.00012  X  0.69978  -  0.0018952  X  3.4082 

+  0.00004344  X  107.67)  *  0.22097  psia 

Mt  =  0.379589  (1  -}-  0.00012  X  0.24269  -  0.0000034  X  14.818  -  0.0018952 

X  25.809  +  0.00004344  X  1293.2)  -  0.38234 

The  deviations  from  the  values  for  a  perfect  gas  are  much  smaller  here  than  for 
the  expansion.  The  reason  is,  of  course,  the  much  lower  pressure  level  for  the 
shock  process.  If  a  system  of  compressors  is  used  to  recompress  the  air  after 
the  shock  to  the  pressure  p«  at  inlet  to  the  nozzle  so  that  the  wind  tunnel  can 
be  operated  continuously,  the  overall  compression  ratio  required  is  thus  p«/pi , 
or  approximately  2700. 

Masbachusbtts  Institutb  or  Tbchnoloot. 

REFERENCES 

1.  A.  BuBemsnn,  “Gasdjnuunik,"  pp.  421-431,  Part  1,  Vol.  IV  of  Handbuch  der  Experi* 

mentalphymk,  Akademische  Verlag,  Leipzig  (1931). 

2.  W.  J.  Walker,  "The  Effect  of  Variable  Specific  Heats  on  the  Discharge  of  Oases  Through 

Orifices  or  Nozzles,"  Phil.  Mag.  (6),  Vol.  43,  pp.  689-492  (1922).  “Specific  Heat 
Variations  in  Relation  to  the  Dynamic  Action  of  Gases  and  Their  Equation  of 
Sute,"  Ibid.,  Vol.  60,  pp.  1244-1260  (1926). 

8.  See  for  instance  P.  S.  Epstein,  “Textbook  of  Thermodynamics,”  p.  12,  John  Wiley  A 
Sons,  New  York  (1937). 

4.  J.  Jeans,  “An  Introduction  to  the  Kinetic  Theory  of  Gases,"  pp.  81-83,  Cambridge 

University  Press,  Cambridge  (1940). 

5.  J.  H.  Keenan  and  J.  Kaye,  “Thermodjmamic  Properties  of  Air,"  p.  36,  John  V^ley  A 

Sons,  New  York  (1946). 


ONE-DIMENSIONAL  FLOWS  OF  A  OAS 


317 


TABLE  I 


Functions  for  Temperature  Ratio  in  Expansion  of  Air,  cf.  Equations  (S6)  and  (S6) 


M 

(1  + 

<1 

u 

U 

0 

1.00000 

0 

0 

0 

0 

0.6 

0.963289 

0.04218 

0.03870 

0.04631 

0.04397 

1.0 

0.836120 

0.11012 

0.07616 

0.14667 

0.13176 

1.6 

0.693963 

0.12769 

0.03636 

0.24602 

0.20094 

2.0 

0.660638 

0.09041 

-0.04482 

0.31671 

0.23617 

2.6 

0.449438 

0.02866 

-0.12201 

0.36632 

0.24904 

3.0 

0.361796 

-0.03396 

-0.17868 

0.37720 

0.26166 

0.294031 

-0.08760 

-0.21678 

0.38660 

0.26066 

0.241780 

-0.13001 

-0.23926 

0.38982 

0.24866 

0.201248 

-0.16271 

-0.26392 

0.38992 

0.24662 

6.0 

0.169492 

-0.18761 

-0.26316 

0.38862 

0.24602 

6.6 

0.144321 

-0.20666 

-0.26906 

0.38649 

0.24376 

6.0 

0.124131 

-0.22106 

-0.27289 

0.38428 

0.24281 

6.6 

0.107747 

-0.23226 

-0.27644 

0.38210 

0.24208 

7.0 

0.0943040 

-0.24097 

-0.27716 

0.38006 

0.24163 

7.6 

0.0831601 

-0.24784 

-0.27836 

0.37818 

0.24111 

8.0 

0.0738334 

-0.26329 

-0.27918 

0.37649 

0.24079 

8.6 

0.0669687 

-0.26767 

-0.27977 

0.37498 

0.24064 

9.0 

0.0692667 

-0.26121 

-0.28020 

0.37363 

0.24034 

9.6 

0.0636074 

-0.26411 

-0.28062 

0.37243 

0.24019 

10 

0.0486437 

-0.26660 

-0.28076 

0.37136 

0.24007 

11 

0.0404696 

-0.27014 

-0.28107 

0.36964 

0.23989 

12 

0.0342186 

-0.27271 

-0.28126 

0.36808 

0.23977 

13 

0.0293049 

-0.27469 

-0.28137 

0.36690 

0.23969 

14 

0.0263704 

-0.27697 

-0.28144 

0.36693 

0.23964 

16 

0.0221729 

-0.27702 

-0.28149 

0.36612 

16 

0.0196404 

-0.27783 

-0.38162 

0.36446 

0.23967 

17 

0.0173479 

-0.27846 

-0.28166 

0.36389 

0.23966 

18 

0.0166029 

-0.27896 

-0.28166 

0.36341 

0.23963 

19 

0.0139361 

-0.27936 

-0.28167 

0.36300 

0.23962 

20 

0.0126966 

-0.27969 

-0.28168 

0.36264 

0.23961 

00 

0 

-0.28161 

-0.28161 

0.36920 

0.23946 
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TABLE  II 


Functiontfor  Pressure  Ratio  in  Expansion  of  Air,  cf.  Equations  (57)  and  {39) 


M 

(1  + 

Pi 

Pt 

Pi 

Pi 

o 

1.000000 

0 

0 

0 

0 

WM 

0.843775 

0.10367 

0.13741 

0.04175 

0.09655 

1.0 

0.529633 

0.23475 

0.26688 

0.10277 

0.25853 

1.5 

0.273263 

0.17452 

0.12912 

0.09292 

0.32318 

2.0 

0.128024 

-0.06100 

-0.15914 

0 

0.27812 

2.5 

0.0584285 

-0.35648 

-0.43324 

-0.13919 

0.18211 

3.0 

0.0270452 

-0.63213 

-0.63413 

-0.28862 

0.07957 

0;0129495 

-0.85887 

-0.76624 

-0.42813 

-0.01071 

0.00646413 

-1.03509 

-0.84957 

-0.54997 

-0.08447 

0.00336926 

-1.16889 

-0.90166 

-0.65304 

-0.14306 

5.0 

0.00183100 

-1.26983 

-0.93445 

-0.73901 

-0.18926 

5.5 

0.00103458 

-1.34619 

-0.95541 

-0.81042 

-0.22582 

6.0 

0.000605831 

-1.40437 

-0.96904 

-0.86978 

-0.25497 

6.5 

0.000366481 

-1.44911 

-0.97808 

-0.91932 

-0.27844 

■23 

0.000228316 

-1.48388 

-0.98420 

-0.96087 

-0.29754 

7.5 

0.000146082 

-1.51118 

-0.98842 

-0.99594 

-0.31325 

8.0 

0.0000957511 

-1.53285 

-0.99137 

-1.02573 

-0.32629 

8.5 

0.0000641522 

-1.55021 

-0.99348 

-1.05119 

-0.33722 

9.0 

0.0000438471 

-1.56426 

-0.99501 

-1.07308 

-0.34646 

9.5 

0.0000305191 

-1.57573 

-0.99614 

-1.09202 

-0.35434 

10 

0.0000215989 

-1.58517 

-0.99697 

-1.10849 

-0.36111 

11 

0.0000113111 

-1.59954 

-0.99808 

-1.13556 

-0.37205 

12 

0.00000623921 

-1.60972 

-0.99874 

-1.15666 

-0.38043 

13 

0.00000359810 

-1.61710 

-0.99915 

-1.17340 

-0.38698 

14 

0.00000215643 

*-1.62257 

-0.99941 

-1.18688 

-0.39220 

15 

0.00000133655 

-1.62670 

-0.99958 

-1.19789 

-0.39642 

16 

0.000000853240 

'-1. 62988 

-0.99970 

-1.20699 

-0.39988 

17 

0.000000559150 

-1.63237 

-0.99978 

-1.21459 

-0.40275 

18 

0.000000375078 

-1.63433 

-0.99983 

-1.22101 

-0.40516 

19 

0.000000256927 

-1.63591 

-0.99987 

-1.22647 

-0.40721 

20 

0.000000179350 

-1.63718 

-0.99990 

-1.23115 

-0.40895 

00 

0 

-1.64474 

-1.00000 

-1.27551 

-0.42517 
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TABLE  III 


Funciiont  for  Density  Ratio  in  Expansion  of  Air,  cf.  Equations  (38)  and  (40) 


M 

(1  + 

n 

rt 

ri 

rt 

1.000000 

0 

0 

0.885120 

-0.01002 

-0.01617 

-0.00357 

-0.00422 

0.633441 

-0.11778 

-0.17483 

-0.04390 

-0.04770 

1.6 

0.393772 

-0.38674 

-0.51357 

-0.16311 

-0.14865 

0.228395 

-0.74396 

-0.88593 

-0.36671 

-0.27226 

2.5 

0.130003 

-1.09687 

-1.18124 

-0.49661 

-0.38265 

3.0 

0.0747628 

-1.39155 

-1.38080 

-0.66683 

-0.46669 

0.0440414 

-1.62159 

-1.50642 

-0.81472 

-0.52604 

0.0267357 

-1.79451 

-1.58369 

-0.93979 

-0.56686 

0.0167419 

-1.92299 

-1.63100 

-1.04295 

-0.59471 

5.0 

0.0108029 

-2.01849 

-1.66050 

-1.12763 

-0.61383 

6.5 

0.00716857 

-2.08997 

-1.67919 

-1.19691 

-0.62710 

6.0 

0.00488067 

-2.14399 

-1.69127 

-1.25406 

-0.63645 

6.5 

0.00340131 

-2.18529 

-1.69924 

-1.30142 

-0.64315 

7.0 

0.00242106 

-2.21724 

-1.70462 

-1.34093 

-0.64802 

7.5 

0.00176663 

-2.24223 

-1.70831 

-1.37413 

-0.66161 

8.9 

0.00129685 

-2.26200 

-1.71090 

-1.38669 

-0.66430 

8.5 

0.000972612 

-2.27780 

-1.71274 

-1.42617 

-0.65634 

9.0 

0.000739965 

-2.29056 

-1.71407 

-1.44671 

-0.66791 

9.6 

0.000670372 

-2.30096 

-1.71504 

-1.46445 

-0.66913 

10 

0.000444937 

-2.30960 

-1.71677 

-1.47985 

-0.66009 

11 

0.000279566 

-2.32250 

-1.71674 

-1.50610 

-0.66146 

12 

0.000182334 

-2.33167 

-1.71731 

-1.62475 

-0.66235 

13 

0.000122782 

-2.33832 

-1.71766 

-1.54030 

-0.66296 

14 

0.0000849978 

-2.34324 

-1.71788 

-1.56281 

-0.66337 

15 

0.0000602785 

-2.34696 

-1.71803 

-1.56302 

-0.66367 

16 

0.0000436654 

-2.34982 

-1.71813 

-1.57144 

-0.66388 

17 

0.0000322315 

-2.35205 

-1.71820 

-1.57848 

-0.66404 

18 

0.0000241940 

-2.35381 

-1.71825 

-1.58441 

-0.66416 

19 

0.0000184361 

-2.35522 

-1.71828 

-1.58946 

-0.66425 

20 

0.0000142403 

-2.36636 

-1.71831 

-1.59379 

-0.66432 

QO 

0 

-2.36313 

-1.71839 

-1.63471 

-0.66463 
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TABLE  IV 

FunctioM  for  Area  Ratio  in  Expansion  of  Air,  cf.  Equations  {J^S)  and  {J^) 


M 

1  /I  +  JX3f*\  ♦+<»'« 

Af  V  1  +  iX  ) 

/. 

/. 

ft 

ft 

0 

00 

0.14556 

0.22930 

0.05251 

0.06055 

0.5 

2.11617 

0.07305 

0.11124 

0.02684 

0.02993 

I.O 

1.00000 

0 

0 

0 

0 

1.5 

1.85836 

0.09579 

0.11836 

0.03951 

0.03573 

2.0 

2.67372 

0.33519 

0.36603 

0.14848 

0.11815 

2.5 

4.19667 

0.61643 

0.60154 

0.29233 

0.20621 

3.0 

6.77883 

0.87242 

0.77415 

0.43987 

0.27894 

3.5 

10.93978 

1.0839 

0.88765 

0.57453 

0.33268 

4.0 

17.3890 

1.24088 

0.95925 

0.69062 

0.37056 

4.5 

27.0553 

1.36218 

1.00400 

0.78803 

0.39685 

5.0 

41.1196 

1.45342 

1.03218 

0.86884 

0.41511 

5.5 

61.0484 

1.52228 

1.05018 

0.93569 

0.42789 

6.0 

88.6282 

1.57467 

1.06189 

0.99110 

0.43696 

6.5 

126.0004 

1.61490 

1.06966 

1.03724 

0.44349 

7.0 

175.697 

1.64614 

1.07492 

1.07588 

0.44825 

7.5 

240.677 

1.67065 

1.07855 

1.10845 

0.45177 

8.0 

324.360 

1.69009 

1.08109 

1.13608 

0.45442 

8.5 

430.665 

1.70566 

1.08290 

1.15967 

0.45643 

9.0 

564.048 

1.71826 

1.08421 

1.17995 

0.45797 

9.5 

729.534 

1.72853 

1.08518 

1.19747 

0.45918 

10 

932.759 

1.73699 

1.08590 

1.21271 

0.46013 

11 

1478.244 

1.74986 

1.08685 

1.23773 

0.46149 

12 

2259.20 

1.75897 

1.08742 

1.25722 

0.46237 

13 

3346.47 

1.76557 

1.08777 

1.27268 

0.46297 

14 

4824.31 

1.77047 

1.08799 

1.28512 

0.46339 

15 

6791.55 

77417 

1.08814 

1.29528 

0.46368 

16 

9362.89 

1.77701 

1.08824 

1.30367 

0.46389 

17 

12670.1 

1.77924 

1.08831 

1.31068 

0.46405 

18 

16863.5 

1.78108 

1.08835 

1.31660 

0.46417 

19 

22112.7 

1.78240 

1.08839 

1.32163 

0.46426 

20 

28608.5 

1.78354 

1.08841 

1.32594 

0.46433 

00 

00 

1.79029 

1.08850 

1.36681 

0.46464 
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TABLE  V 


Functiom  for  Presmre  Ratio  Actom  a  Shock  Wave  in  Air, 
cf.  EqtuUions  (6i)  and  (63) 


2(1  +  \)M]  -  X 
(2+X) 

Hi 

nt 

n, 

n« 

1.00000 

0 

0 

0 

0 

2.45485 

-0.13030 

0 

-0.03350 

0.01038 

4.48829 

-0.24560 

-0.02392 

0.07421 

7.11037 

-0.33989 

0 

0.00318 

0.18519 

10.31604 

-0.41402 

0 

0.04179 

0.35259 

14.0937 

-0.47118 

0 

0.08997 

0.59120 

18.4582 

-0.51519 

0.14688 

0.91976 

23.4047 

-0.54930 

0 

0.21214 

1.36032 

28.9331 

-0.57601 

0 

0.28555 

1.93806 

35.0435 

-0.59717 

0 

0.36699 

2.68119 

41.7358 

-0.61414 

0 

0.45639 

3.62097 

49.0100 

-0.62791 

0 

0.55370 

4.79163 

56.8662 

-0.63920 

0 

0.65891 

6.23043 

65.3044 

-0.64856 

0 

0.77199 

7.97757 

74.3244 

.-0.65640 

0 

0.89292 

10.07629 

83.9264 

-0.66301 

0 

1.02170 

12.5728 

94.1104 

-0.66864 

0 

1.15832 

15.5162 

104.876 

-0.67347 

0 

1.30278 

18.9587 

116.224 

-0.67764 

0 

1.45507 

22.9555 

140.666 

-0.68443 

0 

1.78312 

32.8473 

167.435 

-0.68967 

0 

2. 14247 

45.6925 

196.532 

-0.69379 

0 

2.53310 

62.0394 

227.957 

-0.69709 

0 

2.95501 

82.4843 

261.709 

-0.69978 

0 

3.40819 

107.6710 

297.789 

-0.70199 

0 

3.89264 

138.291 

336.197 

-0.70383 

0 

4.40835 

175.084 

376.933 

-0.70538 

0 

4.95533 

218.837 

419.997 

-0.70669 

0 

5.53357 

270.384 

465.388 

-0.70782 

0 

6.14307 

330.608 
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TABLE  VI 


Functiorufor  Density  Ratio  Acroes  Shock  Wave  in  Air,  c/.  Equations  (64)  and  (66) 


Mx 

(2  +  X)Jf* 

XJfJ  +  2 

Dx 

D, 

Dx 

Dx 

1.0 

1.00000 

0 

0 

0 

0 

1.5 

1.86745 

0.43246 

0.86745 

0.19525 

0.25948 

2.0 

2.68161 

0.67716 

1.68161 

0.42186 

0.63396 

2.5 

3.35955 

0.76183 

2.35955 

0.67319 

1.17296 

3.0 

3.89436 

0.75227 

2.89436 

0.94903 

1.94519 

3.5 

4.30785 

0.69872 

3.30785 

1.21585 

3.03647 

4.0 

4.62669 

0.62993 

3.62669 

1.58451 

4.54807 

4.5 

4.87402 

0.56009 

3.87402 

1.94948 

6.59610 

5.0 

5.06780 

0.49530 

4.06780 

2.34866 

9.31140 

5.5 

5.22139 

0.43767 

4.22139 

2.78348 

12.8396 

6.0 

5.34459 

0.38743 

4.34459 

3.25496 

17.3413 

6.5 

5.44456 

0.34403 

4.44456 

3.76386 

22.9919 

7.0 

5.52659 

0.30666 

4.52659 

4.31074 

29.9822 

7.5 

5.59460 

0.27449 

4.59460 

4.89601 

38.6025 

8.0 

5.65151 

0.24672 

4.65151 

5.51998 

48.8191 

8.5 

5.69956 

0.22268 

4.69956 

6.18289 

61.1224 

9.0 

5.74046 

0.20180 

4.74046 

6.88492 

75.6788 

9.5 

5.77554 

0.18357 

4.77554 

7.62620 

92.7545 

10 

5.80583 

0.16760 

4.80583 

8.40685 

112.6310 

11 

5.85516 

0.14112 

4.85516 

10.08657 

161.988 

12 

5.89324 

0.12029 

4.89324 

11.9246 

226.306 

13 

5.92322 

0.10365 

4.92322 

13.9212 

308.382 

14 

5.94723 

0.09017 

4.94723 

16.0767 

41L260 

15 

5.96674 

0.07911 

4.96674 

18.3912 

538.224 

16 

5.98280 

'0:06995 

4.98280 

20.8648 

692.803 

17 

5.99618 

0.06227 

4.99618 

23.4976 

878.770 

18 

6.00744 

0.05577 

5.00744 

26.2897 

1100.14 

19 

6.01700 

0.05023 

5.01700 

29.2410 

1361.17 

20 

6.02519 

0.04547 

5.02519 

32.3517 

1666.36 
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TABLE  VII 


Functions  for  Temperature  Ratio  Across  a  Shock  Wave  in  Air, 
cf.  Equations  (66)  and  (67) 


M, 

|2(1 -f- X)Af;  -  X}(2  +  XAfJ) 

Tl 

T* 

»■« 

T4 

(2  -1-  X)*Af* 

1.0 

1.00000 

0 

0 

0 

0 

1.6 

1.31454 

-0.14214 

0 

-0.22876 

-0.24910 

2.0 

1.67373 

-0. 32058 

0 

-0.44578 

-0.55976 

2.5 

2.11646 

-0.6143S 

0 

-0.67002 

-0.98777 

3.0 

2.64769 

-0.6eM4 

0 

-0.90724 

-1.59260 

3.5 

3.27162 

-0.85318 

0 

-1.16188 

-2.44527 

4.0 

3.98950 

-0.9S&W 

0 

-1.43763 

-3.62831 

4.5 

4.80193 

-1.0943? 

0 

-1.73734 

-5.23577 

5.0 

5.70921 

-1.18.365 

0 

-2.06312 

-7.37334 

5.5 

6.71153 

—  1.25637 

0 

-2.41649 

-10.1684 

6.0 

7.80898 

-1.31715 

0 

-2.79867 

-13.7203 

6.5 

9.00165 

—  1.36709 

0 

-3.21016 

-18.2003 

7.0 

10.28956 

— 1.40S76 

0 

-3.65183 

-23.7517 

7.5 

11.6728 

-1.44377 

0 

-4.12402 

-30.6249 

8.0 

13.1613 

-1.47339 

0 

-4.62706 

-38.7428 

8.5 

14.7251 

-1.49883 

0 

-6.16119 

-48.5496 

9.0 

16.3942 

0 

-5.72659 

-60.1626 

9.5 

18.1687 

-1.6.3898 

0 

-6.32342 

-73.7958 

10 

20.0185 

— 1.55621 

0 

-6.95178 

-89.6755 

11 

24.0242 

-1.58182 

0 

-8.30345 

-129.141 

12 

28.4113 

-1.602.53 

0 

-9.78211 

-180.613 

13 

33.1799 

-1.61584 

0 

-11.3881 

-246.343 

14 

38.3299 

-1.63210 

0 

-13.1217 

-328.776 

15 

43.8613 

-1.64286 

0 

-14  ..9830 

-430.553 

16 

49.7742 

-1.65174 

0 

-16.9722 

-554.512 

17 

56.0686 

-1.65915 

0 

-19.0893 

-703.686 

18 

62.7444 

-1.68.540 

0 

-21.3343 

-881.301 

19 

69.8017 

-1.67072 

0 

-23.7074 

-1090.78 

20 

77.2404 

-1.67628 

0 

-26.2086 

-1335.75 
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TABLE  VIII 


Functions  for  Mach  Number  After  a  Shock  Wave  in  Air,  cf.  Equations  (68)  and  (69) 


Ml 

mi 

mt 

mi 

mi 

1.0 

1.000000 

0 

0 

0 

0 

1.5 

0.700575 

0.44264 

0.80996 

0.12397 

0.17864 

2.0 

0.576491 

0.96828 

2.25472 

0.29220 

0.56286 

2.5 

0.511511 

1.34534 

3.96352 

0.52218 

1.29906 

3.0 

0.473427 

1.52916 

5.63583 

0.81562 

2.55433 

3.5 

0.449186 

1.56450 

7.12487 

1.17274 

4.53773 

4.0 

0.432843 

1.51075 

8.38980 

1.59250 

7.49399 

4.5 

0.421326 

1.41242 

9.44102 

2.07387 

11.7057 

5.0 

0.412922 

1.29693 

10.3074 

2.61601 

17.4933 

5.5 

0.406600 

1.17964 

11.0208 

3.21825 

25.2154 

6.0 

0.401739 

1.06807 

11.6100 

3.88011 

35.2683 

6.5 

0.397915 

0.96561 

12.0994 

4.60125 

48.0863 

7.0 

0.394859 

0.87330 

12.5083 

5.38140 

64.1417 

7.5 

0.392379 

0.79099 

12.8525 

6.22035 

83.9445 

8.0 

0.390340 

0.71800 

13.1440 

7.11797 

108.042 

8.5 

0.388643 

0.65339 

13.3927 

8.07413 

137.021 

9.0 

0.387213 

0.59622 

13.6062 

9.08875 

171.504 

0.5 

0.386003 

0.54558 

13.7906 

10.16177 

212.153 

10 

0.384964 

0.50064 

13.9509 

11.2931 

259.667 

11 

0.383294 

0.42504 

14.2138 

13.7307 

378.274 

12 

0.382016 

0.36458 

14.4185 

16.4013 

533.674 

13 

0.381021 

0.31569 

14.5807 

19.3046 

732.822 

14 

0.380230 

0.27572 

14.7112 

22.4407 

983.273 

15 

0.379589 

0.24269 

14.8176 

25.8093 

1293.19 

16 

0.379065 

0.21513 

14.9056 

29.4106 

1671.35 

17 

0.378630 

0.19192 

14.9790 

33.2444 

2127.11 

18 

0.378266 

0.17221 

15.0410 

37.3106 

2670.46 

19 

0.377957 

0.15534 

15.0937 

41.6094 

3311.98 

20 

0.377692 

0.14080 

15.1389 

46.1406 
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